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Preface

The international conferences on Integral Methods in Science and Engineering
(IMSE) are biennial opportunities for academics and other researchers whose
work makes essential use of analytic or numerical integration methods to
discuss their latest results and exchange views on the development of novel
techniques of this type.

The first two conferences in the series, IMSE1985 and IMSE1990, were
hosted by the University of Texas—Arlington. At the latter, the IMSE con-
sortium was created and charged with organizing these conferences under the
guidance of an International Steering Committee. Subsequently, IMSE1993
took place at Tohoku University, Sendai, Japan, IMSE1996 at the University
of Oulu, Finland, IMSE1998 at Michigan Technological University, Houghton,
MI, USA, IMSE2000 in Banff, AB, Canada, IMSE2002 at the University of
Sain‘c—]ﬁitielrme7 France, IMSE2004 at the University of Central Florida, Or-
lando, FL, USA, and IMSE2006 at Niagara Falls, ON, Canada. The IMSE
conferences are now recognized as an important forum where scientists and
engineers working with integral methods express their views about, and inter-
act to extend the practical applicability of, a very elegant and powerful class
of mathematical procedures.

A distinguishing characteristic of all the IMSE meetings is their general
atmosphere—a blend of utmost professionalism and a strong collegial-social
component. IMSE2008, organized at the University of Cantabria, Spain, and
attended by delegates from twenty-seven countries on five continents, main-
tained this tradition, marking another unqualified success in the history of
the IMSE consortium. For the smoothness and detail-perfect arrangements
throughout the conference, the participants and the Steering Committee
would like to express their special thanks to the Local Organizing Committee:

M. Eugenia Pérez (Departamento de Matemética Aplicada y Ciencias de
la Computacién, ETSI Caminos, Canales y Puertos), Chairman;
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Miguel Lobo (Departamento de Mateméticas, Estadistica y Computacién,
Facultad de Ciencias);

Delfina Gémez (Departamento de Matemadticas, Estadistica y Computa-
cién, Facultad de Ciencias).

The Local Organizing Committee and the Steering Committee also wish
to acknowledge the financial support received from the following institutions:

Universidad de Cantabria (in particular, Vicerrectorado de Investigacién
y Transferencia del Conocimiento, Facultad de Ciencias, ETSI Caminos,
Canales y Puertos, Departamento de Matemaéticas, Estadistica y Computa-
cién, and Departamento de Matematica Aplicada y Ciencias de la Com-
putacién);

Ministerio de Ciencia e Innovacién (Ref. MTM2007-30182-E);

Sociedad Regional Cantabra de I+D-i (IDICAN. Ref. 25-2-2007);

i-MATH Consolider (MEC, Ref. C3-0087);

Caja de Burgos;

Consejeria de Cultura, Turismo y Deporte del Gobierno de Cantabria;

Ayuntamiento de Santander;

Sociedad Espaniola de Matemética Aplicada (SeMA).

Last but not least, they would like to express their thanks to MICINN
(MTM2005-07720) for partial support, to Antonio José Gonzélez for his work
on the graphical design of the conference, to the colleagues—especially Doina
Cioranescu—involved in the coordination of the monographic sessions, and
to all the participants, whose presence and scientific activity in Santander
ensured the success of this meeting.

The next IMSE conference will be held in July 2010 in Brighton, UK.
Details concerning this event are posted on the conference web page,

http://www.cmis.brighton.ac.uk/imse2010

This volume contains four invited papers and twenty-seven contributed
peer-reviewed papers, arranged in alphabetical order by (first) author’s name.
The editors would like to thank the staff at Birkh&user Boston for their effi-
cient handling of the publication process.

Tulsa, Oklahoma, USA Christian Constanda, IMSE Chairman

The International Steering Committee of IMSE:

C. Constanda (University of Tulsa), Chairman
M. Ahues (University of Saint-Etienne)
B. Bodmann (Federal University of Rio Grande do Sul)
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D. Mitrea (University of Missouri-Columbia)
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1

Homogenization of the Integro-Differential
Burgers Equation

A. Amosov! and G. Panasenko?

! Moscow Power Engineering Institute (Technical University), Moscow, Russia,;
amosovaaClmpei.ru

2 Université de Saint—Etienne, Saint-Etienne 42023 Cedex 2, France;
grigory.panasenkoQuniv-st-etienne.fr

1.1 Introduction

The Burgers equation is a fundamental partial differential equation of fluid

mechanics and acoustics. It occurs in various areas of applied mathematics,

such as the modeling of gas dynamics and traffic flow (see [Ho50] and [Co51]).
We consider the integro-differential Burgers equation

ou u 0 o [ ou

A Dl Z —, 2 | 2= NeW' =0/7 40/ 11
et ras i =va [ S ay

— 00

Function f in the classical setting has the quadratic shape: f(u) = 0.5u?; the
integral term on the right-hand side describes the relaxation (memory) effects.
The equation is derived by Rudenko and Soluyan from the state equation and
the motion equation for a medium with relaxation [RuSo75], see also [PoS062].
In [La97] Chapter 5, Section 7 this equation is called the Witham-Rudenko
equation.

Here 0 < 7 is a constant. Equation (1.1) is set in the domain Q = Qx =
R x (0, X) and it is supplied with the initial condition for z = 0:

u(0,y) =p(y), yeR (1.2)

and the periodicity condition in variable y:

u(z,y +1) =u(z,y), (z,9)€Q. (1.3)

Let us mention that the physical sense of variables x and y is quite opposite
to their mathematical sense, i.e., y is the time (more exactly the sound beam
time), and x stands for the vertical axis variable. Condition (1.3) corresponds
to the periodic regime in time. In the case when the medium is stratified, the
coefficients of the equation oscillate. If the scale of variation of properties is

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 1
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2 1,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010



2 A. Amosov and G. Panasenko

much less than the macroscopic scale that is normally the height of the sound
source, then their ratio is a small dimensionless parameter ¢, and the equation
takes the form

Y
0%u zy\ 0 z\ 0 ou /
= _ ) = —v(Z) = W=7 0 (1.4
ﬁ( ) y+a(5)3y () V(é)@y 3y(xy) ys (14)
where 0 < § stands for the small parameter, the ratio of scales.
As far as we know, the mathematical analysis of problem (1.4), (1.2), (1.3)
was first developed in [PaPs08], although the equation there was not really

Burgers because there was a Lipschitz condition on function f:
|f(ur) — flu2)| < Llus —ua| Vui,u €R,

and so, it could not have a quadratic shape. That is why equation (1.4) was
called there “the Burgers-type equation.” Apart from this, there were the
assumptions that f is a three times continuously differentiable function and
that the initial data ¢ € Hj, (R).

In [PaPs08] an asymptotic approximation for the exact solution u of prob-

lem (1.4), (1.2), (1.3) was sought in the form

ua(x,y) :UQ(l‘,y)+(5U1(Jf,y,£)|§:m/§. (15)

Here uyg is a solution of the homogenized problem

2U I U ’
(BT 10y (o) = (W) [ T,y Iy, (1)

Jug 9
y? Yy dy dy

ox

u0(07y) = @(y% Yy e Ra
uo(xay+1) :u0<x7y)7 (xay) GQ

with constant coefficients

(@)= fim - Ja(€)dg,(9) = tim_ T 5O de, )= lim T [v(&)de  (19)

T—o0
and wuq is defined by the following formula:

32u0

wa(e9,6) = B G ) — T3 H o)

8 8u0

3 | oy @Y NeW /T dy, (1.10)

+ (&)



1 Homogenization of the Integro-Differential Burgers Equation 3

The following estimate was proved in [PaPs08] for the difference between the
exact solution and the asymptotic solution in the energy norm:

lu = uallv,..(q) < C6' % (1.11)

The goal of this chapter is the analysis of the existence and uniqueness
of problem (1.1)-(1.3) in a general setting, when f € C'(R), ¢ € H,.(R)
without any assumptions on the Lipschitz property of f. The central point in
this generalization is the proof of the maximum principle for problem (1.1)-
(1.3) (Theorem 1).

Moreover, we prove the estimate of error in the Lf,er(Q)-norm:

lu = ol Lz, (@) < CO' 7. (1.12)

If f € C*(R), ¢ € H2,,(R), then we prove the estimate

per
Ju = uollv,..q) < C6' ¢ (1.13)

of the same order with respect to J, as in (1.11), (1.12).

We emphasize here that the asymptotic approximation in estimates (1.12),
(1.13) is the solution ug of the homogenized problem, and not approxima-
tion (1.5) containing the term (1.10).

A detailed statement of these results will be published in [AmPa09].

1.2 Notation

In what follows all derivatives are understood as weak derivatives, and we use
the following notation:

v v 0%v 0% 0%
— =—, VUyy =775, Ugy= 7, Uyyy = ==
ay’ yy 6:[/2 ’ Yy 6:[/8(13 yyy ayg

Let us introduce the functional spaces used in the chapter.
Let Cpe,(R) be the space of continuous on R periodic with period equal 1
functions. Denote

v = max (v .
ol ) = max fo(o)

Let L2, .(R) be the space of measurable on R periodic with period 1 func-

per
tions v having the finite norm

[vllz,, @) = llvllL20,1)-

Denote
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Let H (R) be the space of functions u € L2 (R) such that there exist
3

d
the derivatives au eL?
dyk

per forall k=1,...,m.

Introduce the space Cpe,- (@) of continuous on @ functions v(z,y), periodic
in y with the period equal to 1. Define

HMkhAay:@ymﬁﬁmeﬂwﬁyw

Introduce the spaces

LP2(Q) = LP(0, X; L7, (R), L2..(Q) = L2(Q),
Voer(Q) = C([0,X]; L3,.(R)) N L*(0, X; H,,,.(R))

per

with the norms

lull 12 (@) = [lullzz,, @ || Loo.x)> Nellzz,, @ = lull 22 ),

i@ = s (e, + s, o

per per

Denote
(u,v)q = é u(z, y)v(z,y) drdy.

Let H):7(Q) be the space of functions u € L2_,.(Q) such that there exist
the derivatives u,, uy, € L2,,.(Q).

Define the integral operators J and J* on L2, (R):

per

Tely) = T o) =0/ dy T l(y) = T o(y)e=/" dy.

— 00

@9

Operator J* is the adjoint operator for J.

Note that using this notation we may rewrite equation (1.1) in the form

Uy — 6uyy + O‘f(u)y = V‘][uy]y'

1.3 The Integro-Differential Burgers Equation:Existence,
Uniqueness, and Smoothness of Solutions

Assume that the following conditions hold:
pe H;ET(R)’ ||<p||Cpc7‘(R) < N> f € CI(R)> (114)

a,v € L2(0,X), B e L®(0,X), (1.15)
0< k1 < B(x) <k, lall20,x) < k2, 0<v(2), [V)L200,x) < K2. (1.16)
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Here k1, k2, N are some constants.

Let C = C(k1, k2, N) be the notation for non-decaying functions of pa-
rameters 5;17527]\7 . If these functions depend as well on function f or on
function f and on value X, then we will use the notation Cy = Cy(k1, k2, N)
or Cr x = Cy x(k1, ke, N), respectively. Arguments k1, k2, N will usually be
omitted.

The following version of the maximum principle holds for problem (1.1)—
(1.3).

Theorem 1 Assuming conditions (1.14)-(1.16) consider u € H)2(Q) the
solution of problem (1.1)—(1.83). The following estimate holds:

lulle,... @) < lellcy.. m- (1.17)

Using Theorem 1 and the Galerkin method, we prove the following result
about the existence, uniqueness, and additional smoothness of the solution of
problem (1.1)—(1.3).

Theorem 2 Assume that conditions (1.14)-(1.16) hold. Then solution u €
H2(Q) of problem (1.1)-(1.8) exists, is unique, and satisfies estimate (1.17)
and estimate

luzllLz,, @ + lugyllzz,, @ + luyll 2y < Crlleyllzs,, @)
If, in addition,

p e Hier(R)a ”‘Py”LZ (R) < N7 f € CQ(R)a (118)

per

then u, € HY2(Q) and the following estimate holds:

per

luayllrz, @) + lluyyyllrz,, @) + lugyllp=2(g) < Crlleyyllrz, )

per

1.4 Stability of the Solution of Problem (1.1)—(1.3)

Let us formulate two results on the stability of the solution of problem (1.1)—
(1.3) with respect to the discrepancy. We need these results for the derivation
of the error estimate for an asymptotic approximation.
Let
f(u), -N<u<N,
fn(u)=q FEN)+ F(=N)(u+ N), u< =N,
F(N)+ f/(N)(u—N), u > N.
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Theorem 3 Assume that conditions (1.14)-(1.16) hold and that there ezists
r € (2,00] such that

a€L"(0,X), [allrox) < ke
Let u € HY2(Q) be a solution of problem (1.1)—(1.3), and let function v €

per

L2.,.(Q) satisfy for all t € (0,X] the following integral identity:
—(v, e + By + v [Uyly)o, — (afn(v),¥y)q, =
(%szo) + (ga,wy)Qt - (gbvay)Qt - (gc, J* W’y]y)Qt (119)
Vd’ S H;é%-(@t)v w|£:t == Oa

where g € L)2(Q), ¢" € L2,.(Q), 9° € LL2(Q).
Then the following estimate holds:

@ 19"z, @) + 19N 2 ) - (120)

per

lo = ullq < Croxr (9112

per

Theorem 4 Assume that conditions (1.14)-(1.16) hold. Let u € H):2(Q)
be a solution of problem (1.1)-(1.3), and function v € L*(0,T; H},,.(R)) for
t = X be a solution of integral identity (1.19).

Then u — v € Vpe,r (Q) and the following estimate holds:

lo —ullv,..@ < Cs (Ilg“llm @ + lgyllzz,, @ + gl 22 (Q)>~ (1.21)

per per per

1.5 Problem with Rapidly Oscillating Coefficients

Let Bs(x) = B(x/9), as(z) = a(x/d), vs(z) = v(x/d), where § > 0 is a small
parameter.
Assume that the following conditions hold (here Rt = (0, +00)):

B e L®RY), avelL? (RT), (1.22)
0 < k1 < BE) < ko, llallr2e) < K262, VE€RT, (1.23)
0 < v(&), IWllz2(0,e) < K22 VE €RT. (1.24)

It follows from (1.22)—(1.24) that 35 € L>=(0, X), as,vs € L?(0, X), and
0< k1 < Bs(x) < ko, || pz0.x) < k2 X2, 0<vs(x), |vslpz0,x) < ke X /2.
So the results of Section 1.3 imply the following theorem.

Theorem 5 Assume that conditions (1.14), (1.22)-(1.24) hold. Then there
exists a unique solution u € H).2(Q) of problem (1.4), (1.2), (1.3), and it
satisfies the following estimates uniform with respect to §:

lulle,.. @) < l¢lle,.@s

s llze,, ) + luggllzz, @) + lugllzz 20 < Crxllellzs, -

per per per

per(
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1.6 The Homogenized Problem

Consider the homogenized problem (1.6)—(1.8). We have the following from
the results of Section 1.3.

Theorem 6 Assume that conditions (1.14), (1.22)-(1.24) hold and that there
exist limits (1.9). Then there exists a unique solution ug € H;é%(@) of prob-
lem (1.6)—(1.8) and it satisfies the estimates

luolle,.. @) < 1#lcye®)
luoallzz,, (@) + lluoyyllzz, . @) + luoyll L2 ) < Cr.xlleylz,, @-

per per

If in addition conditions (1.18) hold then uo, € H)2(Q) and the following
estimate holds:

[woyzllrz, (@) + lluoyyyllz2,, (@) + H“OyyHLgif(Q) < Crxleyyllrz,, ®)-

per per per

1.7 Error Estimates for the Asymptotic Approximation

Theorem 7 Assume that conditions (1.14), (1.22)-(1.24) are satisfied and
that limits (1.9) exist. Assume that the following estimates hold:

18Il (0.6 < A%, N|allL2(0.6) < AETHY2, D]l 20,6y < A2 VE € RY

with some constants A > 0 and d € [0,1) and that there exists r € (2,00] such
that
ol Lr(0,e) < koll/T VE € RT.

Then the following estimate holds:
lu = uollLz,. @) < ACy xrllyll Lz, ) 6"~ (1.25)

per per

Theorem 8 Assume that conditions (1.18), (1.22)-(1.24) are satisfied and
that limits (1.9) exist. Assume that the following estimates hold:

18l (0.6) < ALY, Nallz(o.e) < ALY [Pllzooie) < AET VE € RT
with some constants A >0 and d € [0,1).

Then the following error estimate holds:

I = wollv,... ) < ACs xleuyllrz, @8 " (1.26)

Proofs are based on Theorems 3, 4, and 5.
Remark 1. If coefficients 3, «, v are d-periodical functions then d = 0 and
estimates (1.25), (1.26) have the following form:
lu—uollzz, (@) < ACrxrlloyllrz,, @) o,

per per

[u—wollv,..@ < ACr xlleyyllrz,, (@)

per
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krejcirik@ujf.cas.cz

2.1 Introduction

This chapter is concerned with the behavior of the eigenvalues and eigenfunc-
tions of the Laplace operator in bounded domains when the domain undergoes
a perturbation. It is well known that if the boundary condition that we are
imposing is of Dirichlet type, the kind of perturbations that we may allow in
order to obtain the continuity of the spectra is much broader than in the case
of a Neumann boundary condition. This is explicitly stated in the pioneer
work of Courant and Hilbert [CoHi53], and it has been subsequently clarified
in many works, see [BaVy65, Ar97, Da03] and the references therein among
others. See also [HeA06] for a general text on different properties of eigen-
values and [HeDO05] for a study on the behavior of eigenvalues and in general
partial differential equations when the domain is perturbed.

In particular, with a Dirichlet boundary condition we may consider the case
where the fixed domain is a bounded “smooth” domain 2o € RY, N > 2, and
the perturbed domain is 2. in such a way that 2y C (2., that is, we consider
exterior perturbation of the domain. We may have perturbations of this type
where |2, \ 2| > n for some fixed n > 0, and still we have the convergence
of the eigenvalues and eigenfunctions. Moreover, we may even have the case
[£2. \ 20] — 400, and still we have the convergence of the eigenvalues and
eigenfunctions.

To obtain an example of this situation is not too difficult. If we consider,
for instance, 2 C R?, given by 2y = (0,1) x (—1,0) and

2:(a) ={(z,y): 0<x<1,—-1 <y <a(l+sin(z/e))} D

where a > 0 is fixed, we can easily see that the eigenvalues and eigenfunctions
of the Laplace operator with Dirichlet boundary condition in (2. converge
to the ones in £2y. Moreover, [2.| = 20| + fol a(l + sin(z/e))dx ~ |25 + a

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 9
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_2,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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for € small enough. Moreover, it is not difficult to modify the example above
choosing the constant a dependent with respect to € in such a way that a(e) —
+0o and such that the eigenvalues and eigenfunctions in {2.(a(e)) still converge
to the ones in 2y and [£2(a(e)) \ 2] — +oo. This example shows that the
class of perturbations that we may allow to get the “spectral convergence” of
the Dirichlet Laplacian is very broad and that knowing that the eigenvalues
and eigenfunctions of the Dirichlet Laplacian converge does not have many
“geometrical” restrictions for the domains.

The case of the Neumann boundary condition is much more subtle. As a
matter of fact, for the situation depicted above, it is not true that the spectra
converge. So we ask ourselves the following questions: if we have a domain (2
and consider a perturbation of it given by {29 C (2., where we assume that
all the domains are smooth and bounded although not necessarily uniformly
bounded on the parameter €, then if we have the convergence of the eigenvalues
and eigenfunctions,

(Q1) should it be true that |£2. \ £2] =907

(Q2) should it be true that dist({2, $2p) = sup,.¢, dist(z, 20) =907

We will see that the answer to the first question is Yes and, surprisingly,
the answer to the second one is No.

Observe that, as the example above shows, the answer to both questions
for the case of the Dirichlet boundary condition is No.

In Section 2.2 we recall a result from [Ar95, ArCa04] which provides a nec-
essary and sufficient condition for the convergence of eigenvalues and eigen-
functions when the domain is perturbed. In Section 2.3 we provide an answer
to question (Q1), and in Section 2.4 we provide an answer to question (Q2).

2.2 Characterization of the Spectral Convergence of the
Neumann Laplacian

In this section we give a necessary and sufficient condition for the convergence
of the eigenvalues and eigenfunctions of the Laplace operator with Neumann
boundary conditions. We refer to [Ar95] and [ArCa04] for a general result in
this direction, in even a more general context than the one in this chapter. In
our particular case, we will consider the following situation: let {2y be a fixed
bounded smooth (Lipschitz is enough) open set in RY with N > 2 and let £2,
be a family of domains such that, for each fixed 0 < € < €q, {2, is bounded
and smooth with 2y C (2.

Let us define now what we mean by the spectral convergence. For 0 <
€ < eg, we denote by {\}°2, the sequence of eigenvalues of the Neumann
Laplacian in (2., always ordered and counting its multiplicity, and we denote

by {¢5 122, a corresponding set of orthonormal eigenfunctions in 2. Also,
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since we are considering domains which vary with the parameter ¢, and we will
need to compare functions defined in {2y and in 2., we introduce the following
space H} = H'(£20) @ H* (2 \ {2), that is, x € H} if x|o, € H*(£2) and
X|(2\0) € H (2 \ 20), with the norm

HX||§J£1 = ||X||fql(90) + ”XH%P(QE\QO) .

We have that H(2.) — H! and in a natural way we have that if y €
H(£2) via the extension by zero outside 2y we have x € H?. Hence, with
certain abuse of notation we may say that if y. € H!, 0 < € < ¢, then

e—0 . . e—0
Xe = X0 in HY A [xe = Xoll i a) + Xl (@000 = 0.

Definition 1. We will say that the family of domains {2. converges spectrally
to {29 as € = 0 if the eigenvalues and eigenprojectors of the Neumann Lapla-
cian behave continuously at ¢ = 0. That is, for any fired n € N we have that
A, = A0 as e = 0, and for each n € N such that N < X0, the spectral

projections P : L*(RY) — H(£2.), Pg() = >0 (65, ¥) 12095, satisfy
€e—0

sup{|| P; (¥) — P ()|l ms, ¥ € L2RY), ¢ 2y = 1} == 0.

The convergence of the spectral projections is equivalent to the following;:
for each sequence €, — 0 there exists a subsequence, that we denote again
by €k, and a complete system of orthonormal eigenfunctions of the limiting
problem {¢¥}°°, such that ||¢S — ¢1(')L||H51k — 0 as k — oc.

In order to write down the characterization, we need to consider the fol-

lowing quantity:
[ ver
Te= min 2 (2.1)
»EHL(2¢) |¢|2
o=0in 2 [
Observe that 7. is the first eigenvalue of the following problem with a combi-
nation of Dirichlet and Neumann boundary conditions:

—Au = Tu, 2\ 2,

UZO, 8(20,
9u _y, 802\ 09
an* ’ € 0-

We can prove the following assertion.

Proposition 1. A necessary and sufficient condition for the spectral conver-
gence of (2. to {2 is
Te — +00. (2.2)
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We refer to [Ar95] and [ArCa04] for a proof of this result.

Remark 1. The fact that 29 C 2. can be relaxed. It is enough asking that for
each compact set K C {2y there exists ¢(K) such that K C 2. for 0 < € <
e(K), see [ArCa04].

2.3 Measure Convergence of the Domains

In this section we provide an answer to the first question. Observe that in

Proposition 1 we do not require that |2\ 2| 9 0. However, we have the
following.

Corollary 1. In the situation above if (2. converges spectrally to (2, then

necessarily |£2. \ o] =%0.

Proof. This result is proved in [ArCa04], but for the sake of completeness and
since it is a simple proof, we include it here.

If this were not true, then we would have a positive n > 0 and a se-
quence €, — 0 such that |2, \ 2| > n. Let p = p(n) be a small num-
ber such that [{z € RN \ 2, dist(x,2y) < p}| < n/2. This implies that
{z € £, dist(x, 29) > p}| > n/2. Let us construct a smooth function -y
with v = 0 in 2y, and y(z) = 1 for z € RV \ 2 with dist(x, 2y) > p. Then
obviously v € H'(£2,) with V|12, ) < C and [|7]|20,) > (n/2)%.

This implies that 7., is bounded. Hence, it is not true that 7. i 400 and,
therefore, from Proposition 1, we do not obtain the spectral convergence.

In particular, this result implies that the answer to question (Q1) is af-

firmative. That is, if we have the convergence of Neumann eigenvalues and
| e—0

eigenfunctions, necessarily we have that |£2.\ 29| — 0.

2.4 Distance Convergence of the Domains

In this section we will provide an answer to question (Q2), and we will see
that the answer is No. We will prove this by constructing an example of a fixed
domain {2y and a sequence of domains {2, with 2y C 2. with the property that
dist(£2¢, £29) does not converges to 0, but the eigenvalues and eigenfunctions
of the Laplace operator with Neumann boundary conditions in {2, converge
to the ones in 2y, see Definition 1.

As a matter of fact, in [ArCa04, Section 5.2] a very particular example of
a dumbbell domain (two disconnected domains joined by a thin channel) is
provided so that the eigenvalues from the dumbbell converge to the eigenvalues
of the two disconnected domains and no spectral contribution from the channel
is observed. In this chapter we will obtain a family of channels for which the
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same phenomenon occurs, see Corollary 2, and we will provide a proof different
from the one given in [ArCa04].
Let us consider a fixed domain 2y C RY which satisfies 2y C {z €
RN,z < 0} and such that
Qon{z=(z1,2) e RxRVN" —1 <z <1, |2| <p}
={z=(21,2/) eERx RN —1 < <0, 2| < p}

for some fixed p > 0. - -
We will construct 2. as 2. =int({29 U R,), where R, is given as follows:

Re={(z1,2)) eRx RN : 0<z; < L, |2| < ge(1)}, (2.3)

where the function g. will be chosen so that g. > 0, g. € C*([0, L]), and
ge — 0 uniformly on [0, L]; see Figure 2.1. For the sake of notation, we denote
by I'§ = OR. N {x1 =0} and I'f = OR. N{xy = L}.

gs(xl)

X

Fig. 2.1. The exterior perturbation R.. The thick line refers to the supplementary
Dirichlet condition in the problem (2.4), while Neumann boundary conditions are
imposed elsewhere.

We refer to [Ra95] for a general reference on the behavior of solutions of
partial differential equations on thin domains. See also the recent survey [Gr08]
for a study on the spectrum of the Laplacian on thin tubes in various settings,
and for many related references.

Observe that if L is fixed, then dist({2, y) = L for each 0 < ¢ < €.
Moreover, we will show that for certain choices of g. we obtain the spectral
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convergence of the Laplace operator. To prove this result, we use Proposition 1
and show that 7. — +oc0. Notice that 7., defined in (2.1) is the first eigenvalue

of
—Au = Tu, R,

u=0, Iy, (2.4)
ou
_ re.
an 07 8R6 \ 0

Since we have Neumann boundary conditions on the lateral boundary
of R, there clearly exist profiles of g. for which 7. remains uniformly bounded
as € — 0. In fact, a simple trial-function argument shows that 7. < 7%/(2L)?
whenever g.(s) > g.(0) for every s € [0, L]. The idea to get 7. — oo consists
in choosing a rapidly decreasing function s — g.(s), which enables one to
get a large contribution to 7. coming from the longitudinal energy due to the
approaching Dirichlet and Neumann boundary conditions in the limit ¢ — 0.
Let us notice that a similar trick to employ the repulsive contribution of such a
combination of the boundary conditions has been used recently in [KoKr08] to
establish a Hardy-type inequality in a waveguide; see also [Kr09] for eigenvalue
asymptotics in narrow curved strips with combined Dirichlet and Neumann
boundary conditions. In our case, we are able to show the following.

Proposition 2. With the notation above, for any function v € C?([0, L))
satisfying

O<an<vy<a <1, (L) <0, and H>az>0 (2.5)

or some positive numbers «g, a1, and as, if we define g. = /¢ we have that
D ge =7

e—0
Te — +00.

In particular, applying Proposition 1 we obtain the convergence of the

eigenvalues and eigenfunctions of the Neumann Laplacian in 2. to the ones
m .Q().

Remark 2. Observe that a function 7 satisfying (2.5) necessarily satisfies
4(s) < 0 for 0 < s < L. Hence, the function v is decreasing.

Proof. Since T, is given by minimization of the Rayleigh quotient,

| ver
Te= inf e
¢eHL(Re) 2
$=0 In re /R ‘(bl
€

we analyze the integral [ R |[Vo|? for a smooth real-valued function ¢ with
¢ = 0 in a neighborhood of I'§. We have

L
[wor=[" [ ouP+I900P) ddn.
Re 0 Jlz'[<ge(z1)
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Considering the change of variables 1 = y1, ' = g.(y1)y’ which trans-
forms (z1,2') € R, into (y1,y’) € Q, where Q is the cylinder Q = {(y1,v’) :
0 <y <L, |y| <1} and performing this change of variables in the integral
above, elementary calculations show that

p N 2 N
/ Vo[ =/ Py — = Y Uiy, 72 Z oy 7| g dy,
R. Q Ye i—2 e P

where ¢(y) = ¢(y1. 9e(y1)y').-
Writing the above expression in terms of the new function ¥(y) =

ge(y1)¥80(y) so that
N—l)/%yi =y, i=2,...,N,

_ N — 1g€
N 1)/2()0?/1 =5 ¢ wy1 )

- (___wwyl —g—zywyi) =3 ol dy
€ i=2 9e 1=2

N_1 . N 2 :
=4_C———%@ @m—ﬁiﬁwa - (N =)y,

2 N
9e } : 2 :
_1 _2 “Z)yzd) + = 2 ¢yz|2‘| dy)
9e 3 =2

612
NN 9e o (v _ 1y
/Q[( 7)oty
P& N
+(N*1)g—gzyﬂ/’yi¢+ QZ ]
€ i=2 6'2

where we have used (1, — YN, yﬂﬁyi‘;&y > 0. Via integration by parts in
the second and third terms above, we get

/7<fﬂwww LM/ D20 dndy

L

= /y/<1 <_ [(N— 1)29911/) Llo +/OL(N— 1) (%ﬁ)lwzdyl) dy'

= Vs [ (G- ) v

Y
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and
gz L N 1
/( %Zyﬂpylwdy —/ (N - 1) Z/ yi§(¢2)yidy/dy1
Q P =2 ge i—o J1y'I<1

LN 14
= [ARE e [ )i
0 9e \Jly'|=1 ly’|<1

Hence, if we require that g.(L) < 0, we have

[ o /Q[ftlz:—(wfw)zlw

L -2
N-1g / 27 2
+ [ ——= vy dy + | = ) ,.dy
2 g2 <|yp1 nggg Y

0 9e

The last two terms in this expression can be written as

Lo (/ N -1
oot s S [ )
A gz(yl) \y’\gl‘ v¢| 2 g (yl) |y’\:1,(/) Y1

and we have that

N -1 .
/ IVyl* + TQ?/ P? > P/ W?
ly’'[<1 ly'|=1 ly’'[<1

with p = p(y1) being the first eigenvalue of the problem
—Ayp=py, |Y[<1,
oYy N -—

S =0 =1
o T3 L) =0, y=1,
where n denotes the outward unit normal vector field to the (N — 2)-
dimensional unit sphere S; = {3/ € RN~ : /| = 1}.
We claim that if we denote by A(n) the first eigenvalue of

—Ayp =M, Y[ <1,

o ,
- = =1
an*%n¢ 0, 1| ,

we have that @ — % as 7 — 0, where Bj is the (N — 1)-dimensional unit
ball and Sy its surface, which satisfy |S1| = (IV — 1)|By|. As a matter of fact,
by a standard continuity result, we know that A(n) — 0 and its eigenfunction
1, which is radially symmetric, converges to the constant function 1/+/|Bi],
which is the first eigenfunction of the Neumann eigenvalue problem. But

A(n) = /B ¥yl 47 /S l? > 1 /S i 2,
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which implies that
>‘(77) W) |2 |Sl|
" B

Moreover, using ¢ = 1/4/|B1| as a test function in the Rayleigh quotient

for A\(n), we immediately obtain A(n) < nl‘glll‘. This proves our claim. In

particular, given § > 0 small, we can choose 19 = 19(d) such that \(n) >
(N—=1-=29)nfor 0 <n <no.
Therefore, if we choose the function g such that g.(y1) — 0 uniformly in
y1 € [0, L], we have that p(y;) > W
Hence,

fomer = [

(N—l)(N—1—6)+N—1]£}w2dy
2 Z

Ge2(y1) for e small enough.

Y

_N 952 2
= —3 { _— —1—6)+1]g—?}¢dy

and observe that the number k = =1 — (N — 1 — §) + 1 is strictly less than
one for all values of N > 2 choosing a fixed and small § > 0. If we denote

then

/ voz > M=
R,

1 N -1
me/ 1112 = 5 mé/ ¢2~
Q Re
Consequently, 7. > % Me.

Let us see that we can make a choice of the family of functions g., satisfying
the two previous conditions we have imposed, that is, ¢.(L) < 0 and §.(y1) —
0 uniformly in 0 < y; < L such that m. — 400 as € — 0.

Let us choose a function v € C?([0, L]) satisfying (2.5) and let g. = v/
Then, we have

. _1. - 1 .
Ge = =77, Ge=—(=—1)ve 9"+ 7‘ y,

. 27 N2 -

A 1.1 1 1

de 92 _ [_(__1)_H<_) ] (1) 4 2ot

ge g2 |e€ € v ey " ape
for € > 0 small enough so that (1 — 1) — R(%)Q > 0. This shows that
me — +0o and it proves the proposition.
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Remark 3. Now that we have been able to construct a thin domain R, as
in (2.3) such that 7 =9 —+00, we can construct another thin domain R, such

that its “length” goes to infinity, its width goes to zero, and still 7, =9 400,
where T, is the first eigenvalue of (2.4) in R, instead of R..
For this, let R, be a thin domain constructed as in Proposition 2 and let

pe be a sequence with p. — 400 such that % — 400 and o&/spE — 0. Define

R¢ = pc R, that is,

Re={(z1,2"): 0 <z1 < pcL, |2'| < pege(z1)},

then 0 < pege(z1) < Oti/epe %0 and 7 = vel oo

Observe that if we also require a Dirichlet boundary condition in I'f, we
can relax the conditions on v in Proposition 2 and in particular the condition
4(L) < 0 can be dropped. Hence, we can show the following.

Corollary 2. With the notation above, for any function v € C?([0, L]) satis-

fying
O0<ay<vy<a <1, and 5> ay >0

for some positive numbers og, a1, and oo, if we define go = Y€ we have
~ =0 ~ . .
Te — +00, where Te is the first eigenvalue of

—Au=Tu, R,

u=20, IyUly,
ou . .
%:0, OR N\ (I§UTIY).

Proof. This follows easily by a Neumann bracketing argument. More precisely,
from the hypotheses, ¥ is a strictly increasing function. Hence, either v is
strictly monotone in (0,L), or there exists a unique L* € (0, L) such that
(L) =o.

In the first case, if vy is decreasing (respectively increasing) we substitute
the Dirichlet boundary condition at I'f (respectively at I'§) by a Neumann
one. Then the new eigenvalue problem gives rise to 7. defined exactly in the
same way as (2.4) (modulo possibly a mirroring of R.), and we have 7. >
Te — 400 as € — 0.

In the second case, we cut the domain R, in two domains R = R. N {0 <
ry < L*}, R} = ReN{L* < 1 < L}. We know that 7. > inf{70, 71}, where
79 and 7! are the corresponding eigenvalues in R? and R! with a Neumann
boundary condition imposed at the newly created boundary R, N {xz; = L*}
on both domains. In both domains we can apply Proposition 2 as in the first

case so that 79, 7}

€ 'e

9 1 o0, which implies 7. — 0.

Remark 4. This corollary recovers and generalizes the results from Section 5.2
in [ArCa04].
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3.1 Introduction

This chapter is concerned with the scattering of elastic point sources by a
bounded obstacle, as well as with a related near-field inverse problem for small
scatterers. We consider the Dirichlet problem, where the displacement field is
vanishing on the surface of the scatterer. A dyadic formulation for the afore-
mentioned scattering problem is considered in order to gain the symmetry—
compactness of the dyadic analysis [TAT94].

For acoustic and electromagnetic scattering, results on incident waves
generated by a point source appear in [DK00], [AMS02]; see also references
therein. In all these studies, scattering relations by point sources are estab-
lished; related simple inversion algorithms for small scatterers can be found
in [AMSO01]. For elasticity, related problems such as the location and identi-
fication of a small three-dimensional elastic inclusion, using arrays of elastic
source transmitters and receivers, are considered in [AKO04], [ACIOS].

This chapter provides results on the direct scattering problem by point-
generated elastic waves for the three-dimensional elastic case. Further, a
related near-field inversion algorithm for a small rigid sphere in the low-
frequency case is established, where the key idea is to measure the scattered
field for various point-source locations.

3.2 Governing Equations and Fundamental Solution

In this section, we present the fundamental equations of linearized elastic-
ity and the spectral Navier equation which governs the propagation of time-
harmonic waves in an elastic medium. We assume a three-dimensional infinite
isotropic and homogeneous elastic medium with Lamé constants A, i and mass
density 0. The Navier equation of the dynamic theory of linearized elasticity
is written as [KUG5]
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~ ~ 52
pAU(rt) + (A + p) graddivU(r,t) = @U(r, t). (3.1)
Assuming the time-spectral decomposition
U(r,t) =u(r)e ™", (3.2)

where the circular frequency w > 0 denotes the Fourier dual variable of ¢, and
the tilde ~ is used to denote dyadic fields, we obtain the spectral (reduced)
Navier equation

2 Ai(r) + (c2 — 2) grad diva(r) + w’ti(r) = 0, (3.3)

where ¢, c; are the phase velocities of the longitudinal and the transverse

wave, respectively, given by
A+ 2
b= 22 - [ (3.4)

An equivalent form of equation (3.3) is given by
pAG(r) + (A + p) graddivu(r) + ow?tu(r) = 0. (3.5)
Using the following abbreviation:
A" = p A+ (A4 p) grad div, (3.6)

an alternative form of equation (3.5) (which will be considered from now on)
is given by N
(A* + ow®)u(r) = 0. (3.7)

As is well known, under the following assumptions for the Lamé constants:
p>0, A+2u>0,

it can be proved that the Navier equation is uniformly strictly elliptic; hence,
the medium sustains both longitudinal and transverse waves.

We note here that any complex-valued solution u to the Navier equation
(the displacement field) is decomposed as (Helmholtz decomposition)

U(r) = W(r) + 0 (r), (3.8)

where uP(r) is the longitudinal part, while u®(r) is the transverse one. It is
well known that u”(r) and a°(r) satisfy the Helmholtz equations

(A+ kﬁ) W(r)=0 and (A+k?)u’(r)=0, (3.9)

respectively. The angular frequency w is related to the phase velocities ¢, and
¢ via the relations



3 Elastic Scattering by Point Sources 23

w=kycp = coks, (3.10)

where k, = 27/\, and ks = 27/, are the wave numbers for the longitudi-
nal and the transverse waves, respectively, and A, A\s are the corresponding
wavelengths.

It is well known that the free-space Green’s dyadic of the Navier equa-
tion (3.7) is

~ ik eikp|r7r'|
r A j4 d, grad’
(r,x') 47 gw? grads Bracy iky v — 1’|
+— s (grad gradT + k2T) il (3.11)
——— (grad, gra —_— .
41 pw? grad, grad, kg v —1'|’

where “T” denotes transposition, and 1 is the identity dyadic.

3.3 The Direct Scattering Problem

Let B; be an open bounded region in R? with a smooth boundary 9B. The set
B; will be referred to as the scatterer, while the complement of B;, which will
be denoted by B, is characterized by the Lamé constants A\, ;1 and density p. In
what follows we consider the direct scattering problem for the case of Dirichlet
data and C%-boundary. Other boundary conditions (Neumann, transmission)
have been studied in [ASS08], [ASS].

We assume that our scatterer is irradiated by a dyadic incident wave due
to a source at a point a, i.e.,

~ ik ks =
u,‘(r) = —Z—g grad, grad, h(kye) + % (grad, grad, +k21) h(ke), r#a,
w w
(3.12)
where € := |r — a| and the function h(x) := €'®/(ix) is the spherical Hankel

function of the first kind and zero order. We can prove that when a = |a| — oo,
the incident point-source field (3.12) reduces to a dyadic plane wave with
direction of propagation —a, i.e.,

ﬁinc(r; —ﬁ) _ Ap (é ® ﬁ) e~ ikpra + As(i— A® ﬁ) e~ ks r-é, (313)

where A,, A, are constants which stand for the corresponding amplitudes,
given by

1 eikpa 1 eiksa

Ap = ——— and Ag:= —

A+2u  a nwooa

Note that the first term on the right-hand side of (3.13) describes the incident

longitudinal plane wave, while the second one describes the incident transverse

plane wave.

(3.14)
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We now describe the scattering process, which has to deal with the dis-
turbance that a given obstacle causes upon the propagation of a known wave
field. This disturbance for a rigid (Dirichlet boundary condition) scatterer or
a cavity (Neumann boundary condition) is expressed by the generation of a
scattered dyadic field corresponding to the point-source incident field at a; de-
noted by uS®(r). Then the total field ui°*(r) in the exterior B of the scatterer
is the superposition of the incident and the scattered wave, i.e.,

T(r) = W) + w(r), reB.

In addition, the scattered dyadic field uS°*(r) due to the Helmholtz decompo-
sition is written as

W (1) = T () ().
The differential equation that the aforementioned displacement field satisfies
in the region B is given by

AT (r) + ow? W' (r) =0, r€ B, (3.15)

where the differential operator A* is defined in (3.6). We introduce now the
direct scattering problem which is mathematically described by the following
boundary value problem: For a given point-source incident field at a, find a
solution ¢ € C?(B) N C'(B), such that

A*TE (r) + pw? W (r) = 0, reB (3.16)
S (r) = —u"(r), redB (3.17)
Tlggo wetd =0, r=|r|, B=np,s, (3.18)
Tli)rgor (aﬁzct,ﬁ —ikguS® ﬂ) 0, r=|r|, B=p,s, (3.19)

where relations (3.18)—(3.19) are the well-known radiation conditions which
hold uniformly for all directions r = |r|.

We continue the study of our scattering problem, presenting the integral
representation for radiating solutions us®t € C?(B) N C'(B) of the Navier

equation (3.7). The latter is obtained (with the use of Betti’s formula) and is
given by

) = [ [(T0R) ) - P 1) ds),
- (3.20)

where the superscript denotes the action of the differential operator on the
indicated variable, and T denotes the surface stress operator defined by

T = 2u1, - grad + A, div+ p i, X curl (3.21)
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with fi, being the outward unit normal vector on the C' 2;boundary 0B at the
point r, and r € B. Using now asymptotic analysis for I'(r,r’), the relations
for the far-field patterns of the longitudinal and transverse parts, respectively,
of the fundamental dyadic I'(r,r’) are given by

ik,

I (r,r') = 2 (F@f) e kT r=lr| > o0, (3.22)

s ’ iks T 4 ~ —ik.r' -F

i (r,r) = — I-t®%)e ™7, r=|r| = o0, (3.23)
I

where “®” is the juxtaposition between two vectors (this gives a dyadic), and
the dyadics £ ® # and I — £ ® # in (3.22) and (3.23) present the radial and
tangential behavior of the longitudinal and transverse parts, respectively, of
I'(r,r') far away from the scatterer at the radiation zone.
With the aid of (3.22)-(3.23) and the integral representation (3.20), any
radiating solution has the asymptotic behavior of the form
eikp’r eiksr

W () = W) G W)

_9 o
T +0(r=°), r=]r| =00, (3.24)

uniformly with respect to # = 7 € (2, where (2 is the unit sphere. The co-

e;:—;:, B = p,s are the corresponding dyadic far-field

efficients of the terms
patterns, which are analytic functions defined on the unit sphere 2 in R3,
and are known as the longitudinal and the transverse far-field patterns, re-
spectively.

A comprehensive account of results in linear elasticity can be found
in [G72]. Existence and uniqueness of the above direct scattering prob-
lem (3.16)—(3.19) have been proved, e.g., in [KU65], [KGBB]. It is well known
that, in order to reformulate the direct scattering problem in integral form, we
can follow either the direct method, based on Betti’s formulae, or the indirect
method, using layer potentials; for the use of the boundary integral equations
method in the study of a variety of problems, see the recent book [HWO08].

The problem of scattering of elastic spherical waves by a rigid body, a
cavity, or a penetrable obstacle in three-dimensional linear elasticity has been
studied in [ASS08]. In particular, for two point sources, dyadic far-field pattern
generators are defined, which are used for the formulation of a general scat-
tering theorem. The main reciprocity principle and mixed scattering relations
are also established there.

3.4 A Simple Inversion Algorithm for a Small Sphere

Concerning the three-dimensional case and following the same procedure as
in [ASS07], [ASS] for the two-dimensional analogous one, we present the neces-
sary basic formulae connected with the inversion algorithm for the reconstruc-
tion of an elastic rigid sphere. We recall that the three-dimensional incident
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elastic wave due to a point source at a is
~inc ik T 27 ikp T
u,“(r) = — (grad, grad, +k;1I)h(kse) — — grad, grad, h(kye), (3.25)
w w

where € :=|r —a|, r # a.

Let us now consider the case of a spherical scatterer of radius R. If we
take spherical polar coordinates (r, 8, ¢) and expand the point-source inci-
dent field (3.25) in terms of spherical Navier eigenvectors (Hansen vectors)
L&t M and N&¢ [BS81], we have

~inc _% S S <a r
u, (I‘)— m 2;7 Z ; @ [n(n+ )Momn(k )®M0mn(k5)

n=1,1,0 m=0 o=e,o mn
1 3
+ m Namn(k CL) Umn ( Lamn o’mn(k T)]
where r := |r| < |a|, +(—) denotes the interior (exterior) Hansen vector, the

overbar stands for a complex conjugate, and

A (n+m)!
2n+1 (n—m)!

mn —

The scattered field has a similar expression and takes the form

"’th Lk S - hn(kST) M k 0
Ya nZLO Z() ®mn n(n+1) ( emn( a) emn( ,¢)
n ks
+ Momn(kga) ® COmn(67 (rb)) + ﬂgb * ]E TT) (Npmn(k a) Pemn (03 ¢)

+ Nomn(ksa) @ Pomn (97 ¢))

ho(ksr)/ksr + R (ksT) ——
nin+1) (Nepn(ksa) @ Bemn (0, )

+ Nomn(ksa) & Bomn(ga ¢))

3
T () (’;—) (T (k) © B (6.0)
+ Lomn (k a’) ® Bomn( ))
ho (k)
kpr (k_
)

+ omn(k 0,)®B0mn( ) ]

+n?

+enVn(n +1) =52 (22) (Lo (kpa) @ Bemn (6, 9)

where the coefficients o), 7", 7%, 67"%, and €]"° are to be determined.
The Dirichlet boundary condition (3.17) on r = R (surface of the elastic
sphere), and some orthogonality relations, yield
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m,s __ ]”(kSR) m,s __ ]n(k5R>
[e% — T 7T /7 D n — T 7 1 DY
" hn(ksR) hn(ksR)

ms _ _ Jn(ksR) + ks R jy, (ks R)

T T T h(kaR) + ko R B, (koR)

5m,s _ j"(kpR) é_rn,s . j"(kpR)
" hy(kyR)’ " hy(k,R)’

where j,(ksR), B = p, s, are the spherical Bessel functions of first kind and
order n.

Finally, a simple inverse near-field method for a small rigid (i.e., Dirich-
let boundary condition) sphere can now easily be established. In particular,
we can solve the inverse problem using near-field experiments, and following
similar steps as for the two-dimensional case [ASS], we can locate the center
and the radius of a small rigid sphere. Let us mention here that by the term
“small sphere” we mean that we work in the “low-frequency regime,” i.e., that
kgR <1, B=p,s.
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4.1 Introduction

Partial differential equations (PDEs) with variable coefficients often arise
in mathematical modeling of inhomogeneous media (e.g., functionally graded
materials or materials with damage-induced inhomogeneity) in solid mechan-
ics, electromagnetics, heat conduction, fluid flows through porous media, and
other areas of physics and engineering.

Generally, explicit fundamental solutions are not available if the PDE coef-
ficients are not constant, preventing formulation of explicit boundary integral
equations, which can then be effectively solved numerically. Nevertheless, for
a rather wide class of variable-coefficient PDEs, it is possible to use instead
an explicit parametrix (Levi function) taken as a fundamental solution of
corresponding frozen-coefficient PDEs, and reduce boundary value problems
(BVPs) for such PDEs to explicit systems of boundary—domain integral equa-
tions (BDIEs); see, e.g., [Mi02, CMN09, Mi06] and references therein. However
this (one-operator) approach does not work when the fundamental solution
of the frozen-coefficient PDE is not available explicitly (as, e.g., in the Lamé
system of anisotropic elasticity).

To overcome this difficulty, one can apply the two-operator approach, for-
mulated in [Mi05] for some nonlinear problems, that employs a parametrix of
another (second) PDE, not related with the PDE in question, for reducing the
BVP to a BDIE system. Since the second PDE is rather arbitrary, one can
always choose it in such a way that its parametrix is available explicitly. The
simplest choice for the second PDE is the one with a fundamental solution
explicitly available.

To analyze the two-operator approach, we apply in this paper one of its lin-
ear versions to the mixed (Dirichlet-Neumann) BVP for a linear second-order
scalar elliptic variable-coefficient PDE, reducing it to four different BDIE sys-
tems. Although the considered BVP can also be reduced to (other) BDIE
systems by the one-operator approach, it can be considered as a simple “toy”
model showing the main features of the two-operator approach arising also

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 29
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in reducing more general BVPs to BDIEs. The two-operator BDIE systems
are nonstandard systems of equations containing integral operators defined
on the domain under consideration and potential type and pseudo-differential
operators defined on open submanifolds of the boundary. Using the results
of [CMNOQ9], we give a rigorous analysis of the two-operator BDIEs and show
that the BDIE systems are equivalent to the mixed BVP and thus are uniquely
solvable, while the corresponding boundary—domain integral operators are in-
vertible in appropriate Sobolev—Slobodetski (Bessel-potential) spaces.

4.2 Function Spaces and BVP

Let 2 = 27 be an open three-dimensional region of R3, 27 :=R3\ 2+ and
the boundary 0f2 be a simply connected, closed, infinitely smooth surface.
Moreover, 92 = Op 2 |J On §2, where Op (2 and Jx {2 are open, nonempty, non-
intersecting, simply connected submanifolds of 92 with an infinitely smooth
boundary curve dpR2(On2 € C*®. Let a € C*®(R?), a(x) > 0 and also
0; :=0/0x; (j =1,2,3), 0y = (01,02,05). We consider the following PDE
with scalar variable coefficient:

3
Lou(x) := Lo(x, 0y )u(x) := Z aii [a(m)agg)} =f(z), z€0* (4.1)

where u is an unknown function and f is a given function in 2%,

In what follows, H*(2%) = H5(271), H},(27) = H5 ,,.(27), H*(02) =
H3(042) denote the Bessel potential spaces (coinciding with the Sobolev—
Slobodetski spaces if s > 0). For S; C 0f2, we will use the subspace
H*(Sy) = {g : g € H*(dR2), supp(g) C S} of H*(8R2), while H*(S;) =
{rs,9: g € H*(0£2)}, where r, denotes the restriction operator on .

From the trace theorem (see, e.g., [LiMa72]) for v € H'(£2%), it follows
that u|5, := v*u € H7(902), where ~* is the trace operator on 12 from 2%,
We will use v for 4 if v+ = 4~. We will also use the notation u* for the
traces u|§07 when this will cause no confusion.

For a linear operator L, we introduce the following subspace of H*(£2%)
[Gr85, Co88]:

H*Y (0% L,) = {g € H*(2%) : L.g € Ly(02%)},

910,y = llglFre + 1 Leglliioasy = lglFe + 1 LaglL, @)

In this chapter, we will particularly use the space H'?(02%; L.) where L, is
either the operator L, from (4.1) or the Laplace operator A, and one can see
that these spaces coincide.

For u € H"9(2%; A), we can correctly define the (canonical) co-normal
derivative TFu € H_%(aﬂ), cf. [Co88, McL00, Mi07], as
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(TFu,w),,, = :t/ [’yflw~Lau+Ea(u,'ﬁlw)]dz Vwe HY?(00), (4.2)
0+

where v%, : H'/2(92) — H'(0+) is a right inverse to the trace operator 4*,

E,(u,v) := Z a(x) 835;;) 8;;? = a(z)Vu(x) - Vo(x)

i=1

and (-,-),, denotes the duality brackets between the spaces H~2(9f2) and
H%(&Q), which extend the usual Ly(0£2) inner product; to simplify the no-
tation we will also sometimes write the duality brackets as integral. Then
for u € HYO (2% A), v € HY(R), the first Green identity holds [Co88,
Lemma 3.4], [Mi07, Lemma 4.8],

v\x Ul )ar = v\x +ux Xr) — a\U,V)ax . .
| @b =+ [ w@tiu@ase - [ Ewode. @)

If u € H?(£2%), the canonical co-normal derivative TFu defined by (4.2)
reduces to its classical form

Ty = ia(m)ni(m) Pgiﬂ * ) {gzgﬂ - (4.4)

i=1

where n(z) is the exterior (to £2%) unit normal at the point z € 952.
We will derive and investigate the two-operator boundary—domain integral
equation systems for the following mixed boundary value problem:

Lou = f in 2 (4.5)
ut = o on Op{? (4.6)
Tfu = o on dy {2, (4.7)

where @y € H2(0p12), vy € H™2(dx2), and f € Ly(£2). Equation (4.5) is
understood in the distributional sense, condition (4.6) in the trace sense, and
equality (4.7) in the functional sense (4.2).

Let us consider another auxiliary linear elliptic partial differential operator
Ly, such that

) 6u(x)} | 8

3
Lyu(z) := Ly(z, 0y )u(z) := Z oz, [b(m) oz,

where b € C™(R3), b(z) > 0. Then for u € H"O(2%; A) = HYO(N*; A)
the associate co-normal derivative operator Tbi is defined by (4.2) (and for
u € H?(2%F) by (4.4)) with a replaced by b. If v € HY0(0F; A), uw € HY(2),
then for the operator L; the first Green identity holds:
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/9 _u(@)Lyv(a)de = + /8 ul)T o()as - /9 By (4.9)

If u,v € HY0(2%; A), then subtracting (4.3) from (4.9), we obtain the two-
operator second Green identity, cf. [Mi05],

) {u(x)Lyv(z) — v(x)Lou(x)} de =

. {u(@)T; v(z) — v(@) T u(z)} dS

—|—/ [a(x) — b(x)]Vu(z) - Vu(x)dx (4.10)
o+

Note that if @ = b, then the last domain integral disappears, and the two-
operator Green identity degenerates into the classical second Green identity.

4.3 Parametrix and Potential-Type Operators

As follows from [Mir70, Mi02, CMNO09], the function

-1

- a,yeR? 411
)~y (411)

Py(z,y) =

is a parametrix (Levi function) for the operator Ly(z;0,) from (4.8), i.e., it
satisfies the equation

Ly(x,0.) Py(x,y) = 6(z — y) + Rp(,y)
with

3
T — Vi Ob(x) 3
= E R”. 4.12
Rb(xvy) g 47Tb(y)‘$ _ y|3 aﬂjz 9 xr,y S ( )

Evidently, the parametrix P,(z,y) is a fundamental solution to the operator
Ly(y, 02) := b(y) A(9,) with “frozen” coefficient b(xz) = b(y), i.e

Ly(y, 0x) Po(z,y) = 6(z — y).

The parametrix-based Newtonian and the remainder volume potential op-
erators, corresponding to the parametrix (4.11) and to remainder (4.12), are
given, respectively, by

Puaw) = | Pepa)iz. Rugly) /Rwy S @)

Let us introduce the single-layer and the double-layer surface potential
operators, based on parametrix (4.11),
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Vig(y) == — /8  Ru(e9)ala)ds., yg o0, (414)

Whg(y) = /mm(x,n<x>,am>Pb<x,y>]g<x>dsz, yg o0, (415)

For y € 012, the corresponding boundary integral (pseudo-differential) oper-
ators of direct surface values of the single-layer potential V}, and the double-
layer potential W are

Vegly) = - /8 P )a(w)dS:. (4.16)
Whgly) = — /8 D). 00 Ry )lo@)dS,. (@17

We can also calculate at y € 942 the co-normal derivatives, associated with
the operator L,, of the single-layer potential and of the double-layer potential,

THVia) = AT, (1.18)
Lig(y) =TEWug(y) = Zg))Tbi Wig(y) =: Z((z))ﬁfg(y) (4.19)

The direct value operators associated with (4.18) are

[ [Talon0).0,) il plg(a)as. = U)oy, (4.20)
N b(y)

Wigly) = - /8 [T n0).2,) Py )lo(w)S:. (4.21)

Wang(y)

From equations (4.13)—(4.21) we deduce representations of the parametrix-
based surface potential boundary operators in terms of their counterparts for
b =1, that is, associated with the fundamental solution Py = —(4r|z —y|)~!
of the Laplace operator A.

3
1 1
Pog = ;Pag, Rbg:—gzaﬂ’A [9(9;0)], (4.22)
j=1
a _ U A _ 1
;Va9 = Vog = ;Vag; bWa(a) = Wig = 7 Wa (bg), (4.23)
“Yg = Vhg = 2 T (22) = g = 2wavg), (a20)
bag* bg*bAgv baa == bg*bAgv .
/ _ Q / _ E / i 1
Wag = bW v = 3 {WA(bg)+ [b8n<b>]VAg}’ (4.25)
t, ._ Gpx _ @ O (N
cho = sete = {eata+ g () WEen | (426)
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It is taken into account that b and its derivatives are continuous in R? and
L A(bg) := L] (bg) = L,(bg) by the Liapunov—Tauber theorem.

The mapping properties of the volume and surface potentials are proved
in [CMNO09], see also Appendices A and B in [Mi06]. Similar to Theorems 3.3
and 3.6 in [CMNO09] (see also Appendices A and B in [Mi06]), relations (4.23)—
(4.26) imply the two following jump relation theorems.

Theorem 1. Let g, € H_%(ﬁﬂ), and go € H%(&Q). Then the following
relations hold on OS2:

Vig1l™ = Vg,
1

Wiga]t = F592 + Whg2,
la

TEVhgr = igggl + W abgi.

Theorem 2. Let S; and 02\S1 be nonempty, open, simply connected sub-
manifolds of 082 with an infinitely smooth boundary curve, and 0 < s < 1.
Then

1
5:&#%% (—21+Wb> Eab+ng< I"’Wb) on 9{2.

Moreover, the pseudo-differential operator rslfab : ﬁ]S(Sl) — H*7Y(Sy),
where

~ b ab [ 1
Loy = [ LE+ o (;2” Wbﬂ g=LAa(bg) on 0L,

1s invertible, while the operators Ts, (2[,;5) — Eab) : ﬁS(Sl) — H*(Sy) are

b ~ ~
bounded and the operators g, (a/jjb - ,Cab) : H*(Sy) = H*Y(S}) are com-
pact.

For v(z) := Py(x,y) and u € H*9(£2; A), we obtain from (4.10) by stan-
dard limiting procedures (cf. [Mir70]) the two-operator third Green identity,

u+ Zyu+ Ryu — VT u+ Wyut = PyLou in £, (4.27)

where
Zyu(y) == — /Q[a(;l:) —b(2)|ViPy(z,y) - Vu(z)dz

3
biz b)dul (y), ye 2. (4.28)
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Using the Gauss divergence theorem, we can rewrite Z,u(y) in the form that
does not involve derivatives of u,

Zouly) Mﬁi - 1] u(y) + Zyuly), (1.29)
Zuly) = Zgimuﬂy) Wt () + Zgj))mu(y) ~ Ryuly).(4.30)

which allows us to call Z;, an integral operator in spite of its integro-differential
ansatz (4.28).

Note that substituting (4.29)—(4.30) to (4.27) and multiplying by b(y)/a(y)
one reduces (4.27) to the one-operator parametrix-based third Green identity
obtained in [CMNO9],

u+ Rou — VaT;'u + Wout =P,Lou in £2.

Relations (4.28)—(4.30) and the mapping properties of Pa, Ra, Ry, W,
and W, given by Theorems 3.1, 3.8 in [CMNO09], imply the following state-
ment.

Theorem 3. The operators

1
Z, : H*(Q)— H(2), s> ok
Zy + HY(Q) = HO(2; A), s>1,
are continuous.

If uw € HY0(2;A) is a solution of equation (4.5) with f € Lo(92),
then (4.27) gives

Gu:=u+ Zpu+ Ryu — Vy T,fu+ Wyu™ = Ppf  in 2, (4.31)

1
Gu = §u+ + Zfu+ Rfu— VT u+Wyut = [Pyf]t on 910, (4.32)

Tu = (1 - %) THu+ T Zyu+ T Ryu — W T u
+Lhut = TP f  on 002, (4.33)
where Z,"u = [Zyu]* and R} u = [Ryu]*.
Note that if Py, is not only the parametrix but also a fundamental solution
of the operator Ly, then the remainder operator R, vanishes in (4.31)—(4.33)
(and everywhere in the paper), while the operator Zj, stays unless L, = Ly.

For some functions f,¥,®, let us consider a more general “indirect” inte-
gral relation, associated with (4.31),

u+ Zyu+ Ryu — Vo + Wyd = Ppf,  in 1. (4.34)

Similar to the proof of Lemma 4.1 in [CMNO09], one can prove the following.
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Lemma 1. Let f € Ly(£2), ¥ € H 2(892), ® € H2(8R2), and v € H(12)
satisfy (4.34). Then u € HYO(02; A), Lyu = f in 2, and

V;,(J/—T;ru)—Wb(@—u+):O in (2.

4.4 Two-Operator Boundary—Domain Integral Equations

Let &y € Hz(012) and ¥, € H2(A12) be some extensions of the given data
@0 € H2(0pf2) from dpf2 to AN and ¢y € H™2(dn) from In2 to 012,
respectively. Let us also denote

Fo :=Pyf + V¥ — WPy in 2.

Note that for f € Ly(£2), ¥y € H™2(d12), and &, € H=(d12), we have the
inclusion Fy € H%°(§2, L,) due to the mapping properties of the Newtonian
(volume) and layer potentials (cf. Theorems 3.1 and 3.10 in [CMNOQ9]).

To reduce BVP (4.5)—(4.7) to one or another two-operator BDIE system,
we will use equation (4.31) in £2, and restrictions of equation (4.32) or (4.33)
on appropriate parts of the boundary. We will always substitute @ + ¢ for u™
and Wy + ¢ for Tu, cf. [CMNO09], where &y € H=(9§2) and Wy € H—2(912)
are considered as known, while ¢ belongs to H~2 (9p2) and ¢ to Hz (Oy12)
due to the boundary conditions (4.6)—(4.7) and are to be found along with
u € HYO0(02; A). This will lead us to segregated BDIE systems.

4.4.1 The Integral Equation System (GT)

Let us use equation (4.31) in (2, the restriction of equation (4.32) on 9p{?,
and the restriction of equation (4.33) on dy 2. Then we arrive at the following
two-operator segregated system of BDIEs:

u—+ Zyu + Ryu — Vb + Wy = Fy in 2, (4.35)

ZFru+Rifu— Vi + Wyp = FF — o on 9Jpf2,(4.36)

T Zvu+ T Ryu — W apth + Lo = T Fo — 1o on Iy (4.37)
Note that due to Lemma 1, all terms of equation (4.35) belong to H1:0(£2; A)

and their co-normal derivatives are well defined. System (4.35)—(4.37) can be
rewritten in the form
AT Y = ng7

where
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UT = [ueh, g € H(2) x H 2(0p12) x H? (OxR),
FIT = [Fo,r, 0o = 00, 7oy o Td Fo — o] T,
I+Z,+ Ry W W
AT = | 0l + R “TopeVo TopaWo
PovaTad [Zo+ Rl =10 Wiy To oLl

4.4.2 The Integral Equation System (GG)

To obtain another system, we will use equation (4.31) in {2 and equa-
tion (4.32), associated with the operator G on the whole boundary 942, and
arrive at the two-operator segregated BDIE system (GG),

u—+ Zyu + Ryu — Vyrh + Wy = Fy in {2, (4.38)

1
Pl Zhu+ Rfu— Vo + Wyp = Ff — P on 9. (4.39)

System (4.38)—(4.39) can be written in the form

A9y = }'Qg’
where
F9 = [Fy, B — o],
U' = w1, g] € H'(R) x H 3(0p) x H? (0n12),
499 .— I+2Z,+Re Vs W,
ZFH+RS v AI4W |

4.4.3 The Integral Equation System (7°7)

To obtain one more system, we will use equation (4.31) in {2 and equa-
tion (4.33) on 92 and arrive at the two-operator segregated BDIE system
(TT),

u+ Zpu+ Ryu — Vpth + Wy = Fy in 2, (4.40)
(1 - %) b+ T Zyu+ T Ryu — W apth + L0 =
T;_FO - !po on 80(441)

System (4.40)—(4.41) can be written in the form
ATTU _ fTT

where
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fTT = [F07 T(er(j_ 7W0]T7
U™ = [u,,¢] € HY(2) x H 3(0p2) x H? (In12),
T I+ Z,+Rp a—Vb Wi

T2y + R (1 =Wy, L,

2b
4.4.4 The Integral Equation System (7G)

To reduce BVP (4.5)-(4.7) to a BDIE system of “almost” the second kind
(up to the spaces), we will use equation (4.31) in {2, the restriction of equa-
tion (4.33) on dp {2, and the restriction of equation (4.32) on dn{2. Then we
arrive at the following two-operator segregated BDIE system (7G):

u~+ Zpu + Rpu — Vb + Wy = Fy in £2, (4.42)
(1-55) T Zou+ T Rou = Wanth + L0 =
T Fy — W on 9p 2, (4.43)
1
3P+ Zlu+ Rfu—Vap + Wap = Ff — & on Iy (2.(4.44)
System (4.42)—(4.44) can be rewritten in the form
ATy = FT9
where
FT9 = [F()? raDn(T;_FO - WO)’ Taer(FJ - ¢0)]T7
UT = [, € HY(2) x H 3 (0p12) x H? (On02),
I+ Zy+ Ry -V Wi
T a
A ¢ = TaDnTj[Zb + Rb} (1 - %)I ~Topa ¢Izb TaDn[’Ib
TaNn[le_ +R2_] 7T6N0Vb %IJrTaNQWb

4.4.5 Equivalence and Invertibility

Using the arguments similar to the proofs of Theorems 5.2, 5.6, 5.9, and 5.12
in [CMNO09], one can prove the following equivalence theorem.

Theorem 4. Let f € Ly(£2) and let g € H2(9R2) and ¥y € H™2(9R) be

some fized extensions of pg € H%(GDQ) and 1y € H-z, respectively.

(i) If some u € H'(£2) solves the mized BVP (4.5)-(4.7) in 2, then the solu-
tion is unique and the triple (u, v, @) € H (2) x H=2 (0p£2) x H (dx12),
where

=T u— W, p=u"—dg on 0f2, (4.45)

solves BDIFE systems (GT), (GG), (TT), and (TG).
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(ii) Vice versa, if a triple (u,1,p) € H(2) x H=2(0ps2) x Hz (On12) solves
BDIE system (GT) or (GG) or (TT) or (TG), then the solution is unique,
u solves BVP (4.5)—(4.7), and relations (4.45) hold.

Application of the representation Lemma 5.13 and Corollary 5.14 as well
as Corollary 5.16 about invertibility of the mixed BVP (4.5)—(4.7) operator,
from [CMNOQ9], along with the equivalence Theorem 4 above, lead to the fol-
lowing invertibility result.

Theorem 5. The following operators are continuously invertible:

A99 o HYO(02; A) x H 2 (0p2) x H? (0y02) — H“0(2; A)x H? (92),
ATT o HYO(02: A) x H2(9p02) x H? (On2) — HY0(02; A)x H™2(012),
AT o HYO(02; A) x H 3 (0p82) x H? (OnR2)

— HY0(02; A) x H?(0p12) x H2 (0 02),
AT9 o HYO(2; A) x H 2 (0p02) x H? (9x02)

— HYO(02; A) x H 2 (0p02) x H? (Ox0).

[N
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Solution of a Class of Nonlinear Matrix
Differential Equations with Application to
General Relativity

M. Azreg-Ainou

Bagkent University, Ankara, Turkey; azreg@baskent.edu.tr

5.1 Introduction

Five-dimensional general relativity (5DGR) or Kaluza—Klein theory (KKT)
[Le84] is considered as a first step towards unification of electromagnetism
and gravitation. 5DGR action may be extended by appropriate quadratic
terms making up the Gauss—Bonnet term (GBT) to obtain more generalized
field equations including up to second-order derivatives of the metric [Lo71]. If
cylindrical symmetry is assumed, the 5-metric takes the form [AzCl196, Az08]

ds? = —dp® 4 Aap(p) dz® da® (5.1)
where a,b = 2,...,5 and A\gp(p) is a 4x4 real symmetric matrix of signature
(— — 4 ). This 5-metric possesses four commuting Killing vectors £, =
6 (A = 1,...,5) and is written in the associated coordinates: (z' = p,

2?2 = p, 13 = 2z, 2* = t, 2°) where 2% and 2° are periodic, x* is timelike,
and p is a radial coordinate. Let ¢, p” denote the derivative “d/dp,” the field
equations describing stationary cylindrically symmetric 5-spacetimes split into
a nonlinear 4x4 matrix differential equation (5.2) and a scalar one (5.3),

2X,p +4trx , + (tr)x + trx® + (trx)* + 7 {(P) = (tr ) (XP)
+[(trx)? = trx®Ix, — (trx,p) IX® — (trx)x] — (1/2)(tr x?) ox

+ (1/2)[(tr x)x® — (trx*)x* — (trx) (trx*)x + (trx)®x]} =0, (5.2)
6tr B+ (trx)* — trx® + v {tr (Bx?) — tr (B x)trx

+(1/2)tr B[(trx)* — trx*]} =0, (5.3)

where x(p) = A7)\, and B(p) = x,, + (1/2)x%

Some 4-stationary solutions to equations (5.2) and (5.3) have been con-
structed either analytically or by a perturbation approach and interpreted
as neutral, charged, or superconducting cosmic strings [AzCl96]. Very re-

cently, the superconducting cosmic string has been reconsidered and general-
ized [Az08].

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 41
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_5,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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The purpose of this contribution is to prove some properties of equa-
tions (5.2) and (5.3) and use them to investigate the set of all their 4-stationary
solutions. In Section 5.2, we reduce equations (5.2) and (5.3) and show that
any solution y commutes with its derivatives x ,. Exploiting the latter prop-
erty, we prove that any solution x is a polynomial in a constant matrix
with scalar coefficients (5.18). In Section 5.3, we discuss singular solutions
(det x = 0) and in Section 5.4 we deal with regular solutions (det xy # 0). We
will either construct rigorously exact solutions or show the nonexistence of
solutions.

5.2 Symmetries and Properties

Equation (5.2) is readily brought to the form
2Q, + fQ +2G + G ,x —7Gx* =0,
where Q(p) is a 4x4 real matrix defined by

def
Q= Af+ (2 -G =X+ (5.4)
The invariants of y are the functions f(p) = trx, g(p) = trx?, h(p) = tr x>,
k(p) = det x, and G(p) = g— f? and H(p) = h— f3. Combining (5.3) and the
trace of (5.2) and using the Cayley-Hamilton equation

X =0+ (G2 + [(H)3) = (fG/2))x — k (5:5)

to eliminate tr x* leads to (5.7). Hence, any solution to the system (5.2 and 5.3)
is necessarily a solution to the following reduced system (5.6 and 5.7):

2Q,, —l—fQ—|—2G+’yG,px—'ny2 =0, (5.6)
247k = G(8 + 29G + 3vf* + 2vf,,) . (5.7)

The system (5.2 and 5.3) or its reduced form (5.6 and 5.7) remains in-
variant if one performs a linear coordinate transformation with constant co-
efficients mixing the four Killing vectors together and their associated cyclic
coordinates

% = 8% xd (5.8)

where S%, is a constant real matrix. Here 2 and 2% are the old and new
coordinates (a,b = 2,...,5), respectively. Such a transformation is equivalent
to a similarity transformation on y (x = SxnS~!). Solutions related by such
transformations actually belong to the same class of equivalence. However,
when some Killing vectors have closed orbits, say £, and &5 in our case, it
is possible to generate new solutions which are not globally equivalent to old
ones, as was shown in Section 4 of Ref. [AzC196] and in Ref. [Az08].
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Equations (5.6 and 5.7) have been derived under the sole ansatz (5.1),
which is the general form of a stationary cylindrically symmetric 5-metric.
Besides the property discussed in the previous paragraph, the system (5.6
and 5.7) possesses two further properties: if one performs the simultaneous
transformations x — —yx and p — —p the system (5.6 and 5.7) remains
invariant, and the other property is that any solution x to (5.6 and 5.7)
commutes with its derivative x ,: [x, x,p] = 0.

In order to show that [x,x,,] = 0, Vp, we proceed as follows. Multiply-
ing (5.6) from the left and from the right by x, subtracting the two equations
and using the fact that [y, Q] = 0, one obtains the equation [x, @ ,] = 0 which

is split as (2—7G)[x, X,p] = 7 [x; (x?),0] +7[x; (x°),0] = 0. Using the identity

X, (X™).p] = X", X.p)> (n & positive integer), the latter equation reads
(2 =9G) Xl = VI X X X0 = 1@ xp] =0, (5.9)
where we have used [f,x,,] = 0 in the last commutator of (5.9). By virtue

of (5.9), the matrix x , commutes then with any power of  and consequently
with any polynomial in Q. Hence, to complete the proof of [x, x| = 0, we
have to show that x can be expressed as a polynomial in @ by inverting
the definition formula (5.4). Squaring and cubing both sides of (5.4) and
using (5.5) to eliminate any power of x higher than 3, one obtains

Q*> = P+ Pix+ P’ + Pax’, (5.10)
Q° Lef Po+ Pix + Pox? + Psx®, (5.11)
where Py(p) — Ps(p) and Py(p) — Ps(p) are scalar polynomials of (f, G, H, k)
which we obtained using MATLAB; only two of which are shown below:
Py =16f% + (3/2)7*Gk — 4vk; P3 = (1/3)y*H +8yf — (1/2y*Gf .
In the generic case y, X2, and x3 are seen as independent variables. Hence,
the linear system of equations (5.4, 5.10, and 5.11) in the variables (y, x?, x°)
can be solved for any one of them. Let G,, , = myG —n (m,n are positive
integers). If L(p) is the determinant of the system of equations (5.4, 5.10,
and 5.11),
L = —288Y°Kk® — 288¢G 4k?
+ 6GT 4 {7[12G12f* — 47 fH + 3GGs,16] + 48}7°k
+ G?’4{473H2 — 6ng’4’)/2H — 9G172[7G(G1’8 — Q’Yfz) + 16]} R

then y is provided by
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X = {729(G7 4 — 4*k)Q° +1[72G7 ,(2fGr 7 — vH)
+967%(27H — 3fG1,12)K]Q* + {GT 4[9GT 4 + 187f%(256 +1GGi,65)
— 47?187 f%G1,24G 18 + 9GT 4G5.16 — 1277 fGs 50 H + 167° H?|
— 2447 fG1 16 H + 8y H?k + 5767 G1 3k} Q (5.12)
+ 4{fGT, [12/7*G5 28 H — 16y° H? — 9G1 4[16 + 7(6f* + G)G1 5]
+ VR[72f°9GE s — 967° f?GrsH + 4f(8y’ H? — 9G1 G )
+ 347G 4G5,12H]+67* [3f (1124+7GG3 44) —47G1 2 HIE* = 7270 fK*}} /L

and similar results for x? and y?

X2 = [V2(489GH — 729GG1 4 — 192H — 288 fk)Q* +---]/L, (5.13)
x3/24 = [96G1 1 + 37v2G?Gy 10 — 127%kGy 2 — 129 f2k
+ Y’ fG14(2H = 3fG))Q* +---]/L. (5.14)

Using MATLAB, we have checked that the square and cube of the right-
hand side of (5.12) coincide with the right-hand sides of (5.13) and of (5.14),
respectively.

Now, for the values of p such that L(p) # 0, x(p) is a polynomial in
Q(p) provided by (5.12), and since by (5.9) x,,(p) commutes with Q(p), we
conclude that x ,(p) commutes with x(p). Since we are only interested in
smooth solutions x(p), the commutator [x,x,,|(p) is also seen as a smooth
continuous matrix function of p, so by continuity we extend the property
[X, X,p] = 0 to all values of p including the roots of L(p) = 0, if there are any.
These statements being made for a fixed value of v are extended by continuity
to all values of v. Hence, the commutator [x, x ,| vanishes identically for any
solution x(p,~y) to the system (5.6 and 5.7):

X X.pl(0s7) = 0.

We can now expand the left-hand side of (5.6) in such a way that the
terms including x , are grouped and Y , is factored, say, to the right of the
powers of y. Assume that x(p) is any given solution to (5.6) and let a(p),
b(p), e(p), d(p), m(p), n(p), s(p), and t(p) be eight scalar real functions.
We want to determine under which condition(s) the product of the matrix
m+nx~+sx?+tx® by the left-hand side of (5.6) is identically a total derivative.
Mathematically speaking, given any solution y to (5.6) we want to determine
the equations satisfied by the eight functions a(p) — t(p) and the conditions
of their resolutions such that

(m +nx + sx* +tx*) x [Lh.s of (5.6)] = (a +bx +ex* +dx*),. (5.15)

Now, both sides of (5.15) being identically equal for any solution x to (5.6)
leads to eight equations; four are algebraic and the other four are differential
equations. The algebraic equations are the coefficients of x*x ,, X*X,ps XX,ps
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and x,, on both sides of (5.15) expressing e, d, n, and b in terms of (¢, s, m).
Because of limited space, we only show the expressions of (n,b)

6yn = —(4+~vG +2vf*)t —2yfs; b= —2vfkt —6yks+ (4 —2¢G)m, (5.16)

where k is provided by (5.7). Using these algebraic relations in the other
four differential equations, which are the coefficients of x>, x?, x, and the
independent terms on both sides of (5.15), we obtain the linear differential
equations satisfied by (¢, s, m, a), where only one of them is shown below:

—a,+ [ fPk/3+5YGfk/3+2vf ,fk — 4fk/3 + G k]t
+ f?k/3 + 2vf pk +GE]s + [8f, + 2G + 4f*lm = 0.

Since these four differential equations are linear in (¢, s, m, a), we are guaran-
teed that solutions always exist. If any solution x(p) is known, its invariants
(f, G, H, k) can be substituted in these differential equations and solutions,
at least in the form of power series or hypergeometric functions for the un-
knowns (¢, s, m, a), can be derived. Using the algebraic equations [(5.16), ...],
one determines the remaining four unknowns (e, d, n, b).

Now, given any solution y to (5.6 and 5.7), assume that the eight functions
a(p) — t(p) have been determined as described previously. Multiplying both
sides of (5.6) by the matrix m + nx + sx? + tx* and using (5.15), one obtains

(a+bx+ex®+dx*),=0 = a+byx+tex®+dx’=A4, (5.17)

where A is a 4x4 constant real matrix. One then should be able to invert the
second equation in (5.17) and express y as a polynomial in A by applying a
similar procedure as in the steps from (5.10) to (5.12) to obtain

x(p) = n(p) +w(p)A+ B(p)A> + 5(p)A* . (5.18)

Hence, any solution x to (5.6) is necessarily a polynomial in a constant real
matrix A with scalar coefficient functions of p.

Solutions to the system (5.6 and 5.7) will be grouped according to their
determinant. In Section 5.4 we will somehow rely on our previous exact solu-
tions for the case v = 0 (corresponding to pure KKT without GBT) [AzC196],
which will not be discussed here. Our results for v = 0 are summarized
in (5.19) and (5.20) where A is a 4x4 constant real matrix with arbitrary
tr A3 and det A:

x=A4, withtrA=trA?>=0(y=0); (5.19)
x=(2/p)A, withtrA=trA%>=1(y=0). (5.20)

5.3 Singular Solutions: k= 0

Solutions with vanishing determinant (5.7) satisfy either
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G=0 or 8+29G+3yf*+2vf,=0. (5.21)

For G = 0 equation (5.6) reduces to 2Q , + f@Q = 0, whose solution is
given by

p
Qo) =expl-F(IM . with F(p)=(1/2) [ 7(0) dp' (522)
and M is a 4x4 constant real matrix. Using (5.4) in (5.22) one obtains

M —4f exp[F] = (2x — vfx* +7X°) exp[F]. (5.23)

With k = 0, the determinant of the right-hand side of (5.23) is zero, and con-
sequently 4 f exp[F] must be a constant (identified with one of the eigenvalues
of M). Hence, {4f exp[F|} , =0leads to f =0 or f =2/(p— po). The trivial
case f = 0 leads to the following solution where A is a constant matrix:

x=A, with trA=trA?> =det A=0.
For the case f =2/p (we take pg = 0), equation (5.23) reduces to
4A = 2px = 29x* +7pX° (5.24)

where A = (M — 8)/4. Inverting equation (5.24) by applying the same steps
from (5.10) to (5.12), one obtains y as a function of A:

X(p) = (2/p)A = (47/p%)(A° — A?),
with trA=trA%? =tr A% =1and det A =0. (5.25)

In the following we will discuss the classification of the solutions (5.25).
One derives the 5-metric (5.1) upon integrating y = A7!\ ,:

A= C{1— A%+ p?A% —2Inp(A® — A) — 2[(In p)* — v/p*](A® — A}, (5.26)

where C' is a constant real matrix of signature (— — + —). X being symmetric,
C satisfies the relations C = CT and CA = (CA)T (T denotes transpose).
Equation (5.26) leads to det A = (det C')p?; hence, the 5-metric is singular
along the axis p = 0, and consequently p runs from 0 to oc.

The solutions (5.25) and (5.26) are in their generic forms. The constraints
on A, which fix the invariants of A, do not fix its rank r(A). Hence, solutions
provided by (5.26) can be classified according to their rank. Notice that the
rank of a matrix is invariant under a similarity transformation [LaTi85], such
as that defined in (5.8). Consequently, the different solutions classified accord-
ing to their rank belong to different equivalence classes. The constraints on
A reduce its characteristic equation to A* = A3. A has then the eigenvalues
1, 0, 0, and 0 without necessarily being diagonalizable. The simplest form to
which one can bring the matrix A is the Jordan normal form [LaTi85],
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A=(1,0,0,0; 0,0, €3, 0; 0,0,0, ¢€4; 0,0, 0, 0), (5.27)

where €3, ¢4 = 0 or 1. The rank of A depends on the number of Jordan blocks
associated with the eigenvalue 0 in (5.27). The special solutions x = (2/p)A,
of rank 1 (A% = A) or 2 (A% = A?), are interpreted as neutral or charged
cosmic strings, respectively. The generic solution (5.25) of rank 3 (A3 # A?)
is interpreted as a superconducting cosmic string [AzCl196, Az08].

Although the derived solutions (5.25) are in their generic form, they can
be generalized by performing a similarity transformation (5.8) which results in
new solutions. Since two of our Killing vectors, &, and €54, have closed orbits,
it is possible to generate new solutions which are not globally equivalent to
old ones if at least one of these two vectors is rescaled or mixed with the other
vectors as a result of the transformation (5.8): i.e., if S°5 # 1 and/or S*5 # 0.
From this perspective, three examples have been given, two in Ref. [AzC196]
and one in Ref. [Az08], where we have generalized the superconducting cosmic
string.

A thorough treatment of the case (5.21): 8 + 2vG + 3vf? +2vf, = 0 is
possible, leading to no solution to equations (5.6 and 5.7). Alternatively, one
refers to the section on regular solutions, which includes this case as a special
one.

5.4 Regular Solutions: k # 0

For convenience we reparametrize the diagonal elements of x [equation (5.18)]
by T.(p) = n(p) +paw(p) +p2B(p) +p2d(p), where the p,’s are the eigenvalues
of A (a =2---5). If two or more p,’s are equal, the corresponding T,’s are
equal too; in any case, the number of independent equations satisfied by T,’s
[equations (5.6 and 5.7)] exceeds by one that of independent functions T, (p).

The equations satisfied by T,’s are the diagonal elements of (5.6) and (5.7),

A+ 6vT2 — 29G — Ay [T Ty +8fp — 2912 f p — VTuG
+4f2 42T, + 2G — yGT? —~fGT, — vf*T? +vfT3 =0; (5.28)

24vk = G(8 4+ 29G + 372 + 2vf,) , (5.29)
where k(p) = TloTulp) flo) = XooTulp) and Glp) =
— > e v=2Tu(p)Tp(p). In the generic case where all T,,’s are non-equal, a so-

b#a
lution to (5.28) represents a (hyper)curve (C) in the four-dimensional space

of coordinates T,, where p is an affine parameter. Equations (5.28) are linear
in T, ,’s and can be solved for the latter in terms of T,’s then used in (5.29)
to eliminate f ,. The remaining algebraic equation (5.29) in T, represents a
hypersurface (S) in the above-mentioned four-dimensional space. Hence, the
system (5.28 and 5.29) will admit a solution only if the curve (C) or a segment
of it lies on the hypersurface (S). The purpose of the following is to show that
this is not the case.
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We will make use of (5.18), where A is any constant matrix, and expand
the functions (n(p),...,d(p)) by power series in 1/p: p = >,_omi/p', ...,
§=3,_00:/p", where (1;,...,8;) are numerical constants. Substituting into
equation (5.18), one writes

X=D M/p'=Mo+M/p+M/p* +--- (5.30)
=0

where M; = n; + w;A + 3;A? + ;A% (i > 0) are all commuting constant
matrices since they are polynomials of the same constant matrix A. Hence,
we will look for solutions of the form (5.30) where M; [i > 1 case (5.19)
and ¢ > 2 case (5.20)] are smooth functions of v which vanish in the limit
v — 0. Two cases are to be distinguished: My # 0 and My = 0 corresponding
to (5.19) and (5.20), respectively.

Notice that solutions of the form y = p"(Ng + N1/p+ Na/p? + - - ) where
N; are constant matrices and n € N*, which diverge at spatial infinity (p —
00), do not exist. This is because when the field equations (5.6 and 5.7) are
satisfied, the vanishing of the coefficients of the leading terms in the series
expansions of (5.6 and 5.7) leads to the vanishing of the leading term in the
above expansion, i.e., Ny = 0, and so on until all N; are zero for ¢ <n — 1.

Since the matrices M; commute, we introduce a simplified notation for the
traces of their products, which will serve later to implement Mathematica-
based symbolic evaluations. The blank between the symbols “tr” and “M” is
removed, and the face of the symbol “M™ is upright. For instance, tr (M; M3)
is written as trMy oo and tr (M; M3 My) as trMy 4555 -

5.4.1 The Case My # 0

In the limit v — 0 the matrix y, as given by (5.30), approaches a constant
matrix My which solves the equations of the pure KKT. Hence, M, satisfies
the constraints [see (5.19)]: trMy = trMg = 0 with arbitrary trMp o = P
and detMg. To determine the remaining matrices M;, ¢ > 1, we proceed by
induction. Let us assume that all the matrices M; for 1 < i <[ — 1 are zero
and look for the matrix of order [:

X =M+ M/p" + M /pt +- (5.31)

Substituting (5.31) into (5.7), the independent term leads immediately to
detMg = 0, and the matrix coefficient of 1/p! in (5.6) is written as

trM; (2My + YMG) — 2ytrMo Mg = —4trMg ;. (5.32)

The determinant of (5.32) leads to trMy; = 0 and since My # 0 implies
2My +yM§ # 0 (= P # 0), the remaining equation (5.32) leads to trM; = 0.
Now, with trMg; = 0 the scalar coefficient of 1/p' in (5.7) vanishes identically,
and the series expansion of (5.5) to the order [ implies
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Ml = (tI‘M(),oyl/P)MO . (533)

Next, evaluating the determinant of the matrix coefficient of 1/p!*1 in (5.6)
implies trMg ;11 = 0, and the remaining coefficient reduces to

trM trM
2 (z : Ij’(” —terH) Mo+~ <6l : ;’O’Z —terH) M3 =0. (5.34)

Hl H2

Tracing this last equation, we obtain Il = 0 (P # 0) and the equation
reduces to 2111 My = 0; with My # 0 this implies I7; = 0. The homogeneous
system of equations [Ty = 0 and I1s = 0 admits the trivial and unique solution
trM;+1 = 0 and trMg; = 0. Hence, M; = 0 by (5.33). Notice that all the
equations and steps from (5.32) to (5.34) are valid for [ > 1. Repeating these
steps for [ = 1 leads to M; = 0, then for [ = 2 leads to M5 = 0 and so on.
We have thus shown that x = M, # 0 with trMy = trMgo = detMy = 0
and trMg .o arbitrary is the unique solution of the form (5.30). Said otherwise,
solutions of the form (5.30) with det y # 0 and My # 0 do not exist.

5.4.2 The Case My =0

In the limit v — 0 the matrix y, as given by (5.30), approaches the matrix
M /p which solves the equations of the pure KKT. Hence, M; satisfies the
constraints [see (5.20)]: trM; = 2 and trM; ; = 4 with arbitrary trM; ; ; and
detM;. The coefficients of 1/p3 in (5.7) and (5.6) lead, respectively, to trM; 5 =
2trMy and My = (trMy/2) M. In general, the coefficients of 1/p!*! in (5.7)
and (5.6) lead to scalar and matrix equations, respectively, depending linearly
on trM; and trM; ;. Furthermore, the matrix equation depends linearly on M.
Such a system can always be solved for (trM;, trM; ;, M;). Since the resolution
of the system involves tracing the matrix equation, consistency of the obtained
solution (trM;, trM; ;, M;) has to be checked for each step. For instance, the
coefficients of 1/p* in (5.7) and (5.6) lead to

3ydetM; + 4trMz — 2trM; 3 = 0 (5.35)
4y(2ME — M) + (trM3 + 2trM3) M, — 8 M3
+ 4trM3 — 16trM3 + 4trM; 3 = 0. (5.36)

Solving the system consisting of (5.35) and the trace of (5.36), we obtain

2 1

trMy = Z7detM; + M3 + %(8 — trMy.11) (5.37)
17 2

tI‘MLg = E’ydetMl + tng + 6(8 - trMLl,l) . (538)

Substituting these last two equations into (5.36), we obtain
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Ms =

o2

1 2
(2M12 — Mlg) + Z[tng + %detMl + %(8 — tI‘M171,1)]M1

7
9

Tracing (5.39) reduces to (5.37) and tracing (5.39)xM; reduces to (5.38).
So the solution (trMs, trM; 3, Ms) is consistent. Similarly, we obtained a
consistent solution (trMy, trM; 4, My); however, the solution (trMs, trM; 5,
Ms5) failed to be consistent. The inconsistency of (trMs, trM; 5, M5) leads to
two constraints on the free parameters (trMy 1, detMy, trMs):

+ %detMl ~ 18— t:Myq1). (5.39)

45ydetM? + [216trM2 — 13y(—8 + trMy 11)][(—8 + trMy1 1)

+ 6detM; [27trM3 + v(—37 + 8trMy,1.1)] = 0 (5.40)
90ydetM7 + 8[54trM3 — v(—8 4 trMy 1 1)](—8 4+ trM; 1 1)
+ 3detM; [108trM3 + (—496 + 89trM; 1 1)] = 0. (5.41)

Other constraints on (trM; 1.1, detMy, trMs) are derived from the inconsis-
tency of (trMg, trMy 6, Ms), from that of (trMy, trM; 7, M7) or, preferably,
from the traces of the matrix coefficients of 1/p% and 1/p" in (5.5):

[18ydetM; — 9trM3 + 5y(—8 + trMy 1,1)](—=8 + trMy 1,1) = 0 (5.42)
tI‘Mg[lS’ydetMl — GtI‘Mg + 5’}/(—8 + tI‘MLl)l)](—S + ter,Ll) =0. (543)

Applying the command Reduce of Mathematica to solve the system of the
four constraints (5.40), (5.41), (5.42), and (5.43), with the extra conditions
detM; # 0 and (detMy, trMa, trM; 1,1) € R to ensure that det x # 0 and that
the invariants of x are real numbers, leads to the False result. This proves
that solutions of the form (5.30) with det y # 0 and My = 0 do not exist.

From the above discussions, we then conclude that the system (5.6 and 5.7)
does not admit any regular solution.

With different tools on hand, we have shown that the field equations (5.6)
and (5.7) admit either 1) singular solutions of the form x(p) = (2/p)A4 —
(47/p3) (A3 — A?) constrained by tr A = tr A? = tr A*> = 1 and det A = 0.
The integral constant matrix A helps to classify the solutions according to
its rank. The outcome of this classification is that solutions with r(A) = 1,
r(A) = 2, and r(A) = 3 are neutral, charged, and superconducting cosmic
strings, respectively, or 2) singular solutions of the form y = A constrained
by trA = tr A2 = det A = 0. In Section 5.4 we have conducted proofs of
nonexistence of regular and further singular solutions to the overdetermined
system of nonlinear differential equations (5.6) and (5.7).

A program for Mathematica has been developed to deal with commuting
matrices in algebraic form instead of the usual matrix form. It consists in
evaluating traces of products of matrices and determinants of sums of matrices
in algebraic forms without however knowing the entries of the matrices.
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The Bottom of the Spectrum in a
Double-Contrast Periodic Model

N.O. Babych

University of Bath, UK; n.babych@bath.ac.uk

A periodic spectral problem in a bounded domain with double inhomo-
geneities in mass density and stiffness coefficients is considered. A previous
study [BKSO08] has explored the problem by the method of asymptotic ex-
pansions with justification of errors showing that all eigenelements of the ho-
mogenized problem really approximate some of the perturbed eigenelements.
Within this chapter additional results, partly announced in [BKS08], are ob-
tained on the eigenfunction convergence at the bottom of the spectrum. It
is shown that the eigenfunctions, which correspond to the eigenvalues at the
bottom of the spectrum, could converge either to zero or to the eigenfunc-
tions of the homogenized problem. The result was obtained by the method of
two-scale convergence [Al92, Zh00].

Similar double high contrasts in mass and stiffness coefficients for a fi-
nite number of perturbed regions were considered in [BaGo07]-[BaGo09]
and [GLNPO06]. One of the distinctive features of these models is the pres-
ence of two different types of eigenvibrations at low and high frequencies
when particular subdomains generate leading frequencies and eigenvibrations.
Comparing the results for the same relative magnitude of perturbations, it is
observed that in the case of only two perturbed regions, low-frequency vi-
brations are generated by the heavier inclusion. This is not the case in the
periodic model under consideration, where even at low frequencies the ho-
mogenized problem in a relatively light matrix appears. Nevertheless, the
presence of small periodic heavy inclusions of order ~! shifts the bottom
of the spectrum itself, inducing an eigenvalue series of order e, in particu-
lar ce < A§ < eC (see Lemma 5). Considering highly nontrivial effects ap-
pearing in periodic problems with high contrasts [A192, JKO94], we refer
to [BeGr05, Pa91, Ry02, Sad8, Sa99] for the specific features arising within
models including mass density perturbations.

We consider a model of eigenvibrations for a body occupying a bounded
domain 2 in R™ (n = 2,3,...) containing a periodic array of small inclusions;

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 53
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_6,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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Fig. 6.1. The geometry and the periodicity cell

see Figure 6.1. The size of the inclusions is controlled by a small positive
parameter €, € — 0.

Let @ = [0,1)™ be a reference periodicity cell in R". Let Qo be a periodic
set of “inclusions,” i.e., QO +m = Qo, Vm € Z", and Qy = QO NQ is a
reference inclusion lying inside @ (Qo C @ with the bar denoting a closure
of the set) with C%-smooth boundary I'; see Figure 6.1. Let Q1 = Q\Qo,

@1 = R"\@O. Introducing y = x/e we refer to y as a fast variable, as opposed
to the slow variable x. In the z-variable the periodicity cell is eQ = [0,¢)".
If y € Qj then v = ey € €Qj, j = 0,1. We denote fZS = 2N eQo, Qf =
(Zﬂz—:@l; see Figure 6.1. Within this chapter two possible geometries are under
consideration:

A The inclusions are allowed to intersect or touch the boundary; then simply
Q=05 k=0,1.

B The inclusions touching or intersecting the boundary are sent to the con-
nected phase: if the intersection between 0f2 and the boundary of any
connected component of QS is nonempty, then this particular component
is sent to be part of a new matrix 27 D f)f , and the remaining components
form a new 25 C £25.

Let I'* be a boundary between (25 and (27. The trace on I'® of function
[ 825 — R™ is denoted by f|j. Let ny be the outer unit normal to @)y on its
boundary I', and let n, denote the similar normal on 1.

Let the stiffness a. and density p. be parametrized by ¢ > 0 as follows:

1, ze % 1, xze
ae(x):{a :z:e.()(lﬁ and p5($)={€1 xE.Q(lE)

We study the asymptotic behavior of the self-adjoint spectral problem
/ ae (2) VuVo dr — )\8/ pe () ucpdr =0 Yo € Hy(92) (6.1)
Q 0

as € — 0. If I and 92 are smooth enough, then the variational problem (6.1)
can be equivalently represented in a classical formulation,
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—div (a: () Vue) = XNpe () ue, € 2, uclon =0, (6.2)

u5‘1 = U Onlie |, = €0pu, (6.3)

o B o

with symbol 0,, denoting a derivative in the normal direction n, 9, =n - V.

We use the standard notation for Lebesgue and Sobolev spaces: Lf)(Q) isa
p-weighted L2-space of square integrable functions in 2. The notation (-,-)z
is used for a scalar product in a Hilbert space H. Let L& = LiE(Q) and H*®
be an H}(§2) Sobolev space with scalar product

(u, v)pe :/ ag(x)Vu-Vvdac—i—/ pe(x)uv de.
7 o

The spectrum of (6.2), (6.3) consists of a countable set of eigenvalues of
finite multiplicity with the only accumulation point at infinity:

0<AT <A< <A< = +oo.

The corresponding eigenfunctions u§ form an orthogonal basis in £

0= (u?,ui)ﬂa :/

, u?u,id:z:+€71/ ujupdr if j# k.

25

€
1

Then (6.1) shows that the eigenfunctions uj are orthogonal in H® as well,

0= (u§, up)ne = o Vu§ - Vupdr + ¢ . Vu§ - Vupdr if j#k.
1 0

Note that we do not fix the norm of u$ yet. The reason is that different energy
norms are more appropriate for the analysis of the problem at various energy
levels, i.e., at various frequency scales.

We denote by Li(Q) the space of functions in L?(Q) extended by Q-
periodicity to the whole R™. Let C'3 (Q) be the space of infinitely differentiable
functions in R™ that are Q-periodic. Then H(Q) is the closure of C°(Q) in
the norm of H*(Q). Let Vpot be the space of potential vectors, i.e., vectors
from the closure of the set {V¢| ¢ € CF(Q)} in L4 (Q)™. Let Vo) be the
space of solenoidal vectors, i.e., vectors b from Li (@)™ such that divb =0
in Li(Q) We also use the conventional notation ¢(x,y) € L*(2 x Q, H(Q))
if function ¢ is from L?(2 x Q) and, additionally, when it is considered as a
function of the y-variable, ¢(z, ) belongs to a certain space H(Q).

A previous study of the problem has discovered the presence of low fre-
quencies, which correspond to the eigenvalues of order e (specific case \g = 0
within [BKS08, Th 4.6]). Moreover, for such eigenvalues the limit forms of vi-
brations also exist in a classical meaning, i.e., the limit forms in both phases
depend only on the slow variable x and do not depend on the fast variable
y = x/e. Note that the latter statement does not hold true at high frequen-
cies; see [BKS08], where the vibrations in the inclusions depend on the fast
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variable. Therefore, the desired result in the scope of this chapter is, first, to
estimate the bottom of the spectrum for problem (6.1), which is addressed
in Lemma 5, yielding the estimate cc < Aj < Ce, and, second, to investi-
gate the convergence of eigenfunction sequences u. corresponding to the low
eigenvalues A\° subject to the conditions

AN =0() as € =0, |ucllr2) =1 (6.4)

The latter question is addressed throughout the chapter and the results are
gathered in Lemma 6.

Let the symbol X denote convergence in the weak topology of the Hilbert

space H and 2 state for the weak two-scale convergence. Let x¢o, x;, and
X denote the characteristic functions of the sets {2, Q;, and §25, respectively,
j =0,1. Note that x5(z) = xa(z)x; (%)

Lemma 1. Under assumptions (6.4) the sequence u. is uniformly bounded in
HE, i.e., there exists a constant C' > 0 independent of € and such that

IVuelL2(as) < C, 2| Vue||L2(gz) < C.
There exists a function u(z) € L?(82) such that up to a subsequence

L“‘Lﬂ)

Ue u(z) and ue EN u(x).

Proof. Let w® = e~ 1A%, Then by virtue of (6.4), the sequence w® is bounded.
Integral identity (6.1) with ¢ = u. yields
uldz + / u?dx | .
125

/ |Vu5|2dx+5/ |Vu 2 de = w® (5/
0 0 0

Since u. is bounded in L?({2), there exists a function u(z) € L?(£2) such

L*(2
that up to a subsequence u. ) u(z). Additionally, from the properties

of two-scale convergence (see [Zh00, Prop. 2.2]), we have the existence of

£ £
1 1

a function ug(x,y) such that u. EN uo(z,y). Moreover, by the mean value
property, u(x) = (ug(z,-)) = fQ uo(x, y)dy. We introduce a measure du. =
Xidz. Since the measure du. is ergodic and e[|Vue|p2(0s) — 0, by virtue
of [Zh00, Th. 4.1] we obtain that ug(x,y) is a function of the slow variable x
only. Then, naturally, uo(x,y) = u(x).

Lemma 2. The function u, which is defined in Lemma 1, belongs to H}(£2).
There exists a function uy(x,y) € L?(2, H# (Q)) such that up to a subsequence

X5Vue 2 xa () (Vul@) + Vyu (2, 9)).
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Proof. The proof mainly follows [Zh00, Proof of Th. 4.2]. Lemma 1 ensures
that x§Vu. is a bounded sequence in L?(2). Therefore, up to a subsequence,

it possesses a weak two-scale limit, which we denote by p(z,y), i.e., x;Vu. EN
p(x,y) with p(z,y) € L*(2, L (Q)). Moreover, since x1(y) belongs to L (Q)

and, by Lemma 1, u. EN u(zx), by the properties of two-scale convergence we
obtain

8

Xi (@)ue (@) = X (@)x1(Due () 2 xo(@)x1 (y)u(=). (6.5)

Let b(y) € Vi1 and ¢(z) € C°(£2). Since ¢Vu. = V(uc¢) — u:Ve and b
is orthogonal to all potential vectors,

)

[ s@ni@Vuce) b ) do =~ [ Ni@hu@)Voa) - HD) do

Passing to the limit in the last identity and incorporating (6.5), we have

[ o [ v dyde = [ w@ot) - [ awp)dyds. 6.0
With an arbitrary ¢ € C*°({2) and a constant vector

() = / b(y) dy,

the latter leads to the distributional equality
[ peu b= vu w12 (6.7)

Note that the range of all possible values of (b)1 as b € V] covers the entire
R™. Therefore, the function Vu belongs to L?(£2)™ itself and, thus, u € H'(2).
Then (6.6) for ¢ € C§°(£2) yields

//Wy Vu(z)] - ¢(2)b(y) dy dz = 0.

Since the linear span of the vector functions ¢(z)b(y) is dense in L?(£2, V)
and the orthogonal decomposition L*(£2 x Q)" = L*(£2,Vpot) @ L*(£2, Vyo1)
holds true, we obtain p(z,-) — Vu(z) € L*(£2, Vpot). Therefore, there exists
a function uy(z,y) € L%Q,H#(Q)) such that p(z,-) — Vu(z) = Vyui(z,-).
Note that, by the construction, p(z,y) = x1(y)p(x,y). Indeed, (x5)? = x5
and, therefore, X5 Vaue = (x5)2us = x1(y)p(z, y).

Let us finally show that u satisfies zero boundary conditions. Substituting
p(z,y) = Vu(z) + Vyui(z,y) into (6.6), we obtain

/Q 6(z)Vu - /Q bly) dy de — — /Q we)Vow) [ bwdydr (63
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Let the function b have support in (. Then, by (6.8),
/ o(x)Vu(z) de = —/ u(z)Vé(z)dr, Vo C®(02).
Q Q

Integrating by parts, we obtain |, 90 WO, dy =0, where v is the unit normal
to 0f2. Since ¢ is an arbitrary smooth function, the trace of u to 012 is zero.
Thus, u € Hj(12).

Lemma 3. The function ui(x,y), which is introduced in Lemma 2, is a solu-
tion in L*(2 x Q, H,(Q)) to the problem

—Ayur(z,y) =0 in 2xQ1, n-Vyu (x,y)’yep =—n-Vu. (6.9)

Proof. Let us consider the integral identity (6.1) on the test functions ¢.(z) =
ep(x)b(£) such that ¢ € C5°(£2) and b(y) € CF(Q); then

e[ Vuo V@I de+e [ Vu. - V(a)b(Z)) da
s € Qe €
= e“w® /Q uaw(x)b(g)dx+5w5/

Q
Normalization (6.4) shows that the right-hand side of (6.10) tends to zero as
€ — 0. Since

V@) = e 0@Vby) +bu) V@), y==,  (6.11)

£

ugqp(x)b(g)dx. (6.10)

€ €
1 0

the second term on the left-hand side of (6.10) becomes

e [ (@) Vue - (Vyb)| _. dx+s2/ bV, - Vip(z)de.  (6.12)
'QS e (9} g

€
0

Note that by Lemma 1, the sequence £/2x§Vu, is L?>-bounded. Therefore,
up to a subsequence, it is two-scale weakly convergent. Then we can pass to
the limit in both terms of (6.12), which become zero.

Finally, we can pass to the limit in the first term of identity (6.10). By
Lemma 2, we obtain

e [ Vu-V(@(2)b(2)) da
s €

= o Y(x)Vug - (Vyb)|y:% dx + E/Q b(g)Vu5 -Vip(z) de

€
1

%/sz(:c)/Qxl(y)[Vu(x)JrVyul(x,y)]Vyb(y)dydx, e — 0.
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Since all the other terms in (6.10) vanish in the limit, we have

[ 9@ [ )T + Ty )19 ) dy e = 0
Since 1 € C§°(2) is an arbitrary function from a set that is dense in L?(2),
/ [Vu(z) + Vyui(z,9)[Vyb(y) dy = 0, b e CF(Q). (6.13)

1

Thus, the vector [Vu(z) + V,ui(x,y)] is orthogonal to all potential vectors;
therefore, it is solenoidal or divergent-free, i.e., div,[Vu(z) + Vyui (z, y)] = 0.
The latter obviously shows that Ayu;(z,y) = 0 in L*(Q). This together
with (6.13) reconstruct the boundary condition in (6.9) by means of distribu-
tions.

Corollary 1. Let N;(y) be a unique solution in H'(Q) to the problem
AyN;(y) =0 in Q1, n-VyN;=-n; onl, N;i(y)dy =0, (6.14)
Q1

where n; is the jth component of the normal n. Then uy from Lemma 3 can
be given by
Uy (.13, y) = Nk(y)awku(x)v (615)

where we use the conventional summation over repeating indices.

Let AMom = (Algm™)n, | be the classical homogenized matrix for periodic
perforated domains (see, e.g., [JKO94]),

A?;?m = [Q1]0; +/ Oy; Ny dy. (6.16)
Q1

Lemma 4. Let w® = ¢ '\° tend to w and u. — u(z) as € — 0. Then either
u=0 orue€ H}(Q) is an eigenfunction corresponding to the eigenvalue w of
the problem

—div A"V, u(z) = w|Qolu(z) in 2, uw=0 on 90. (6.17)
The spectrum of (6.17) consists of a countable set of eigenvalues of finite

multiplicity
O<wi <wp <+ Swj <o+ - — +o0.

The corresponding eigenfunctions v; form an orthonormal basis in Lo (f2),

/ Uju dT = Ojk.
0
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Proof of Lemma 4. Passing to the limit as ¢ — 0 in (6.1) for ¢(x) € CF(£2),
let us first consider the potential energy form being represented by the first
term in (6.1). By Lemma 2,

Vu. -Vodr = / XiVue - Vo dz
2

%/ (|Q1|V u(a / Vs (x y)dy) V.b(x)dz. (6.18)

Moreover, (6.15) shows that the right-hand side of (6.18) is equal to

/ (|Q1|Vzu(x) + Oy, u(z) VyNi(y) dy> -Vaeo(x) dx. (6.19)
o)

Q1

The rest of the potential energy form also possesses a limit since, by Lemma 1,
it is the product of a bounded sequence and an infinitely small one (¢ — 0),

s/SVUE(x)~V¢(x) d:c:51/2/9( V25V () - Vo(z)dz — 0. (6.20)

Second, since normalization (6.4) holds, the kinetic energy form, which is
the second term in (6.1), also has a limit

3 [ peaucods = et / e di + f / N§ued di
2

—>w/ / oy )dydx—w\Qo\/ ) dz. (6.21)

Combining (6.19)—(6.21), we find that the limit function u, which belongs to
H}(£2) by Lemma 2, satisfies the variational problem

/ (|Q1|vxu<x>+axku<> Y, Nuly)d ) V,0(c) do
0
—w|QO|/ p)de =0 Ve (), (6.22)

which is a weak formulation of (6.17).

Lemma 5. The first eigenvalue X of (6.2)—(6.3) satisfies the estimate ce <
A < Ce with positive constants ¢ and C' independent of .

Proof. By the minimax principle, we have

. . (v, v) %= ] fgf |Vo|?dx + €f95 |Vol?dx
A = min = min 5 — 5 . (6.23)
0veHL(2) (V,V)ce  0ZveHE () fo; v2idr + fng v2dx
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First, we show the estimate from below. Then, decreasing the numerator and
increasing the denominator for £ € (0, 1), we obtain

2 2 2
_ . f”f Vol?dz + ¢ fﬂg |Vol?dz o
A{ >  min =eus, (6.24)
0#vEHL(£2) et [, v2dx

where pf is the first eigenvalue of the corresponding double porosity model,
see [Zh00]. By [Zh00, Th. 8.1], there exists a limit x5 — u, where u > 0 is the
bottom of the spectrum of the homogenized operator. Therefore, for ¢ small
enough, uf > & and, finally, \] > 5.

In the case of the geometric configuration A (see page 54), we refer
to [BKS08, Th. 4.6] for the proof that there exist a constant C; > 0 and
eigenvalues \° satisfying

[A® —ew] < Cye%/* (6.25)

for sufficiently small . In the case of the geometric configuration B, the proof
of [BKS08, Th. 4.6] can be literally adapted from the above since the absence
of inclusions touching or intersecting the boundary does not change the main
arguments. Let A be one of the eigenvalues satisfying (6.25), k € N. Then

A < ewp + Cre¥4 < Ce.
By the counting convention, \] < \j < Ce.

Note that [BKS08, Th. 4.6] provides a more general result than the one
stated in the proof of Lemma 5. In particular, for arbitrary w; and sufficiently
small € there exist Cy > 0 and A° satisfying

le™IN — wy| < Crel/t (6.26)

Then for ¢ — 0 we can choose a sequence £ 1\° satisfying (6.26) and thus
possessing the limit e 7' A\* — wy,. Therefore, according to Lemma 1, a certain
corresponding eigenfunction subsequence has a weak two-scale limit u(z). By
Lemma 4, the limit u is either zero or an eigenfunction of the homogenized
problem (6.17). Thus, we have proved the following assertion.

Lemma 6. The eigenfunction sequences u., corresponding to the eigenvalues
A° of (6.1) that satisfy (6.26) and such that ||uc||r,o) = 1, possess weakly
L*(2)

convergent subsequences us.  —  up(x) and u. A ug (), where in both cases
the limit is a function of the slow variable only. The limit uy is either zero or
an eigenfunction of the homogenized problem (6.17), which corresponds to the
etgenvalue wy,.

The result can be improved by showing that u # 0. This can be done by em-
ploying compensated compactness arguments (see, e.g., [Zh00, Lemma 8.2]).
Nevertheless, the known methods that do it require the elimination of the
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geometric configuration of type A when inclusions are touching or intersect-
ing the boundary. After applying compensated compactness arguments, we
additionally obtain a strong eigenfunction convergence. A detailed analysis of
this situation will be published elsewhere.

Note that there are also other high-frequency accumulation points of the
spectra for (6.2)—(6.3) as ¢ — 0 (see [BKSO08]). The analysis of the correspon-
dent eigenfunction convergence at high frequencies requires some additional
assumptions and is beyond the scope of this chapter.
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ski for useful discussions of the problem, and to the reviewer for insightful com-
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7.1 Introduction

This chapter is concerned with the Fredholm property of matrix Wiener—
Hopf-Hankel operators (cf. [BoCa08], [BoCa], and [LMT92]) of the form

Wa & Hg « [L3 (R)]Y — [L* (R4, (7.1)

for N x N matrix-valued functions @ with entries in the class of piecewise
almost periodic elements (see [BoCa] or [BKS02]), and where Wy and Hg
denote matrix Wiener—Hopf and Hankel operators defined by

We =1 F 1o F: [LA(R)Y — [L2(Ry)Y (7.2)
Hp =7y F 0 FJ: [LZR)Y — [LAR]Y, (7.3)

respectively. We are denoting by L?(R) and L?(R,) the Banach spaces of
complex-valued Lebesgue measurable functions ¢, for which |g0|2 is inte-
grable on R and R, respectively. Moreover, in (7.1)~(7.3) L3 (R) denotes
the subspace of L?(R) formed by all functions supported in the closure of
Ry = (0,+00), the operator ry performs the restriction from L?(R) into
L?(R,), F denotes the Fourier transformation, and .J is the reflection opera-
tor given by the rule J&(z) = &(z) = &(—z), = € R.

We are therefore considering Wiener—Hopf—Hankel type operators with
the same Fourier symbol in the Wiener—Hopf and the Hankel components.
For matrix symbols in the piecewise almost periodic algebra, we will obtain
conditions which characterize the Fredholm property of those operators. This
characterization will be based on certain factorizations of matrix functions
and on spectral properties of other functions which are built from the original
Fourier symbols of the integral operators. The present work generalizes some
of the results of [BoCal. In the next sections we start by presenting several
notions and auxiliary results which will allow us to reach the main result in
the last section.

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 65
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_17,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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7.2 Almost Periodic Functions

A function « of the form a(x) := 377_, ¢j exp(id;z), € R, where \; € R and
c¢; € C, is called an almost periodic polynomial. If we construct the closure of
the set of all almost periodic polynomials by using the supremum norm, we

will then obtain the AP class of almost periodic functions.

Theorem 1 (Bohr). Suppose that ¢ € AP and

inf p(z)| > 0. (7.4)

Then the function arg @(x) can be defined so that arg p(x) = Az +1(x), where
AeR andp € AP.

Definition 1 (Bohr mean motion). Let ¢ € AP and let the condition (7.4)
be satisfied. The Bohr mean motion of the function  is defined to be the real
number k() :=limy_,o 57 arg p(z)|",.

Let ex(x) := ¢, & € R. The subclasses AP, := alg o gy{ex : A > 0}
and AP_ := algp(g){ex : A < 0} of AP are also of interest. In fact, one of
the reasons why the last two algebras are very useful is due to the fact that
APy = AP N HP(R) (cf. [BKS02, Corollary 7.7]).

Proposition 1 (cf., e.g., [BKS02]). Let A C (0,00) be an unbounded
set and let {Iy}pea = {(@n,yn)}tnca be a family of intervals I, C R
such that |Iy)| = y, —x, — 00 as n — oo. If ¢ € AP, then the limit
M(p) = lim, o ﬁ fln p(x)dx exists, is finite, and is independent of the
particular choice of the family {I,}.

Definition 2. Let ¢ € AP. The number M () given by Proposition 1 is called
the Bohr mean value or simply the mean value of ¢.

In the matrix case the mean value is defined entry-wise.

7.3 Matrix AP Factorization

Since our results will be obtained through certain factorizations of the in-
volved matrix functions, we will therefore recall the definitions of right and
left AP factorization. In this framework we will denote by GX the group of
all invertible elements from a Banach algebra X.

Definition 3. A matriz function ® € GAPN*YN is said to admit a right AP
factorization if it can be represented in the form

(x) = B_(2) D() B4 () (7.5)
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for allz € R, with _ € GAPN*N &, € GAPY*N | and where D is a diago-
nal matriz of the form D(x) = diag(e'*12,...,e~%) \; € R. The numbers ),
are called the right AP indices of the factorization. A right AP factorization
with D = Inx N 1s referred to as a canonical right AP factorization.

In another way, it is said that a matriz function ® € GAPN*N admits a
left AP factorization if instead of (7.5) we have (x) = P, (v) D(x)P_(z)
for all x € R, and @+ and D having the same properties as above.

Remark 1.1t is readily seen from the above definition that if an invertible
almost periodic matrix function ¢ admits a right AP factorization, then &
admits a left AP factorization, and also #~1 admits a left AP factorization.

The vector containing the right AP indices will be denoted by k(®), i.e., in
the above case k(@) := (A1,...,An). If we consider the case with equal right
AP indices (k(®) = (A1, A1,...,A1)), then the matrix d(®) := M (P_)M (D)
is independent of the particular choice of the right AP factorization (cf.,
e.g., [BKS02, Proposition 8.4]). In this case the matrix d(&) is called the
geometric mean of P.

7.4 Semi-Almost Periodic and Piecewise Almost
Periodic Functions

Let C(R) (with R := R U {co}) represent the (bounded and) continuous
functions ¢ on the real line for which the two limits ¢(—00) := lim,_, o @(x),
p(400) = lim, 400 @(x) exist and coincide. The common value of these
two limits will be denoted by ¢(oc). Furthermore, Co(RR) will stand for the
functions ¢ € C(IR) for which ¢(c0) = 0.

We denote by PC' := PC(R) the C*-algebra of all bounded piecewise
continuous functions on R, and we also put C(R) := C(R) N PC, where C(R)
denotes the usual set of continuous functions on the real line. Use will also be
made of the C*-algebra PC\ := {p € PC : ¢(£o0) = 0}.

We are now in a position to define the C*-algebra of semi-almost periodic
elements.

Definition 4. The C*-algebra SAP of all semi-almost periodic functions on
R is the smallest closed subalgebra of L>(R) that contains AP and C(R) :

In [Sa77] Sarason proved the following theorem which reveals in a different
way the structure of the SAP algebra.

Theorem 2. Let u € C(R) be any function for which u(—o0) = 0 and
u(+o00) = 1. If ¢ € SAP, then there exist ps, 0, € AP and gy € Co(R)
such that ¢ = (1 —u)pe + up, + wo. The functions g, @, are uniquely deter-
mined by ¢, and independent of the particular choice of u. The maps @ — @y
and ¢ — @, are C*-algebra homomorphisms of SAP onto AP.
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Remark 2. The last theorem is also valid in the matrix case.

Let us consider the closed subalgebra of L>°(R) generated by all the al-
most periodic and the piecewise continuous functions. We will denote it by
PAP = alg e« ){AP, PC}. It is readily seen that SAP C PAP. In the scalar
case it was proved that PAP = SAP + PCj. The same situation is also valid
in the matrix case considering the decomposition entry-wise. In addition, the
next proposition is the matrix version of a known corresponding result for the
representation of PAP elements in the scalar case (cf., e.g., [BKS02, Propo-
sition 3.15]).

Proposition 2. (i) If ® € PAPN*N | then there are uniquely determined
matriz-valued functions Oy, 0, € APN*N and &, € PCéVXN such that

&= (1—u)O;+ub, + Py,

where u € C(R), 0 <u <1, u(—o0) =0, and u(+o00) = 1.
(ii) If® € GPAPN*N then there exist matriz-valued functions © € GSAPN*N
and £ € GPON*N such that Z(—o0) = Z(+00) = Iyxn and

P=0~%.

(iii) The elements Oy and O, used in (i) coincide with the local representatives
of © € GSAPN*N wsed in (ii), and their unique existence is ensured by
Theorem 2 and Remark 2.

Proof. The proof of proposition (i) follows in the same lines as the proof of
the scalar case (cf. [BKS02, Proposition 3.15]), and therefore it is omitted
here.

The proof of proposition (ii) requires certain differences when compared
to the scalar case, and therefore will be performed here for the reader’s con-
venience. Suppose that ® € GPAPN*N 'and put 7 := (1 —u)O; + u6,. Then
@ =7 + Py. There is an M € (0,00) such that |det T'(z)| is bounded away
from zero for || > M, and therefore we can find an element Y, € [Co(R)]V*N
such that © :=7 4+ Yy € GSAPN*N_ This allows us to rewrite @ in the form

P=0+d -1y = OUI+07 (-1 =65, (7.6)

where it is clear that £ = @71 € GPON*Y and Z(—o0) = Z(+00) = InxN-
The part (iii) follows immediately from the construction made in (i).

Remark 3. Due to the item (iii) of Proposition 2, ©, and ©, are also called
the local representatives of @ at —oo and +oo, respectively.

7.5 The Besicovitch Space

In this section we introduce notation and results about the Besicovitch space.
For the corresponding proofs, the reader may consult [BKS02, Chapter 7] and
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the references therein (cf., e.g., [BKS02, page 130]). Denote by AP the set
of all almost periodic polynomials. The Besicovitch space B? is defined as the

completion of APY with respect to the norm [[¢| g2 := (30, |g0>\|2)1/2, where
@ = >, prex € APY. Let Rp denote the Bohr compactification of R and
dp the normalized Haar measure on Rp (see, e.g., [BKS02, Chapter 7]). It is
known that AP can be identified with C'(Rpz) and also that we can identify B2
with L2(Rp,du). Thus, B? is a (nonseparable) Hilbert space, and the inner
product in B? = L?(Rp, du) is given by

(f,9) = A fF(€)g(&) du(§). (7.7)

For f,g € AP it also holds that (f,g) = limr_ee 5= [ f(2)g(x) da. Since
w(Rp) = 1 is finite, AP is contained in B2 Moreover, AP is a dense subset
of B2

The Cauchy—Schwarz inequality shows that the mean value M(f) :=
fRB f(€)du(€) exists and is finite for every f € B?. For f € B?, the set
Qf) :={N € R: M(fe_x) # 0} is called the Bohr-Fourier spectrum of f
and can be shown to be at most countable. Taking into account (7.7), one can
prove that for every f € B2, || f||%. = 2oren() |M(fe_x)[*. Let £2(R) denote
the collection of all functions f : R — C for which the set {\ € R : f(\) # 0} is
at most countable, and HfH%?(]R) = >"|f(\)]? < co. Further, £°(R) is defined
as the set of all functions f : R — C such that || f|[ e () := supyeg [f(N)] < c0.
Note that £(R) is a (nonseparable) Hilbert space with pointwise operations
and the inner product (f,g) = > \cr f(M)g(A), and that £>°(R) is a C*-
algebra with pointwise operation and the norm || - ||gec (r).

The map Fp : £2(R) — B? which sends a function f € ¢2(R) with a finite
support to the function (Fpf)(z) = 3, g f(A)e?* (x € R) can be extended
by continuity to all £2(R). The operator Fp is referred to as the Bohr—Fourier
transform. This operator is an isometric isomorphism in the above-mentioned
setting, and its inverse acts by the rule

Fpl:B? - 2R), (Fz'f)(\)=M(fe_y), N€R.

If a € £°°(R), then the operator 1(a) : B2 — B? defined by (a) := Fpa-Fy'
is bounded.

7.6 Generalized Matrix AP Factorization

Let B denote the Hilbert spaces consisting of the functions in B? with the
Bohr—Fourier spectra in Ry = {z € R: £z > 0}.

Definition 5. A generalized right AP factorization of a matriz function @ €
GAPN*N s q representation
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P=0_DP, (7.8)

where D = diag(ey,,...,exy) With A1,...,Any € R and &_ € G[B2]N*VN,
by € GBIV, ®_PP'I € L(BZ). Here P is the projection P :=
Fpx+Fg' € L(B%) (with x4 being the characteristic function of Ry ).

The numbers \; are called the right AP indices of the factorization. A
generalized right AP factorization with D = I« N is referred to as a canonical
generalized right AP factorization.

In another way, it is said that a matriz function ® € GA admits a
generalized left AP factorization if instead of (7.8) we have & = $, DP_
with @+ and D having the same properties as above.

PN><N

If & admits a right generalized AP factorization, then @ admits a left
generalized AP factorization, and also #~! admits a left generalized AP fac-
torization.

The corresponding definition of the geometric mean value is literally the
same as in Section 7.3.

7.7 Matrix Wiener—Hopf Operators with PC Symbols

We recall here some of the essential facts from the theory of Wiener-Hopf and
Hankel operators. The following equality is well known:

Waow = WelgWy + H@EOHa s (79)

for &, € [L>=(R)]*¥. The next proposition is the matrix version of the
classical scalar case, which is also obviously valid for the matrix case (one can
derive the matrix case result by using the scalar one entry-wise).

Proposition 3. If © € [C(R)|N*N, then the Hankel operators Ho and Hy
are compact.

We can equivalently rewrite (7.9) as Woy — WalgWy = HgloHg, and
therefore Proposition 3 directly yields the following known result.

Theorem 3. If o,V € [L=(R)N*N and at least one of the functions ®,W
belongs to [C(R)|N*N | then Wey — WaloWy is compact.

Now, employing a continuous partition of the identity, one can sharpen
Theorem 3 as follows.

Theorem 4. If &, ¢ PCN*N and if at each point xo € R at least one of
the functions @ and ¥ is continuous, then Wgy — WelgWy is compact.
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Proof. The result can be proved by following the same arguments as in the
scalar case [Kr87, Lemma 16.2], with corresponding changes for matrices in
the places of functions. Namely, let x1,...,2, and xyyq,...,2, denote all
the points of discontinuity of the matrix functions @ and ¥, respectively.
Then, let © and = be continuous matrix functions on R with the following
properties: @(zr) = Onxn, k= 1,...,0, E(zr) = Onxn, K =C+1,...,7,
and © + = = Iy« n. This construction of © and = make it clear that #6 and
ZW are continuous on R. From Theorem 3 and © + = = Iy ~, we have

Wow = Waotz)w=Waoow+Waozw=WaseloWw + K1 + WeloWzw + Ko
= WeeloWy + WeloWzy + K3
= (WeloWe + Ka)loWy + Waly(W=Wy + K5) + K3
= WelgWelogWy + K¢ + WeploW=boWy + K7 + K3
= Walo(We + Wz)leWy + Ky
= WeloWy + Kg ,

where K; are compact operators (i = 1,...,8). From here we derive that
Waow — Welo Wy is a compact operator.

Theorem 5 (cf., e.g., [BKS02, Theorem 5.10]). Let & € GPCN*N  and
denote by sp[®@~1(z — 0)P(x +0)] the set of eigenvalues of the matriz d~1(x —
0)&(x + 0). In view of Wy to have the Fredholm property it is necessary and
sufficient that sp[®~ (z — 0)(x 4 0)] N (=00, 0] = 0, for all z € R.

7.8 Matrix Wiener—Hopf Operators with SAP Symbols

Regarding matrix Wiener—Hopf operators with SAP symbols, a Fredholm
characterization of this kind of operators is now well known.

Theorem 6 ([BKS02, Theorem 18.18)]). Let & € SAPN*N . The operator
W is Fredholm if and only if the following three conditions are satisfied:

(i) @€ GSAPNXN,

(ii)) Wg, and Wg,. are invertible operators,

(iii) sp[d=1(®,)d(P;)] N (—o0, 0] = 0, where sp[d~1(®,.)d(P,)] stands for the
set of the eigenvalues of the matriz d=1(®,)d(P,) := [d(P,)]~1d(P).

7.9 Matrix Wiener—Hopf Operators with PAP Symbols

The next proposition is the matrix version of a known corresponding result
for the scalar case (cf., e.g., [BKS02, Proposition 3.15]).
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Proposition 4. If & € GPAPN*N | then there exist matriz-valued functions
O € GSAPN*N and = € GPCON*N such that Z(—00) = Z(+00) = Inxn,

=075, (7.10)
and
Wo = WelgWs + K1 = WsbgWe + Ko (7.11)
with compact operators Ky, Ks.

Proof. The fact that the factorization (7.10) is always possible under the
conditions of the present theorem was deduced in the proof of Proposition 2.
Hence, let us assume that @ is factorized and is given by the formula (7.10).
Since © is continuous on R and = is continuous at oo, we have that © and =
do not have common points of discontinuity. Now reasoning in a similar way as
in the proof of Theorem 4 (e.g., considering two continuous matrix functions
on R, such that the sum of them is the identity matrix, and vanishing at the
points of discontinuity of © and Z) and also taking profit from Theorem 3,
we deduce that (7.11) holds for compact operators K; and Ko.

The next result is only the matricial formulation of the corresponding
scalar case in which the known scalar arguments also turn out to be valid in
the more general matricial case. Anyway, we will present here its complete
proof for the reader’s convenience.

Theorem 7. Let & € PAPN*N  [f & ¢ GPAPN*N | then Wy is not semi-
Fredholm. Assume now that ® € GPAPN*N then Wy is Fredholm if and only

if

(i) ®¢ and @, admit a canonical generalized right AP factorization,
(ii) sp[d~"(P)d(P¢)] N (—00,0] =0 ,
(iii) sp[@~*(z — 0)®(x + 0)] N (—o0,0] =0,

for all x € R.

Proof. If @ ¢ GPAPN*N then @ ¢ G[L*>°(R)]V*" and therefore Wy is not
semi-Fredholm due to the corresponding Simonenko result [Si68].

Let us now consider @ € GPAPN*N_ Then we can write (ct. for-
mula (7.10)) @ = OF (with © € GSAPN*N = € GPCN*N  and Z(+o00) =
Inxn) such that W = WelyW= 4+ K, for a compact operator K. From
here we infer that Wy is a Fredholm operator if and only if Wg and Wz
are also Fredholm operators. In the present context, these last two opera-
tors are Fredholm if and only if the conditions of the theorem are satisfied.
More precisely, since Wg is a Wiener—-Hopf operator with an invertible semi-
almost periodic matrix symbol, and with lateral representatives ©, = @, and
O, = @, (cf. Proposition 2), then Wy is Fredholm if and only if (cf. Theo-
rem 6) @, and &, admit a canonical generalized right AP factorization, and
sp[d~1(6,)d(6,)] N (~o0,0] = 0.
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We turn now to the operator W=. This operator has an invertible piecewise
continuous matrix symbol. Therefore, applying Theorem 5, we obtain that W=
is Fredholm if and only if sp[Z~!(z — 0)=(z + 0)] N (—00,0] = 0, = € R. Now
we simply have to observe that Z~1(x — 0)Z(z +0) = &~ (z — 0)®(x +0), to
reach the final conclusion (recall also that ¢y is an invertible operator).

7.10 Matrix Wiener—Hopf-Hankel Operators with PAP
Symbols

We are now in a position to present the main theorem of this chapter.

Theorem 8. Let & € GPAPN*N . Then Wy + Hg and Wg — Hg are both
Fredholm operators if and only if

(i) PPy L admits a canonical generalized right AP factorization,

(i) spld(DP; 1) NiR =0,
(iii) sp[®(—z + 0)®~1(x — 0)®(z + 0)@ 1 (—2 — 0)] N (—00,0] =0, = €R.

Proof. Part of the proof of this main theorem is based on what is called the
equivalence after extension operator relation (cf., e.g., [BaTs92]). Using the
Gohberg—Krupnik-Litvinchuk identity (cf., e.g., [KaSa01]), and the methods
presented in [CaSp98] we can ensure that diag(Wg + He, We — Hg) is equiv-

alent after extension to W~ .

We will first prove the “if” part of the theorem. Set ¥ := BP1 to sim-
plify the notation. Direct computations lead to ¥, = &,P, Land @, = dirdie_l.

Therefore, we also have ¥, = ¥,~!. From the hypothesis of the theorem (cf.
condition (%) of the present theorem) we have that ¥, admits a canonical gener-

alized right AP factorization. Using formula ¥, = ¥, !, we deduce that ¥, also
admits a canonical generalized right AP factorization. From now on we will use
the notation A := d(¥). From condition (i) of the present theorem we derive
that sp[A%]N (=00, 0] = 0. In fact, as far as we know that ¥, admits a canoni-
cal generalized right AP factorization, we can write it in the normalized way
U, = II_AIl, , where IT1 have the same factorization properties as the original
lateral factors of the canonical generalized factorization but with M (ITy) = I.
Thus, the identity W, = II_AIl| allows ¥, = ¥, " = [I7'A="1I~", which in
particular shows that d(¥,) = A~!, and hence d~1(¥,) = A. Consequently,
A? = d=1(¥,)d(¥) and condition (ii) of the present theorem is equivalent to
Sp[dil(g}r)d(wf)] N (70070] = @

Condition (7ii) allows us to conclude that sp[@~!(z — 0)¥(z + 0)] N
(—00,0] = 0. Altogether, we can conclude from Theorem 7 that Wy is a
Fredholm operator. Employing the above-mentioned equivalence after exten-
sion relation, we obtain that Wg + Hg and Wg — Hg are Fredholm operators.
Thus the “if” part is proved.



74 G. Bogveradze and L.P. Castro

Now we will proceed to prove the “only if” part. Assume that ¢ €
GPAPN*N and that Wg 4+ Hgp have the Fredholm property. Thus, from the
above-mentioned equivalence after extension relation, it follows that Wy is
also a Fredholm operator. Therefore, condition (i) of Theorem 7 ensures that

&,P; ' = W, admits a canonical generalized right AP factorization (and also
that ¥, admits a canonical generalized right AP factorization).

Moreover, the corresponding conditions (i7)—(#i7) of Theorem 7 are also
satisfied for the function ¥. As a consequence, reasoning in a very similar way

as in the “if” part, we reach the conclusion that sp[d(®,®;')] NiR = (}, and
sp[@(—x +0)@~(z — 0)®(x + 0)d~(—z — 0)] N (—00,0] = (). Hence the “only
if” part is proved.
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8.1 Introduction

Many heterogeneous structural materials have a complex or irregular geometry
which is not easy to model using classical geometry. Fractal geometry gives
a way to model irregularities in a wide range of scientific and engineering
domains.

In this chapter, we are interested in the relaxation of some perturbed
elastic problems, where the perturbations are localized along fractal zones.

First, we consider an elastic material with thin inclusions of higher rigidity
repeated in a self-similar way. We prove that the relaxed elastic energy of the
heterogeneous material filling in a bounded domain 2 C R™, n = 2,3, turns
out to be of the form

_ +1) 1 9
o(u):e(u)dr+ c2" 17T’U(X / ul? dH,
f o ew AR S

where o (u) is the stress tensor, e (u) is the deformation tensor for some admis-
sible displacement u, ¢ is a positive constant, ;1 and x are material coefficients,
H? is the d-dimensional Hausdorff measure, and d is the similarity dimension
of the fractal K. Here o (u) : e (u) denotes the product o;; (u) e;; (u), where
the summation convention with respect to repeated indices is used.

The relaxation of the scalar version of this problem has been given
in [BrNo93], studying the asymptotic behavior of the capacity of sets con-
sisting of thin inclusions.

As a second example, we consider an interfacial problem, namely a fractal
defect in a two-dimensional material. We consider a defect X' associated to
a von Koch curve located in a domain {2 which is filled in with an elastic
material. A perfect contact is supposed to occur on thin patches disposed on
the defect. The relaxed elastic energy is proved to be

u):e(u)axr CL# u 2 d
J o ede s er s [ sl an
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where [u],. is the jump of the displacement u across X.

A complete characterization of contact problems on a fractal interface
XY has been given in [EIBr08]. A typical extra term which appears in the
relaxed energies is of the form [y, a;; [u]y [u;] dH?, where (@ij); jor,... piS 2
symmetric and positive definite matrix of Borel functions from X' to [0, +o0]
(see [EIBr08] for more details).

In these two problems, the extra term is generated by the presence of
boundary layers near the perturbed zones. The characterization of the asymp-
totic energy is given using I'-convergence methods (see [At84], [Da93]).

8.2 Self-Similar Highly Rigid Inclusions

Let {2 be an open and bounded subset of R", n = 2,3, with Lipschitz con-
tinuous boundary 0f2. Denote by v1,...,%n a finite family of contractive
similitudes on R™ with ratio p < 1. There exists a unique compact subset
K C R" such that K = UY 9 (K).

The real number d = —1In (N) /1n (p) is the dimension of K. For the defini-
tions of the self-similar fractal K, its dimension, and the d-dimensional Haus-
dorff measure HY, we refer to [Hu81]. We suppose that the family (¢;),_;,
satisfies the open set condition, which requires the existence of a bounded
open set U C R"” such that

HUK\U) = 0,
Y (U) C U Vie{l,...,N},
Y (U)NY; (U) = @ ifi#j.

Choose z¢ € U and define r = dist (x(,0U) /2. Let ¢ > 0. For every h € N,
we set g, := rp" and

o c(en)? if n =3,
= exp (’Tl (sh)d> ifn=2.

Let B (z, R) be the ball of radius R and centered at 0, and T = B (0,1)
be the unit ball. We define

Tiy,in = wilo"'odj’ih (330) il?"'7ih€{172a"'7N}7
Tiin = Ty, +ruT,
T, = U Tis,.yin-

i1aein€{1,2,., N}
We define the space W}, as
Wy, ={ue H (Q\Tp;R") |u=0o0n0d(2N\T)}

and the functional Fj, defined on L? (£2;R™) through
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f(Z\Th, oij (u)e;j (u)de if u € W,
400 otherwise,

Fh(u):{

where the stress tensor o (v) = (045 (v)),; ;—; ... ,, I8 linked to the linearized

deformation tensor e (v) = (€5 (v)); j—y - €ij (V) = z %’J‘_— + %f), through
Hooke’s law 05 (v) = Aegy (v) 0;;+2p€;5 (v), where the summation convention
with respect to repeated indices has been used. The constants A > 0, u > 0
are the Lamé coefficients of the elastic material. Given f € L? (£2;R"), we
consider the following problem:

ueLIZn(iQn;Rn) {Fh (u) — 2/9 f- udx} . (8.1)

8.2.1 Local Problems

We consider the following boundary value problems (m =1,...,n):
—0i4,5 (w”’m) = 0 in Rn\T, 1= 1, B (N
w™™ = e, on 0T,
w™™ = 0 as |y| — oo, for n = 3, (8.2)
w™ = GmIn(ly)) +0(1) as |y| — oo, for n =2,

where €, = (d1my .-y 0nm) and 0y, = 1 if m =1, 0, = 0 if m # . The
solution w™™ of this problem can be expressed in terms of the single-layer
potential as

vt (w) = - /aT Gl () o (W) vjdsy + cidpg, i =1, om,

where v is the outward unit normal with respect to 9T, ¢;, i = 1,2, is some
constant (introduced if n = 2), and the tensor G™, n = 2,3, is given through

3 _ 1 xldgs | (z—y)(z—y)*
G2 (r,y) = 4##(1x+1) (|I*“.7§J‘ + lo—y[® )’
G (z,9) = zmpeD
yln|z —y| — (wllfyll)2 _(wlflyl)(wlzfyz)
z—y|? z—y
_ (z1—y1)(z2—y2) o (z2—y2)? ’
E=TE xInfe =yl = 2=

where x = /\)\L_SLE is Muskhelishvili’s parameter and Idgs is the 3 x 3 identity

matrix. G° is the Kelvin-Somigliana tensor and G2 is the Boussinesq ten-
sor [PaPe84]. The boundary conditions in (8.2) lead to the following equality:

1
/ i (wn,m) desy _ 75im2n71ﬂ_p’ (X + ) ,
aT X

from which we deduce the following result.
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Lemma 1. 1. ng\T oij (W™) ey (W) do = Spmdmp (x + 1) /x.
2. limp_ oo ﬁ fB(o,R)\T oij (w™) ey (W) dz = Spm2mp (x + 1) /x.

We now build the local functions w; "™ through

) w2 (zfmll ..... 1,1)
wham(x) = ﬁ h Th iy, ... i€ {1,--- N},
—em
wZM(x) — w27m(%m?+%)_em Vil,...,ihE{l,...,N}.

Choose a sequence (sp),, of positive numbers satisfying

. . Sh . €h
lim sp, =0, lim — = lim — = 0.
h—r o0 h—ooT'p, h—o00 Sp,

We define the set By, (sp) = Uiy, inefr,2,...N} B (Tiy .. ips Sh)-
Lemma 2. For every p € C' (£2), we have

1 n,m n,l
hlingo f(Bh(Sh)\Th)ﬂQ Tij (wh )eij (wh ) (pdx

e 1
= crt8;,,2 IW;,;({);—{K)) Jrng e () dH<.

Proof. We give the proof for n = 2, the case n = 3 following in a similar way.
Observe that

2,m 2.1
f(Bh(Sh)\Th,)ﬂ(z Tij (wh ) €ij (wh ) pdx
- Q15eeeylp Ez{:l N} h{Tlh)(p(xilw“xih)

B(mil ----- ihvrh)CD
X (lnzrlh) f(Bh(Sh/rh)\E(O,l)) Oij (w27m) eij (val) dy) Yo (%) 7

where y = (v — x4, ... 4,) /Th- Using Lemma 1, we have

. n,m . n,l
hlfgo f(Bh,(sh)\Th)m? aij (w,™) € (wh ) pdz

_ o px+1) 1 -1
=2m X hhm Z In(ry) ¥ (xi1;~-7ih) .
% ine{l,...,N}

B(zily---vih,”’"h)c‘q

Because —1/1n (rp,) = ¢ (e,)? = er?p® = ¢r?/N", one has, according to
the ergodicity result [Fa97, Theorem 6.1],

li —1 X .
hl*rgoil,,,.’ihez{;,Q,...,N}ln(rh)(p (.’E“ ..... Zh,)
B(Iil ,,,,, ,ih,rh)CQ
= ¢r? lim > ﬁ‘/’ (Tiy,oin) = CTd?—tdl(K) Jno v (@) dH,

h_>ooi17~»-,ih€{1,-~~7N}

B(:r,il ih*Th)C”

.....

which gives the result.
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8.2.2 Convergence

Let u" be the solution of (8.1). Then Fj, (u") — 2 [, f - udz < F}, (0) = 0.

This implies
) 1/2
/ oy () ey (u") dng( / "] d:c) . (8.3)
Q\T), Q

There exists an extension operator P}, from W}, to L? (.Q; R2) such that

u in \Ty,
Py (uh) - { 0 on 8\(!;\Th) ,
Jooii (Pu(ut)) eij (Pu (u")) dz - < C [o 7, 03 (u") €3 (u") do,

where C' is a constant independent of h. Thus, from (8.3),

IN

[ o (P ) e (P () d < CJIPw () |z (80

On the other hand, according to Korn’s inequality, there exists a constant
C independent of h such that

/|v Py (u")] dat<C/ oy (Br (")) ey (Pu (u"))dz (8.5)

and, from Poincaré’s inequality,

/|Ph )| da:<C/ IV (P (u"))[ da. (8.6)

From (8.4), (8.5), and (8.6), we deduce that the sequence (P, (uh))h is
bounded in Hj (£2;R?). Thus, up to some subsequence, (P,u™), converges to

some u in L? (£2;R?)-strong. Our main result in this section reads as follows.

Theorem 1. The sequence (Fy), I'-converges to the functional Fy defined
through

Jo 0ij (u) ey (u) do + cri2"~'n ,‘(‘72’2“ Jng [ul® dH

Fy =
() ifue HY (2;R?) N L2 (2N K;R?)
400 otherwise,

where the I'-convergence is taken with respect to the strong topology of
L? (£2;R?) and where L2 (22N K;R?) is the space defined as

L3 (2N K;R?) = {u:Q—>R2/ |u|2d7-ld<oo}.
KN
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Proof. Let ¢;, ... i, be a smooth truncation function satisfying

(@)= 1 inB(wy,.,,%) i1,....0,€{1,...,N},
Pirssin =00 in \B (24,..50258)  i1---in € {1,...,N}.

For every u € C} (Q; RQ), we define the test function uf through

Ug (.23) =u (1 - Qpil,--wi}v) + wihuwinZ,mum' (87)

Then ug € W, and (ug)h
Lemma 2, one can verify that lim,_, . F}, (u’(}) = F (u).

Let u be any function in H} (£2;R?) N L3 (2N K;R?). There exists a
sequence (u”*), C C} (£2;R?) converging to u in the strong topology of

H} (£2;R?). Defining the sequence (ug’h)h through (8.7) for every k, one can

converges to u in L? (£2;R?)-strong. Using

see that (ulg’h) . converges to uF in L? (Q; Rz)-strong, and limy,_, o F}, (ug’h)
= F (uk). The continuity of F,, with respect to the strong topology of
H} (£2;R?) implies that limy_ec limp o0 Fi, (ug’h) = Fo (u). Then, we con-
clude using the diagonalization argument of [At84, Corollary 1.18].

Let now (uh)h be any sequence such that v € W}, and (uh)h converges
tou € Hj (2,R?) N L2 (2N K;R?) in the strong topology of L? (£2;R?). We
write the following subdifferential inequality:

By (u?) > By (uf") + 2/

k,h h k,h
O0ij (UO ) €ij (u — Uy ) dx.
Q\Th

‘We observe that

f o (") (w8 =)o == [ () (o = (u87) )
AT N\Th i

2,m
Because Oij,j (wh ) =0, one gets

h—o0

lim 0ij (ug’h> €ij (uh — ulg’h) dr = —/ 0ij.j (uk) (u7 — (ug)l) dx.
Q\T), Q

Thus

fiminf P (1) = o () =2 | 75 (1) (s = (uh),)

Letting k go to oo, one gets liminfy, ..o F}, (uh) > F (u), which ends the
proof.

From the properties of the I'-convergence, we deduce the following con-
vergence result.
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Corollary 1. The sequence (uh)h, where u" is the solution of (8.1), con-
verges in the strong topology of L? (Q;RQ) to the solution u € H} (Q;Rz) N
LZ (Q NnK; ]R2) of the limit minimization problem

ueLI?(%l;RZ) {FOO (u) =2 /_Q I de} 7

and limy,_,~ F}, (uh) = Fy (u).

8.3 Interface Case: Fractal Defect

We define the contractive similitudes 11, 12, 13, and 14 on R? as 9y (z) =
ar + Rpx, with

a = (0,0), Ry = Idg,

B B cos(m/3) —sin(7r/3)
as = (1/3, O) ) Ry = sin ((721-/?/,)3) COS'(7T(/23)/32 ’
az = (2/3,0), Ry = sin (27/3)  cos (2m/3) ) 7
asy = (]-7 0) ) R4 = IdR2 ’

The compact set X defined as X = U}_;1; (X)) is the von Koch curve
of Hausdorff dimension d = In (4) /In (3). We consider a bounded domain (2
of R?, with Lipschitz continuous boundary 042, such that X C (2. The point
To = (1/27 \/§/2) = ag+ Roas is the summit of 3. We define, for every h € N,

Tiy,..in — %‘1 O~'~O¢ih (3;‘0) il,...,ih S {1,2,3,4},
B, . i, = i, i, +rB(0,1),
Tiriin, = Biy, i, N,

T, = U Tiy,...ins

inin€(1234)
where r;, = exp (73}“1 / c) for a given positive constant c. We define the space
Wepn ={ueH" (2\X;R?) | [u]y, =0o0n T, and u =0 on 902},

where [u] 5, is the jump of u across ¥. The trace of u € H' (2\X) on X exists
for Hé%-a.e. x € ¥ and belongs to the Besov space By (¥) defined as

2
b= Lo [y [ O g L
x ox2 |z —y|
|z—y|<1

see [Wa91] for more details. Given f € L? (2;R?), we consider the following
problem:



82 A. Brillard and M. El Jarroudi

min {Fc,h(u)—2 /Q f-ud:c}, (8.8)

wEL2(2;R™)

where the functional F,  is defined on L? (£2;R?) through

Fop(u) = fg\z oij (W) ei; (w)de if ue Wy,
on “+00 otherwise.

The problem (8.8) has a unique solution u" € W, with ||uh||H1(Q\E;R2)
< C, where C is some positive constant independent of h. Let (y1,y2 ) be an
element of X', We define RQZ as RQE ={(y1,y2) € R? | yp > Y2,5 O Y2 < Yo ¥,
V(y17y272) S E}

We consider the following problem:

—oij (wy) = 0 in R, i,m = 1,2,
Wy = en on X,
(wg), = dimIn(ly)+0(1) as |y — oo, (8.9)
‘(wg)pw < C for p # m.

Here, w¥y can be computed using the complex potentials of Kolosov—
Muskhelishvili (see [Mu63]) and the conformal mapping from R%, to R?\ [0, 1]
(see [EIBr08] for more details). The elastic energy associated to (8.9) verifies

lim ln(lR) fRQEHB(O,R) i (W) e (wh) da

= 5lm(74_l:T) fz‘ q (S) de (S) )
where %q (8) dH? (s) = 0y (WB) v |, v is the unit normal to X directed

outward the region {y> > y» »}. The normal strains o,,; (w) v; |5 belong to
the dual space of By (X) (see [EIBr08], [JoWa95], for example). We define the
functions wh™ as wh™ (z) = fm (W% ((z — 4,...4,) /7n) — em) and the
space We oo = {u € H' (2\2;R?) | [u]y, € By (Z;R?), u =0 on 002}.

Our main result in this section is the following.

Theorem 2. The sequence (F. ), I'-converges to the functional F, o defined
through

Jon 5 0ij (u) €3 (u) do
2 .
Fc,oo (U) = +C% fE |[’LL]| de Zf’l.t S Wc,oo;
400 otherwise,

with respect to the strong topology of L? (£2;R?). Here vq = [y, q (s) dH (s).

Proof. Let s, = (1/3)"%. We choose a smooth truncation function iy er iy, fOT

i1,...,0n € {1,2,3,4} satisfying

h
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1 in B (z;, b,

..... ihy D

Giy,.oyin () = { 0 in 2\B (Ziy iy sn).

There exist two open subsets 2% and 22 such that 2\ X = Q1UAUN?, with
A =TR\[0,1]. Let u € C* (2\X;R?) be such that u = 0 on 2. We choose
one of the regular images of % [u]y. (resp. —3 [u]y.) through the continuous
mapping ri. from By (Z;]RQ) into H! (Ql;RQ) (resp. r% from By (Z; RQ)

into H' (£22;R?)), respectively denoted by 7. (3 [u] ) and 7% (=1 [u]y.). We

define the function ul? as follows, for every iy, ..., i, € {1,2,3,4}:
u (1 = Piy,.., ih,)
i in W (3 fumly) i B (i, 50) N 2L,
ug = u (1 - (pil,~~~,ih,>
+§0i1,-~,ih,wgmr2 (_é [um]E) in B (mihm,iw Sh) N 027
U in 2\ U B (%iy,....ip» Sh) -

i1in€{1,2,3,4}

It is easily seen that ufj € W, and (uf}), converges to u in L? (£2;R?)-
strong. On the other hand, one has

Fen (ug) = [o\s 0 (ub) e (uf) dz = [, 5 035 (u) €5 (u) dw
+ Z I (rlh) 1(4 h)

n
ir,nin €{1,2,3,4}

x (ln?rlh,) f(Bh(sh/rh)ﬂ]RQE) Tij (wg) €ij (le) dy) +o (%) :
Using (8.10), we get

: 2
hh_)rr;oFc,h (uh) = Jons o5 (W) eij () dz + ey [ [[ull dH?
= Fooo(u).

Using the same method as in the proof of Theorem 1, we conclude that, for
every u € L? (2;R?) I'-limp o0 Fep (4) = Fe o0 (u). We then end the proof
in a similar way as in the proof of Theorem 1.

Remark 1. Another interfacial problem may deal with a contact situation in
granular materials. The non-overlapping spherical elastic grains are supposed
to be confined in some bounded domain {2, and perfect adhesion between
seeds occurs on thin zones disposed along a self-similar fractal K. The asymp-
totic relaxed energy is proved to involve an integral extra term of the form
Jsnr A (@) [u]s - [u], dH? (z), where X is the union of the boundaries of the
grains and A (x) is a symmetric matrix depending on the position « and on
the material coefficients of the problem. We can also consider a contact prob-
lem on spheres in the Apollonian packing. Here X' is a fractal set which is not
self-similar and whose fractal dimension d has been numerically determined
in [BoDePe94]. For every h € N*, we suppose that a perfect adhesion occurs
on thin zones between the N (h) balls of radii larger than the radius p; of
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some fixed ball By,. Using the asymptotic relation N (h) ~ p, ¢ (see [Bo73]),
we can prove that the relaxed energy takes the above form with an integral
covering the whole X.
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of Volterra Integral Equations with Delay
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9.1 Introduction

Considerable attention has been given to the study of the Hyers—Ulam
and Hyers-Ulam—Rassias stability of functional equations (see, e.g., [HIR9S,
Ju01]). The concept of stability for a functional equation arises when we re-
place the functional equation by an inequality which acts as a perturbation of
the equation. Thus, the stability question of functional equations is how do the
solutions of the inequality differ from those of the given functional equation?

Although there are numerous publications for different types of equations,
there are very few results on the study of these kinds of stabilities for integral
equations (cf. [CaRa09] and [Ju07]). In this chapter we propose both a Hyers—
Ulam and a Hyers-Ulam—-Rassias stability study for the delay Volterra-type
integral equations [Bu83, Co88, GLS90, LaRa95] of the form

y(x) = /T flzyry(r),y(a(r))) dr (—o<a<z<b<4o0), (9.1

where a, b, and ¢ are fixed real numbers such that a < b and ¢ € (a,b),
f:[a,b] x[a,b] x CxC — C is a continuous function, and « : [a,b] — [a,b] is
a continuous delay function which therefore fulfills a(x) < z, for all z € [a, b].

We would like to recall that the kinds of stability which we are studying
here (for the above integral equation) appeared for the first time in 1941
when Hyers [Hy41] proved the following result by answering a problem of
Ulam affirmatively; cf. [Ul60] and [U174]): Let S and Sz be two (real) Banach
spaces and assume that a mapping h : S1 — Sa satisfies the inequality

[h(z +y) = hz) —h(y)l <e (2,5 €51) (9-2)

for some nonnegative €. Then there is a (unique) additive mapping A : S1— Sa
such that
[A(z) —h(z)| <e  (z€5)

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 85
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_9,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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holds. In addition, it was also proved in [Hy41] that A(z) = lim,, o, A(2"x)/2"
(fE S Sl)

The last result is nowadays called the Hyers—Ulam stability theorem (of the
additive Cauchy equation f(x +y) = f(x) + f(y)). Since Hyers’s result, nu-
merous papers on the subject have been published, extending and generalizing
Ulam’s problem and Hyers’s theorem in various directions. One of these new
directions was introduced by Th. M. Rassias [Ra7] by considering unbounded
right-hand sides in (9.2) which depend on certain functions of « and y (instead
of considering only bounded Cauchy differences f(xz +y) — f(x) — f(y) as in
the Hyers case).

In this chapter, the formal definitions of the above-mentioned two types
of stability for the case of the equation (9.1) can be defined as follows. If for
each function y satisfying

‘ym -/ " famy(r), ylalr)) dr| < o(a)

(where o is a nonnegative function), there is a solution yg of the Volterra
integral equation (9.1) and a constant C; > 0 independent of y and gy such
that

y(z) = yo(x)| < Cro(x),

for all z, then we say that the integral equation (9.1) has the Hyers—Ulam—
Rassias stability. In the case where o takes the form of a constant function,
we say that the integral equation (9.1) has the Hyers—Ulam stability.

The interested reader can find further details about Hyers—Ulam stability
of functional equations in the extensive survey [Fo95].

9.2 The Hyers—Ulam—Rassias Stability of the Volterra
Integral Equation with Delay

This section is devoted to studying conditions under which the Volterra inte-
gral equation with delay (9.1) admits the Hyers-Ulam-Rassias stability.

Banach’s fixed point theorem will be one of the main ideas upon which such
properties will be obtained. Here, we will use this theorem in a framework of
a generalized complete metric space setting (Y, dy ). We recall that a function
dy : Y XY — [0,+00] is called a generalized metric on Y if and only if dy
satisfies the following three properties:

(1) dy(z,y) =0 if and only if z =y;
(i)  dy(z,y) =dy(y,z) forall z,yeY;
(iii) dy(x,2) <dy(x,y) +dy(y,z) forall z,y,z€Y.

Having a generalized complete metric space (Y, dy ), we will denote by Con(Y")
the set of (strict) contraction operators on the space Y, i.e.,
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Con(Y) = {T:Y =Y |dy(Ty1,Ty2) < cr dy(y1,v2),
for all y1,y2 € Y and for some ¢y € [0,1)}.

Theorem 1 (Banach). Let (Y,dy) be a generalized complete metric space
and consider T € Con(Y') having a Lipschitz constant cp < 1. If there is a
nonnegative integer k such that d(T**1y, T*y) < oo for somey € Y, then the
following propositions hold true:

(i) the sequence (T™y), oy converges to a fized point y* of T;
(ii) y* is the unique fized point of T in

Y*={zeY |d(T"y,z2) < oo};
(i) if z € Y™, then

d(z,y") <

d(T .
o d(T%,2)

Proposition (iii) in the last result is referred to as the collage theorem in

the fractals literature.

9.2.1 The Compact Interval Case

We now have the instruments to present sufficient conditions for the Hyers—
Ulam-Rassias stability of the Volterra integral equation with delay (9.1),
where x € [a, b] for some fixed real numbers a and b.

Theorem 2. Let C' and L be positive constants with 0 < CL < 1 and assume
that « : [a,b] — [a,b] is a continuous function such that

alx) <z, forall x€a,b

and f : [a,b] x [a,b] x C x C — C is a continuous function which additionally
satisfies the Lipschitz condition

[f (@7 91(7), g1 (a(7))) = [, 7 92(7), w2 (1) < Llys — 92| (9:3)

for any x, T € [a,b] and all y1,y2 € C.
If a continuous function y : [a,b] — C satisfies

‘ym ~ [ fwry) vt dr| < o) (9.4)

for all z € la,b] and for some ¢ € (a,b), where ¢ : [a,b] — (0,00) is a
continuous function with
[ etnar

< Cop(x) (9.5)
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for each x € [a,b], then there is a unique continuous function yq : [a,b] — C
such that

/fm,y y(a(r))) dr (9.6)

ly(z) — yo(z)] < p(x) (9-7)

1- C’L
for all x € [a,b].
Proof. We will consider the space of continuous functions

X ={g:[a,b] = C| g is continuous} (9.8)
endowed with the generalized metric defined by

d(g,h) =inf{C € [0,00] | |g(z) — h(x)| < Cop(zx), for all z € [a,b]}.

It is known that (X, d) is a complete generalized metric space (cf., e.g., [Ju07]).
We will consider the following operator T': X — X, defined by

0= [ " fery(), ylalr)) dr

for all ¢ € X and = € [a,b]. Thus, due to the fact that f is a continuous
function, it follows that T'g is also continuous and this ensures that 7 is a
well-defined operator. Indeed,

[(Tg)(z) — (Tg)(wo)]

_ / f(.7,g(r),gla(r))) dr — /“f(:com,gw,g(a(ﬂ»m

= | swmatmgtatmyar— [ iworg@)tat) i
+ " (o m 9(r), gla(r))) dr — / " Flao,m, g(r), gla(r))) dr

Nar— [ " (o, m9(7),gla(r))) dr

IN
r\g
=
&

\]

Na)
—~

+| [ " (w07 9(r),gla(r))) dr — / " Haor9(r). glalr)) dr

= [(wo,7,9(7), g(a(7)))] dr

IN
n\&
=
—

8
\]

K=}

SN—
N~—
N—

The main reason to introduce the operator 7T' is to make the application
of Theorem 1 possible, and so let us now verify that T is strictly contractive
on X. For any g, h € X, let us consider Cyj, € [0, 00] such that
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l9(z) — h(z)] < Cgnp(x) (9-9)

for any = € [a,b] (note that this is always possible due to the definition of
(X,d)). From the definition of T" and (9.3), (9.5), and (9.9), it follows that

[(Tg)(z) — (Th)(x)| =

/x [f(z,7,9(7), 9(a(7))) = f(x, 7, h(T), h(a(7)))] dT

<

) |f(z,7,9(7), g(a(7))) = f (2,7 h(7), h(a(7)))| dr

<L

[ 1ot = nr)ar

/j o(T)dr

< LCy,C p(x)

< LCgh

for all « € [a, b]. Therefore,
d(Tg,Th) < LC,4,C.

This allows us to conclude that d(T'g,Th) < LCd(g, h) for any g,h € X, and
since C'L € (0,1) the (strictly) contraction property is verified.

Let us take gg € X. From the continuous property of gg and T gy, it follows
that there is a constant C € (0, 00) such that

(o)) - w@l = |[
< Cip(w

f(z,7,90(7), go(x(7)) )dT — go(z)
(z)

for all € [a,b]. Note that this occurs also because f and gg are bounded
on [a,b] and ¢ is a positive function. Therefore, from the definition of the
generalized metric d, it follows that

d(T'go, go) < oo. (9.10)

In this way, we are ready to use Theorem 1 and so to conclude that there is
a continuous function yo : [a,b] — C such that

T "3 yo in (X,d),

and Tyo =%Y0-
For any gy with the property (9.10) it follows that X can be rewritten in
the following new form:

X ={g € X|d(go,9) < o0}

(cf. [Ju07]). Therefore, once again Theorem 1 ensures that yo is the unique
continuous function with the property (9.6).
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Now, from (9.4) it follows that d(y,Ty) < 1, and so the collage theorem
leads to

1
d < d(T < .
W) < ;=7 4Tyy) < 747
Thus, the last inequality together with the definition of the generalized metric

d lead to inequality (9.7).

9.2.2 The Infinite Interval Case

In this subsection we will consider a modification of the Volterra integral
equation with delay (9.1) to the situation of infinite intervals instead of the
compact case presented in the Introduction. Here the case z € R (instead of
the above case of © € [a, b] with fixed real numbers a and b) will be dealt with
in detail. The corresponding cases of = € [a,+o0) and = € (—o0,b] also hold
true by applying obvious changes in the strategy below.

The main goal here is also to obtain the Hyers—Ulam—Rassias stability of
such (different) corresponding integral equations. In view of this, our strategy
will be based on the application of a recurrence procedure due to the already-
obtained result for the above-studied compact interval case.

Theorem 3. Let C' and L be positive constants with 0 < CL < 1 and assume
that
fTRxRxCxC—C

18 a continuous function which additionally satisfies the Lipschitz condi-
tion (9.3), for any x,7 € R and all y1,yo € C, and a : R — R is also a
continuous function such that

afz) <z, foral zeR.

If a continuous function y : R — C satisfies (9.4), for all x € R and for
some ¢ € R, where ¢ : R — (0,00) is a continuous function satisfying (9.5),
for each © € R, then there is a unique continuous function

Yo - R—C
which satisfies (9.6) and (9.7) for all € R.

Proof. We start by proving that yo is a continuous function. For any n € N,
let us define I,, = [¢ — n,c¢ + n]. According to Theorem 2, there is a unique
continuous function yg 5, : I,, = C such that

woa(e) = | * (@Yo (7). vom (7)) dr (9.11)

ly(z) — yon(z)| < o() (9.12)
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for all z € I,,, where « is defined on I,,. The uniqueness of yo ,, implies that if
x € I, then

Yo,n () = Yont1(2) = Yont2(z) =--- . (9.13)
For any = € R, let us define n(z) € N as
n(z) =min{n e N |z € I,,}.
We also define a function yy : R — C by
Yo() = Yo,n(a) (),

and we can say that yg is continuous. Indeed, for any z1 € R, let ny = n(xy).
Thus, 21 belongs to the interior of I,,, 11 and an € > 0 exists such that yo(z) =
Yo.n,+1(x) for all @ € (z1 — ¢, 21 + €). By Theorem 2, yg »,+1 is continuous at
1, so it is yo.

In the next step, we will show that yg satisfies (9.6) and (9.7) for all x € R.
Let us choose n(z) for an arbitrary x € R. Then x € I,,(;) and from (9.11) it
follows that

Yo(r) = Yo ()
- / F(& 7 Youme)(T)s Houm(e (7)) dr

/ " f@ o yo(r). vola(r))) dr

(where the last equality holds true because n(7) < n(z) and n(a(r)) < n(z),
for any 7 € I,,(5)), and it follows from (9.13) that

yO(T) = Yo,n(r) (T) = Yo,n(x) (T)

and

y0((7)) = Yo,n(r) (7)) = Yo,n(2) ((7))-
Moreover, (9.12) implies that

1
9(2) — w0(2)| = [y(@) — Yon(e) ()] < T—ole), forall zER

We will now prove that yg is unique. Suppose that y; is another continuous
function which satisfies (9.6) and (9.7), for all z € R. Since both restrictions
YoiL, oy = Yon(a) and YiiL, . satisfy (9.6) and (9.7) for all x € I,,(,), the
uniqueness of Yoi1, ., = Yo.n(x) implies that

n(x)

Y0(T) = Y0|1, 0, (2) = Y111, 00 () = Y2(2)-
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9.3 The Hyers—Ulam Stability of the Volterra Integral
Equation with Delay

We would now like to consider certain stronger assumptions in the conditions
associated with the Volterra integral equation with delay (9.1) (for the finite
interval case) such that somehow the Hyers—Ulam stability will be obtained.
All this is gathered in the next final result.

Theorem 4. Let K = b—a and consider L to be a positive constant such that
0 < KL < 1. Assume in addition that

a:[a,b] = [a,b]
is a continuous function such that o(z) < x, for all x € [a,b], and
f:la,b] X [a,b] x Cx C — C
18 a continuous function which fulfills the Lipschitz condition

[f (@, 7 91(7), ya(a(7))) = f 2,7, 92(7), w2 (7)) < Ly — w2 - (9-14)

for any x, 7 € [a,b] and all y1,y2 € C.
If for some c € (a,b) a continuous function y : [a,b] — C satisfies

\ym - [ s et ar] <0

for each = € [a,b] and some 0 > 0, then a unique continuous function
Yo : |a,b] = C exists such that

i) = [ ", o(), vola(r))) dr (9.15)

and

(@) = pol)] < T

for all x € [a, b].

Proof. We will continue working with the space of continuous functions pre-
sented in (9.8) and endowed with the generalized metric defined by

d(g,h) = inf{C € [0,00] | |g(x) — h(z)| < C, for all x € [a, b]},

and consider also the operator T': X — X defined by

T = [ " farg(r). gla(r) dr
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for all g € X and z € [a, b]. We recall that for any continuous function g, the
element T'g is also continuous.

Let us now verify that T € Con(X). For any g,h € X, let us consider
Cyn € [0, 00] such that

l9(z) = h(z)] < Cyn (9.16)

for any « € [a,b]. From the definition of T', (9.14), and (9.16), it follows that

[(Tg)(z) — (Th)(x)| =

/m[f(xa 7,9(7),9(a(7))) = f (2,7, h(T), h(e(7)))]

<| [ 1 mg(o)glar)) - fam ) ha () dr
<t|f "lo(r) — h(r)] dr
< LOgK

for all « € [a,b]. Thus, d(T'g,Th) < LCy, K. This allows us to conclude that
d(Tg,Th) < LKd(g,h) for any g,h € X, and since KL € (0,1) the (strict)
contraction property is verified.

In an analogous way to the proof of Theorem 2, we can choose gy € X
with

d(Tg(),g()) < 0. (917)

Therefore, we are in the condition of using Theorem 1 and thus conclude that
there is a continuous function yq : [a,b] — C such that

T”goniioyo in (X,d),

and Tyo = Yo-
For any go with the property (9.17) it follows that X can be rewritten in
the following new form:

X ={g € X|d(g0,9) < 00}.

Thus, once again Theorem 1 ensures that yg is the unique continuous function
with the property (9.15). Furthermore, the collage theorem (cf. Theorem 1)
yields

y(a) ~ o(@)] < 7

for all x € [a, b].
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Fredholm Index Formula for a Class of Matrix
Wiener—Hopf Plus and Minus Hankel
Operators with Symmetry
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10.1 Introduction

The main goal of this chapter is to obtain a Fredholm index formula for a class
of Wiener-Hopf plus and minus Hankel operators which contain a certain sym-
metry between their Fourier symbols. It is relevant to mention that Wiener—
Hopf plus and minus Hankel operators (with and without symmetries) appear
in several different kinds of applications [CST04]; therefore, further knowl-
edge about their Fredholm property and index is relevant for both theoretical
and applied reasons. In view of this, several works concerning these classes
of operators have appeared recently [BoCa06, BoCa, CaSi09, NoCa07]. The
Fourier matrix symbols considered in this chapter belong to the C*-algebra
of piecewise almost periodic functions. Besides the Fredholm index formula,
conditions that ensure the Fredholm property of the operators under study
will also be obtained.

Let us now define in exact terms the operators which we will be working
with. We will be concerned with matrix integral operators which have the
following diagonal form:

Oy = diag | Wy + Hy, W — HT] L2 RPN o [LAROZY,  (10.1)

where in the main diagonal we find matrix Wiener—Hopf plus and minus Han-
kel operators

Ws+ Hy : [L3(R)]Y = [L*(Ry)]Y (N eN), (10.2)

where W? and Hy are matrix Wiener—Hopf and Hankel operators defined
by Wz = r+.7-'*1f' - F and Hy = r . F~'T - FJ, respectively. In addition,
F denotes the Fourier transformation, ¢(z) = ¢(—z), x € R, and J is the
reflection operator given by the rule Jo = @. We use [L%(R)]Y to denote
the subspace of [L?(R)]Y formed by all the matrix functions supported on
the closure of Ry = (0,+00), 4 represents the operator of restriction from

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 95
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_10,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010



96 L.P. Castro and A.S. Silva

[LZ (R)]Y into [L*(Ry)]Y, and T, T are called the Fourier N x N matrix
symbols (which will belong to the above-mentioned C*-algebra of piecewise
almost periodic elements).

10.2 Auxiliary Material

In view of defining the piecewise almost periodic functions, we will first con-
sider the algebra of almost periodic functions.

The smallest closed subalgebra of L°°(R) that contains all the functions
ex (A € R), where ey(z) = € x € R, is denoted by AP and called the
algebra of almost periodic functions: AP := algre-w)y{ex : A € R}. In addition,
we will also use APy := algrem{ex: A > 0}, and AP_ := algpm{ex: A <
0}.

We will review here some of the properties of the almost periodic func-
tions (which we will use further on). Let A C (0,00) be an unbounded
set and let {Ih}aca = {(Zas¥Ya)laca be a family of intervals I, C R
such that |I,| = yo — Ta — 00 as a — oo. If ¢ € AP, then the limit
M(p) := limy—e0 ﬁ flu o(z) dx exists, is finite, and is independent of the
particular choice of the family {I,} (cf., e.g., [BKS02], Proposition 2.22). The
number M (i) is called the Bohr mean value or simply the mean value of .
In the matrix case the mean value is defined entry-wise.

Let C(R) (with R = R U {o0}) denote the set of all (bounded and) con-
tinuous functions ¢ on the real line for which the two limits ¢(—o00) :=
limg oo o), @(400) = limy_, 400 ¢(z) exist and coincide. The common
value of these two limits will be denoted by ¢(o0). In addition, consider the
C*-algebra of all bounded piecewise continuous functions on R denoted by
PC or PC(R) as being the algebra of all functions ¢ € L>°(R) for which the
one-sided limits p(xg — 0) = limy_ -0 @(2), @(zo + 0) = limy_y410 p(2)
exist for each zy € R. C(R) := C(R) U PC(R), where C(R) is the usual set
of continuous functions on the real line. Furthermore, PC{ will represent the
subclass of PC' of all piecewise continuous functions ¢ for which p(£o00) = 0.

As mentioned above, we will deal with Fourier symbols from the C*-algebra
of piecewise almost periodic elements which is defined as follows.

Definition 1. The C*-algebra PAP of all piecewise almost periodic functions
on R is the smallest closed subalgebra of L*°(R) that contains AP and PC':
PAP = algpew{AP, PC}.

Let us use the notation GB for the group of all invertible elements of
a Banach algebra B. The following proposition is the matrix version of a
corresponding result for the scalar case (cf. [BKS02, Proposition 3.15]).

Proposition 1. (a) If I' € PAPN*N | then there are uniquely determined
functions O, 6, € APN*N gnd I'y € PCéVXN such that
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I'=(1-u)0+ub, + I, (10.3)

where u € C(R), u(—00) =0, and u(+o0) = 1.
(b) If ' € GPAPN*N  then there is an invertible semi-almost periodic
element © € GSAPN*N and an invertible piecewise continuous element
Z € GPCNXN (such that Z(—o00) = Z(+00) = Inxn) which allow the con-
struction of a factorization
I'=6%2 (10.4)

and Wr = WoWs + K1 = W=Wg + Ko with compact operators Ky, Ks.

The almost periodic representatives of © are the functions @y and O, of
part (a).

We will now recall a factorization concept within AP which we will use
several times in this chapter.

Definition 2. A matriz function I' € GAPN*N s said to admit a right AP
factorization if it can be represented in the form

I'(z) =T'_(x)D(x)ly(x) (10.5)
forallz € R, with I'_ € GAPNXN . I, € QAPJJFVXN, and where D is a diago-
nal matriz of the form D(x) = diag[e’®™, ..., e ], \; € R. The numbers \;

are called the right AP indices of the factorization. A right AP factorization
with D = Inx N is referred to as a canonical right AP factorization.

It is said that a matriz function I' € GAPN*N admits a left AP factor-
ization if instead of (10.5) we have I'(x) = I'y(x)D(x)'—(x) for all x € R
and I'y and D having the same property as above.

From the above definition we can observe that if an invertible almost
periodic matrix function I admits a right AP factorization, then I admits
a left AP factorization, and I'~! also admits a left AP factorization. The
vector containing the right AP indices will be denoted by k(I"), i.e., in the
above case k(I") := (A1,..., An). If we consider the case with equal right AP
indices (k(I") == (A1, A1,...,A1)), then the matrix d(I") := M(I'-)M(I})
is independent of the particular choice of the right AP factorization. In this
case, this matrix d(I") is called the geometric mean of I.

In order to relate operators and to transfer certain operator properties
between the related operators, we will also be using the notion of equivalence
after extension for bounded linear operators.

Definition 3. Consider two bounded linear operators T : X1 — Xo and S :
Y1 — Y5, acting between Banach spaces. We say that T is equivalent after
extension to S if there are Banach spaces Z1 and Zs and invertible bounded
linear operators & and F such that

diag[T, Iz,] = E diag[S, Iz,] F, (10.6)

where Iz, and Iz, represent the identity operators in Zy and Za, respectively.
This relation between T and S will be denoted by T ~ S.
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Remark 1. If T is equivalent after extension with S, then 7" and S have the
same Fredholm regularity properties, i.e., one of these operators is invertible,
one-sided invertible, Fredholm, semi-Fredholm, one-sided regularizable, gen-
eralized invertible, or normally solvable, if and only if the other enjoys that
property.

Proposition 2. Let T € G[L*®(R)|V*N. Then Dy is equivalent after exten-
sion to the Wiener:Hopf operator W= : [L3(R)]N — [L*(Ry)]Y with
Fourier symbol T~17:

~ W.

@T T_l,}".

(10.7)

Proof. We may apply Theorem 2.1 of [CaSi09] to our present case and there-
fore directly conclude that ®y is equivalent after extension to the Wiener—
Hopf operator Wy : [L% (R)]*Y — [L?(R4)]*" with Fourier symbol:

0 —In

U= -
r-r 71t

We now observe that this Wiener-Hopf operator Wy is equivalent after ex-
tension with the operator W,._,~. In fact, the following holds:

r'r o
In

—Iy

Wy =ry F1
v =T Iy T

Flor  F

This, together with the equivalence after extension relation between ®y and
Wy (and also considering the transitivity of the equivalence after extension
relation), leads us to the operator relation (10.7).

10.3 The Fredholm Property

We start by recalling a Fredholm characterization for Wiener—-Hopf operators
with PAP matrix Fourier symbols having lateral almost periodic represen-
tatives admitting right AP factorizations. This result will be used to find
sufficient conditions to ensure the Fredholm property of the operators under
study.

Theorem 1 (cf., e.g., [BKS02, Theorem 3.16]). Let I' € PAPN*N_ [f
I' ¢ GIPAP\N*N | then Wr is not semi-Fredholm. Assume now that I' €
GPAP and Iy and I', admit a right AP factorization. Then the Wiener—Hopf
operator Wr is Fredholm if and only if:

(i) the almost periodic representatives I'y and I, admit canonical right AP
factorizations, i.e., with k(Iy) = k(I.) = (0,...,0);

(ii) sp(d~* (I})d(I7)) N (—00,0] = 0,

(iii) sp(I" " (x — 0)['(x + 0)) N (—00,0] =0
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for all x € R.

From Proposition 1, if ¥ € PAPN*YN then this matrix function admits
the following representation:

Y=(01-uwYy+ul,+ 72 (10.8)
(with 7y € [PCo]V*V) and so
T = [(1— W)y +uly + Yo (1 — @)Yy + 02, + To)- (10.9)
Therefore, from (10.9), we obtain that
I Pvs

TN, =77, ('), =177 (10.10)

These representations are important not only in the following result but
also in the final result where a Fredholm index formula is obtained.

Theorem 2. Let T € GPAPN*N such that T[lf admits a right AP factor-
1zation. In this case, the operator ®v is Fredholm if and only if the following
three conditions are satisfied:

(1) T[l?’; admits a canonical right AP factorization;
(1) sp[d (1,17, NiR = 0;
(111) sp[Y (=2 + 0)T(z — 0)T 1 (x 4+ 0)T (=2 — 0)] N (=00, 0] = 0.

Proof. If T € GI[PAP)N*N then 717 is also invertible in PAPN*N.
The Fredholm property of © implies that the operator W,._ 5 is also a

Fredholm operator (cf. (10.7)). Employing Theorem 1 we obtain that (T_lf)g
and (T717), admit canonical right AP factorizations,

sp[d N ((r~17),)d((T 7)) N (—00,0] = (10.11)

and
sp[(T717) "Mz — 0)(X'7) (@ 4 0)] N (=00, 0] = 0. (10.12)

Due to (10.10) we conclude that T[lﬁ admits a canonical right AP factor-
ization and we derive from (10.11) that

spld N (11 T)d(Y; 17 N (=00, 0] = 0. (10.13)
A canonical right AP factorization of T[l,ﬁ can be normalized into
177, =6 _46,, (10.14)

where ©4 have the same factorization properties as the original lateral factors
of the canonical factorization but with M (6+) = I, and where A := d(,'T,.).
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Thus, (10.14) allows Y17, = (T[lf)_l = 0;'A710~", which shows that
d(Y7'7,) = A1, and therefore (10.13) turns out to be equivalent to sp[A2] N
(—00,0] = (. From the eigenvalue definition we therefore have the result
sp[A] N iR = @, which proves condition (I1).

In addition, from (10.12) we derive that

sp[ Lz —0)Y(x — 0)Y H(x + 0)T(z + 0)] N (—o0,0] = 0,
which is equivalent to
sp[Y =z +0)Y(z — 0)Y ! (z+ 0)Y(—z — 0)] N (—o0,0] = (.

Let us now assume that conditions (I)—(lll) hold and prove that ®y is
a Fredholm operator. Since 7, 'Y, = (Y'~'7), admits a canonical right AP

factorization, then (T‘lf)g = T[lTT admits a canonical left AP factoriza-

tion and [(Y-17),]~! = 7,717, admits a canonical right AP factorization.
These last two canonical right AP factorizations and condition (II) imply
that sp[d~!((7-17),)d((T-1T))] N (=00,0] = spld~! (1,1 T)d(T; ' T,) N
(—00,0] = 0.

Condition (Ill) allows us to conclude that

sp[(Y717) (@ — 0)(X17) (@ + 0)] N (=00, 0] = 0.

All these facts together and Theorem 1 show that W,._, is a Fredholm opera-
tor. Using the equivalence after extension relation presented in Proposition 2,
we obtain that ©y is a Fredholm operator.

10.4 The Fredholm Index Formula

In this section we will concentrate on obtaining a Fredholm index formula
for Dy, ie., for the sum of Wiener-Hopf plus and minus Hankel operators
W + Hy with piecewise almost periodic Fourier symbols such that T[lTT
admits a right AP factorization. For that purpose, taking into account that
PAP = SAP + PCy, we will first recall some known properties of Wiener—
Hopf plus Hankel operators with symbols in SAP and with symbols in PC.
Within this context, let us assume that W; + Hy and W; — Hy have the
Fredholm property.

Let GSAP, o denote the set of all functions ¢ € GSAP for which k(p,) =
k(er) = 0. To define the Cauchy index of ¢ € GSAP)( we need the next
lemma.

Lemma 1 ([BKS02, Lemma 3.12]). Let A C (0,00) be an unbounded set
and let {In}aca = {(ZasYa)}aca be a family of intervals such that x, > 0
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and |Ipn| = Yo — o — 00, as o — o00. If ¢ € GSAPyy and argy is any
continuous argument of v, then the limit

lim A |/ (argy)(z) — (argy)(—x))dx (10.15)

271' a—o0

exists, is finite, and is independent of the particular choices of {(Za,Ya)}aca
and argey.

The limit (10.15) is denoted by ind ¢ and is usually called the Cauchy
index of .

The following theorem provides a formula for the Fredholm index of matrix
Wiener—Hopf operators with SAP Fourier symbols.

Theorem 3 ([BKS02, Theorem 10.12]). Let I' € SAPN*N [f the almost
periodic representatives Iy, . admit right AP factorizations, and if Wr is a
Fredholm operator, then

a 1
Ind Wr = —ind[det I"] — ; ( {f — 5-arg §k}) (10.16)

where &1, ..., En € C\(—00,0] are the eigenvalues of the matriz d=1(I3.)d(I7)
and {-} stands for the fractional part of a real number. Additionally, when
choosing arg & in (—m, ), we have

N
1
Ind Wr = —ind[det I' - > arg &.
k=1

CN><N

Let us now consider I' € P . Recall the auxiliary extension of I

defined by
I (z,p) = (1 — )z —0) + ul(z+0),  (z,u) €Rx0,1]
and consider det I'# : R x [0,1] — C. The set
C:={detI'(z,u) €C: 2z cR,uel0,1]}

is a closed continuous curve obtained from I" by joining det I'* (x — 0) to
det I'#(x + 0) through a line segment at the discontinuity points of I". If
0 ¢ C, then the winding number of C' with respect to the origin (denoted in
this case by wind[det I'#]) is defined as the counter-clockwise circuits around
the origin performed by the image of det I'*. Suppose det I'#(z, i) # 0 for all
(x, 1) € R x [0,1] which implies that I'(x — 0) and I'(xz 4 0) are invertible for
all z € R. Moreover, assume that the set Ap := {z € R: I'(x—0) # I'(z+0)}
is finite. For a connected component ¢ of R\Ap we define ind,I" as (27)!
times the increment of any continuous argument of det I" on ¢. Taking into
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account the possible jump at infinity, the winding number of C' can be given
by:

N1 1 1
; #] — # S S
wind[det I'"| = ind[det ['"] + 321 (2 {2 Qﬂarggk(oo)}), (10.17)

where

ind[det ['*] = Zmdg [det I'] + Z Z (f - {f - —argfk( )}), (10.18)

r€Ar k=1

with & (), ..., En(7) being the eigenvalues of I'"1(x — 0)I"(z+0) for x € Ar
and {-} denoting the fractional part of a real number.

Theorem 4 (cf., e.g., [BKS02, Theorem 5.10]). Let I' € PCN*N_ [f W
18 a Fredholm operator and I' has at most finitely many jumps, then

IndWp = —wind(det I'#)

where wind(det I'*) is given by (10.17)—(10.18). Choosing the arguments in
(=m,m), we also have

N
1
IndWp = —ind[det I'#] — > ) " argér(oo)
k=1

Now, we are in conditions to conclude a formula for the Fredholm index
of matrix Wiener—Hopf operators with PAP Fourier symbols.

Let I' € PAPN*N Then I' = OF (with © € GSAPN*N = ¢ GPCN*N
and Z(£o00) = Inxn) such that

Wr=WeW=+ K (10.19)

with K being a compact operator (cf. Proposition 1). Assume that Wr is a
Fredholm operator. From (10.19) we derive that

IndWr = IndWe + IndWs

Using now formulas (10.16), (10.17), and (10.18) and taking into account that
Z does not have a jump at infinity, we can conclude the following theorem:

Theorem 5 (cf. [BoCa, Proposition 6.3]). Let I' € GPAPN*N_ [f the
almost periodic representatives Iy, I admit right AP factorizations, and if
Wr s a Fredholm operator, then

Ind Wp = =) " ind[det =] — ind[det O]
l

Gl mese)) X G {5 geend) 0o

xEAP k=1
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where &,(x) are the eigenvalues of the matriz function I'~'(x—0)I'(x+0) and
Nk are the eigenvalues of the matriz d=1(I.)d(I}). Choosing both arguments
in (—m, ), (10.20) simplifies to

N N

. — 1 1

IndWpr = — % indg[det =]—ind[det 6]_% EEA kg 1arg§k(x)—% kg 1arg M.
xr IR= =

(10.21)

We have now a full machinery to obtain a Fredholm index formula for the
operator Dy (cf. (10.1)).

Theorem 6. Let T € GPAPN*N such that Te_l?; admits a right AP factor-
ization. If Wx £ Hr are Fredholm operators, then

Ind[Ws + Hy] + Ind[Wx — Hy] = — ) _ind,[det =] — ind[det O]
4
N

N
- 5 S0 o)) 5 (- {3 uea}). o

z€A ~k=1 k=1
r—1r

where =17 = OF is a corresponding factorization in the sense of (10.4) for
the invertible matriz-valued PAP function Y17, & (x) are the eigenvalues

of the matriz function Y= (—z +0)T(x —0)Y 1 (x 4+ 0)Y(—x —0), 6 € C\iR
are the eigenvalues of the matriz d(¥;'Y,) and
A, == {x cR: (T”T‘) (z—0) # (T”f) (z + 0)} .
Moreover, formula (10.22) simplifies into the following one:

Ind[Wx + Hy| + Ind[Wx — Hy] = — Z indg[det Z] — ind[det O]
¢

1 al 1<
— S Y argéu(a) - - > arg B(6) (10.23)
k=1

€A ~k=1
r—lr
when choosing arg&(x) € (—m,m) and

[ arg(dk)  ifRedr >0
Blok) = { arg(—kék) if Re (5: <0

with the argument in both cases being taken in (=3, %).

Proof. Using the equivalence after extension relation stated in Proposition 2,
we conclude that Ind Dy = Ind W,._,5 and consequently, Ind[Wx + Hy] +
Ind[W5 — Hy] = Ind W,._, %. Following (10.20), we obtain
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IndW,_,z=—>_ind[det 5] — ind[det O]
4

N o 1 1 N4 L
;e; ~§(2 - {5 - %arggk(x)}) *; (5 - {5 - %arng}>7 (10.24)

where 7717 = ©= is a corresponding factorization in the sense of (10.3) for
the invertible PAP matrix function T*If, &k(x) are the eigenvalues of the
matrix function =1 (—z+0)Y(z—0)Y " (2+0)7 (=2 —0) and ¢ € C\(—o0,0]
are the eigenvalues of the matrix d=1((Y17),)d((X~17),). However, since
we have already proved that d=1((7717),)d((Y"'7),) = A2, it turns out
that formula (10.24) simplifies into (10.22).

Finally, the simplification into the formula (10.23) occurs as a direct con-
sequence of the above indicated choice of arguments for the eigenvalues.
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11.1 Introduction

The integral equations which are characterized by singular integral operators
with shift appear frequently in a large variety of applied problems (we refer
to [KaSa01, KrLi94] for a general background on these operators and historical
references). Thus, it is of fundamental importance to obtain descriptions of
the invertibility characteristics of these operators. Although some invertibility
criteria are presently known for several classes of singular integral operators
with shift, the corresponding criteria still remain to be achieved for many
others. In addition, among all the classes of singular integral operators with
shifts, the ones with weighted shifts typically reveal extra difficulties.
This chapter is devoted to the analysis of singular integral operators

A=a0]1‘+b051r+a1j+ bls']rj, (11.1)

with essentially bounded functions ag, by, a1,b; and a flip operator J which
contains a backward Carleman shift « (or, more precisely, a weighted back-
ward Carleman shift) in the form (Jo)(t) = 1¢(14),t €T, and that is defined
between weighted Lebesgue spaces LP(T,p), 1 < p < oo, p(t) = |t — 1|*=2/7.
The operator It denotes the identity operator, and St denotes the Cauchy
singular integral operator along the unit circle T being defined almost every-

where by
(se0)t) =~ [ {04,

o Jp T —1

(where the integral is understood in the sense of principal value).

Explicit operator equivalence relations will be exhibited between (11.1)
and singular integral operators without shifts. As a consequence, it will be
possible to present a new matrix Toeplitz operator that will be preponderant
in determining an invertibility criterion for the initial operators. Due to the
explicit form of the present operator relations, in the case of invertibility, this
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Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_11,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010



106 L.P. Castro and E.M. Rojas

technique allows us to find formulas to the inverse of A. Moreover, due to
the generalized factorization of a bounded measurable matrix-valued function
(and by using the properties of the factors in such a factorization), formulas
for the left-sided and right-sided inverses of the initial operator will also be
obtained. In this sense, this chapter may be viewed as a natural continuation
of [CaRo09]. For other recent works in this direction, see [CaRo08a, CaRo08Db,
Ka04].

11.2 Notation and Auxiliary Results

To fix additional notation, let us mention that the weighted Lebesgue space
over G, LP(G,w), is equipped with the norm || f||pw = [[wf|,, where || - ||,
denotes the usual norm of LP(G). In addition, £(X,Y") will denote the space
of all bounded and linear operators defined from the Banach space X into
the Banach space Y, and in order to shorten the notation we will also use
L(X):=L(X,X).

We recall that two bounded and linear operators T : X; — X5 and
S Y7 — Ys, acting between Banach spaces are said to be equivalent [BaTs92,
CaSp98] if there are two boundedly invertible linear operators, E : Y2 — X5
and F' : X7 — Yi, such that T = E S F. We will refer to the last formula
as an operator equivalence relation (between T and S). In the particular case
of E = F~!, we say that we have a similarity relation between the operators
T and S. In the sequel of the work we will use the notion of equivalence af-
ter extension relation (cf., e.g., [BaTs92]): the operators T and S are called
equivalent after extension if Banach spaces Z and W exist such that T & I,
and S @ Iy are equivalent operators.

We also recall that a normally solvable operator T : X — Y (acting
between Banach spaces) is called a Fredholm operator if n(t) := dimker T' < oo
and d(t) := dim X/ImT < co. The Fredholm index is then defined by Ind T" :=
n(T) —d(T).

For two equivalent operators (or equivalent after extension) T and S, it
follows that T is invertible or has the Fredholm property if and only if S is
invertible or has the Fredholm property, respectively.

11.3 Similarity Relations for Singular Integral Operators

In the first part of this section, we will describe the operator relations between
operators of the form (11.1) and corresponding matrix operators without shift
derived in [CaRo09]. This also allows a relation between A and a matrix
Toeplitz operator which will be useful for describing the inverse formulas for
operator A.

A first step in this strategy is to apply the isometric isomorphism B :
LP(T, p) — LP(R) (with p(t) = |t — 1|'=2/?, t € T), defined by
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1-1/p T —i
(Bo)(x) = Qxﬂqb(xﬂ.), z €R (11.2)

to operator A in a way such that we will reach the new singular integral
operator:

B=BAB™! = alg + bSg + cWg + dSg Wi : LP(R) — LP(R), (11.3)
where Sg is the Cauchy singular integral operator over R defined by

(Sae)a) = = [ LW g,

i RU—T

2 € R (the integral being considered in the principal value sense), and Wy is
called the reflection operator on R defined by (Wrf)(z) = f(—x), x € R. In
addition, we have BaB~! = = (By Ya)Ir, where for a € L°°(T) the operator B, *
is given by (By'a)(z) = a(mﬂ) x € R, and (Bpa)(t) = a(zﬁ) teT\{1}.
Thus, the coefficients of operator B are defined by a = B0 ag, b= By b,
¢ = —Bjla;, d = —B;'b;. In addition, due to [Ka01], we know that it is
possible to construct an operator equivalence relation between the singular
integral operator B given in (11.3) and a pure singular integral operator

Dr, == HBF = up, In, +vr, Sk, € L(LP[Ry,|z|7/*")]?), (11.4)

where H = Nﬂng_lMﬂgj and F = Mg, K Rr, N, are constructed based on
the invertible operator Mg, € L([LP(R)]?, LP(R)) defined by

Mo, (20 ) =po={ O TERe )

pa() p2(—x

(where Ry := (0 + 00) and R_ := (—00,0)), the idempotent operator

k= (7 1) ecr@op) (116)

the invertible squaring variable and cutting weight operator Ny, defined by

(Nz,9)(2) = p(z?),  Ne, € L(LP(Ry, |2]"V/*P)2, [LP(R4)]?), (1L.7)

and the operator Rr, given by

Fs. = ( e 0 Yeprap.
Ry
where (Sg, f) fR+ P u)du and (U g, f) fR+ {ngdu’ x € Ry,

Note that S]R " —|— U1 R, Is an 1nvert1ble operator and ltb inverse is given by
SR+ —UiR, - Thus, Rg, is also an invertible operator.
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In addition, the relation between the coefficients ug, and vg, of the new
operator D, in (11.4) and the coefficients of the operator A is given by the
formulae:

1w N ARCTERT
ur, (¥) = 2 ( U1 Uy ) v, (2) = 2\ vor v )7 (11.9)
)

bo(—y)), uz1 = ai(y) + bi(y) + (a1(=y) + bi(=y)), u22 = ao(y) + bo(y)
(ao(=y) + bo(—=y)), vi1 = ao(y) — bo(y) + ao(—y) — bo(—y), viz = a1(y)
bi(y) + a1(—y) — bi(—y), va1 = ao(y) — bo(y) — (ao(—y) — bo(—y)), vz =
a1(y) —b1(y) — (a1 (—y) —b1(—y)), and here we are using the change of variable
y= (212 —i)/(xV? +4), z € R,.

All the above presented operator identities allow the identification of the
operator relation stated in the next result.

Theorem 1. The singular integral operator A (with backward Carleman shift
(Jo)(t) = 1¢ (), t € T) defined by A = aglr + boSt + arJ + by SrJ and

t
acting between the space LP(T, p) (with p(t) = |t — 1|'=2/?) is equivalent to

the matriz (pure) singular integral operator
_ P —1/2p\2
l)]RJr —UR+IR+ +UR+S]R+ c ﬁ[L (R+,|l‘| )] . (11.10)
The equivalence relation has the explicit form GAV = Dg_, where

G = Ng'K7'Mg!'B € L(LP(T,p), [LP(Ry, [2| "' *)]),
V = B 'Mp, KRg, Ng, € L(LP(Ry,|z|""/*") LP(T, p)).

On the other hand, we will extend the operator Dg, in (11.10) by the

identity into the whole [L?(R, \ar:|_1/2p)]2 space. The resulting operator from
this equivalence after extension relation applied to Dg, has the form

D 0 — -
D= (PE+ 7 e L([LP Ry, |z~ PO[LP R, ||~/ *P)]).
0 Jipom_ ja)-1/202
(11.11)

Thus, Dg, : [LP(Ry, 2|72 = [LP(Ry, |z|"/?))? can be viewed as the
restriction of Dy to its first component spaces. We will use the following
notation for this interpretation:

l)]RJr = ReSt[Lp(R+’|m‘—1/2p)]2 (DR)

It directly follows from identity (11.11) that Dr, and Dg enjoy the same
Fredholm as well as invertibility properties. In addition, the operator Dy can
also be written in the form Dgr = urlr +vrSg, where ug = xr_ +flour_, vr =
Lovr, , where £ is the zero extension operator, and yg_ is the characteristic
function on R_. We will now pass from Dr to a singular integral operator
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Dr defined on the unit circle T by means of the isometric isomorphism By :=
diag(B, B) from [LP(R, |:1c|71/2p)]2 onto [LP(T,w)]? with the weight w(t)
ittt |=1/2P|1 — ¢|1=2/P Therefore, we obtain in explicit form:

Dy = B;1DRBQ = urIt + vrST. (1112)

Note that the form of the weight w is a consequence of the use of the operator
Bs (see for instance, [BKS02]), with

’U,']I‘I'[[‘ == B;luRBg, UTI']I‘ - BEIURB% (1113)

where ur = diag(By, Bo)ur and vy = diag(Bg, Bp)vg in Ty, and ur = Izxo,
vr = Ogx2 in T_. The explicit form of these matrix functions is given by

_Jour, (), teTy _ oo (1), teTy
UT(t) a { IQ><27 teT_ ~ UT(t) B O2><27 teT_ 7~ (11.14)

where for ¢t € T4 we have

ur, () = % ( () () ) (11.15)

with
paa(t) = (ar(t?) + b (t/?)) = (ar(—t'7%) + ba(—t'/?))
ma(t) = (ao(t"/?) +bo(t'/?)) = (ao(—t'/?) + bo(—t'/?))
por(t) = (ax(t"?)+bi(t"/?)) + (ar(—t'7%) + by (~t"/?))
uoa(t) = (ao(tl/g) + bo(tl/Q)) + (ao(—tl/g) + bo(—tl/Q))
and
vr, (t) = % ( gigg 358 ) (11.16)
with
D11(t) = (ao(t"/?) = bo(t"/?)) + (ao(—t'/?) = bo(—t"/?))
Di2(t) = (ar(t?) = b (%)) + (a1 (/%) — by (—t/?))
Da1(t) = (ao(t'/?) = bo(t'/?)) — (ao(—t'/?) = bo(—t"/?))
Va2 (1) (a1 (t2) = by (£/%)) = (ar (—£"2) = by (=t/?))

In the next theorem we assemble all the above operator relations.

Theorem 2. The singular integral operator A, with backward Carleman shift
(Jo)(t) = Lo (3), t € T, defined by A = agly + boSt + arJ + b1.StJ and
acting on the space LP(T, p), p(t) = |t — 1|1=2/P, is equivalent after extension
to the matriz singular integral operator Dy = urly + vrSt € L[LP(T,w)]?,
where w(t) = |i%|_l/2p|1 — t|'=2/P and with coefficients ur and vr given

by (11.14), (11.15), and (11.16).
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Now we will relate the operator A defined on (11.1) with a matrix Toeplitz
operator through an additional operator relation. In view of this, in the follow-
ing result Pr stands for the Riesz projection in [LP(T,w)]?: Pr = §(Ir + St).

Corollary 1. For each t € T, assume that ag(t) # bo(t) or ai(t) # bi(1).

The singular integral operator with shift A = aglt 4+ boSt + a1J + b1 StJ is
equivalent to the matrix Toeplitz operator

Ty = Prdypore(rwyz © [PrLP(T,w)]* = [PrLP(T,w))?,

where ¢ := (ur —vr) " (ur + vr), and w(t) = [i$E[ 71/ |1 — ¢[1=2/P,

11.4 Conditions for the Invertibility of Operator A

As stated in the Introduction (and as a consequence of the operator relations
presented in the previous section), in this section we will obtain an invertibility
criterion for the operator A and the form of its inverse/lateral inverse (under
the conditions which ensure such invertibility).

Let us start by recalling some basic definitions which will be used in what
follows. Considering Banach spaces X and Y, an operator T' € L(X,Y) is said
to be left (respectively right) invertible if there is an operator T-1) € L(Y, X)
such that

TV =2, 2€X (TT Yy =y, yeV).

The operator 7= is then called a left (respectively right) inverse of T. If
an operator 7' is both left and right invertible, then all left and right inverses
are equal to each other and coincide with the inverse T~ of T. Recall also
that an operator T~ : Y — X is called a generalized inverse of a bounded
linear operator T : X — Y if TT-T =T.

A representation of the form A = A_AA, is called a (right) generalized
factorization of the invertible matrix function A € [L°°(T)]?*? in the space
[LP(T,0)]? if A(t) = diag(t®*,#"2) with certain integers N; > Ny and if the
factors A_ and A, satisfy the following conditions:

i) A € [LP(T,0)]**?, Ay € [LU(T,0 1)]**2, AZ! € [LL(T,o 1)?*?
AT e [L(T,0)**® (3 + & = 1), where L% (T,0) := PrL?(T,o
and L? (T,0) := QrLP(T,0) ® C are subspaces of LP(T,c), and Pr
3(Ir + Sr) and Qr = (It — St).

ii) The operator A_PrA~" is bounded on the space [LP(T,o)]?.

~— o

The integers N;, i = 1,2, are called (right) indices or also partial indices of
the generalized factorization of the matrix function A. The sum Ry + Ny =: R
is referred to as the total index or sum index of the matrix function A.
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Theorem 3. Let ur, vy € [L°°(T)]?*? be the matriz functions given by (11.13)
such that det(ur(t) £ vp(t)) # 0, and assume that ¢ = (ur — vr) " (ur + vr)
admits a generalized factorization

P(t) = () AE)P (1)

Then the operator A is generalized invertible on the space LP(T, |t — 1|'=2/7),
1 < p < oo. A generalized inverse of A is given by

A = BilMR+KRR+NR+ReSt[LP(R+’|m‘—1/2p)]2 (BQ(dJ_T_lpT —|—1/J_Q']1‘)
(A~ Pr + Qr)¢=' (urly — vrlr) "' By ') Ny K~ ' Mg ' B, (11.17)

where BT, Mf{% K, RR+,NH§H, and 32ﬂEl are given in the last section.

The operator A is invertible (left-sided invertible, right-sided invertible) if
and only if all indices of the matriz function 1 are zero (nonnegative, non-
positive). In such a case, the inverse (left inverse, right inverse) is also given
by (11.17) (where in each case some simplifications occur in the formula).

Proof. From Theorem 2 we have that the operator A is equivalent after ex-
tension to the operator Dy given by (11.12). Now, we rewrite the operator Dy
in terms of the Riesz projections Pr and Qr, e.g.,

Dr = urly + vpSt = (7.1/]1*]11* + ’U'ﬂ‘]jr)P']r + (UTI’[ — 'U'JI‘I'[F)Q'JI‘«

The invertibility conclusions for the operator Dy are obtained from the well-
known Simonenko’s theorem; see, for instance, Theorem 4.2 in [MiPr80] for
continuous matrix functions. This can be generalized for bounded measur-
able matrix functions as follows (see [MiPr80, Chapter V, Section 5]): Un-
der the assumption that the matrix-valued function 1 admits a generalized
factorization in the space [LP(T,w)]?, say ¥ = v_At,, then the opera-
tor Dr is generalized invertible on the space [LP(T,w)]?, 1 < p < oo and

w(t) = \i%ﬁl/zpﬂ — t|1’2/p with a generalized inverse given by

Dy = (7' Pr+v_Qr)(A™"Pr+ Qr)¢ =" (urly — vrlr) " (11.18)

In the case of all right partial indices of the matrix function v being zero
(nonnegative, nonpositive), then Dr is invertible (left-sided invertible, right-
sided invertible) and the inverse (left-sided inverse, right-sided inverse) is also
given by (11.18).

Finally, we will use the explicit equivalence relation exhibited in Theo-
rems 1 and 2 to obtain a generalized inverse (inverse, left inverse, right inverse)
of the operator A:

A” =V Rest g, 1n-1/202(B2Dr By 1) G, (11.19)

where the operators BQﬂ, G, and V are given in Theorem 1. Putting equal-
ity (11.18) into the equality (11.19) and writing the explicit form of G and V,
we obtain the conclusion.
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11.5 Example

We end this work by considering a concrete example of an operator A in order
to derive a corresponding conclusion about its invertibility.

Let A = aglt + boST + a1J + b1StdJ : LP(T,p) — LP(T’ p), with p(t) =
[t —1|'=2/P and with coefficients

1 1

ap(t) = 3 sin? (gt2) , ay(t) :== 5 sin (gsignT(t)t‘l) ,
1 1

bo(t) = 5t b(t) = 5 sin <gsignﬂ-(t)t4) ,

where signp is defined by the rule

. 1, ifteT
signg (1) ::{ 1 ifteT

From Theorem 2 we know that operator A is equivalent to the matrix operator
Dr = urlt + oSt : [LP(T,U))]Q — [LP(T,’LU)]Q, where

—1/2p
1+t |1—t|172/p

w(t) = T3

and ur, vr are obtained as in (11.13) and defined on T as indicated in (11.14),
(11.15), and (11.16), with

! (t) (t)
ur, () = 5 ( Z;(t) Ziz(t) ) '

In the present case, we have

1
un(t) = 3 [Signqr(t/z)t2 + sin (gsignT(tl/Q)t2>
— signp(—t"/?)t? — sin (gsignT(—tl/Q)t2)] ,
pe(t) = 0,
1
o1 (t) = 3 [sisg;nqr(t/Q)t2 + sin (gsignT(tl/Q)tz)
+ signp(—t'/?)t? + sin (gsignT(—t1/2)t2)] ,
[LQQ(t) = SiIl2 (gt) + t2.

[

Note that this yields in particular y1(+1) = [14sin (Z)+1—sin (-3)] = 2,
pi2(£1) =0, poy(£1) = 3[1 +sin (3) — 1 +sin (=3)] =0, and pg(+1) =2
Also, for the present case, we have

1 9u(t) D12(t)
vty (t) = 3 ( Yo1(t)  Vaa(t) )
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with 911 (t) = sin® (%t) — 2, Y12(t) = L[signg(#/?)t? — sin (Zsigng(t1/2)t2) +
signp(—t1/2)t? — sin (Zsignp(—t'/2)t2)], ¥a1(t) = 0, V2a(t) = [signy(t/?)t? —
sin (Zsigny(tY/?)t?) — signp(—t1/2)t? + sin (Zsigng(—t'/2)t?)], and satisfying
V11(£1) = 0, Y12(£1) = 3[1 — 1 — (sin(Z) +sin (—F))] = 0, Y1 (£1) = 0,
Voo(£1) =2 [1+ 1 —sin () +sin(-%)] =0.

Therefore, the matrix functions ur and vr are continuous on the whole T.
Considering now ¢ = (ut — vr) ' (ur + vr), it follows (in this case) that

72(%sin(%t2)+%+%sin2(%t) % ) 0
S R

2(%siHQ(%t)fésin(%ﬁ)«Hz) ’
t

for t € Ty, and ¥ (t) = Iaxo for t € T_. First of all, to consider the eventual
Fredholm property of the present operator A, it is enough to study det(v).
Computing such a determinant, we have

(—sin ($£2) — 1 —sin? (5t) + £2) (sin? (Z¢) + 262 — sin (12))
(sin (522) + 1 = sin” (§¢) +12) (sin® (§¢) +sin (522))

for t € T4, and det(y(t)) = 1 in the case of t € T_. The range of det(¢(t)) is
plotted in Figure 11.1.

det(y(t)) = —

TTTTTTTTT
-1.0 -0.5

0

Fig. 11.1. The range of det(¢) in the example.

Since ur and vy are continuous matrix-valued functions, the singular inte-
gral operator with backward Carleman shift A = aglt + bOST +a1J + b1StJ
acting on the space LP(T, p), where 1 < p < oo and p(t) = |t — 1[*72/7, is
a Fredholm operator if and only if det(ur(t) = vr(t)) # 0, t € T [CaRo09].
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Moreover, under the Fredholm property, the Fredholm index of A is given by
Ind A = —wind det (1)), where ¥ := (ur — vr) ! (ur + vr) and wind det(¢)
denotes the winding number of det(v)).

In this way, it turns out that A is a Fredholm operator in LP(T,w) but
with Ind A = —1. Thus, the present particular operator A is not invertible in
the spaces under consideration.
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12.1 Introduction

The theory of bending of plates with transverse shear deformation is very im-
portant in mechanical engineering because of its direct application to the study
of deformable structures and because of its mathematical sophistication. The
well-posedness of boundary value problems and of initial-boundary value prob-
lems with various types of boundary conditions for this model has been stud-
ied in detail in [ChCo00] and [ChCo05], respectively. Corresponding results for
the same plate model where, additionally, there are significant thermal effects
have been obtained in [ChEtAl04], [ChEtAl05a], [ChEtAl05b], [ChEtAl06],
[ChCo07], [ChCo08a], [ChCo08b], [ChCo08¢c], [ChCo09a], and [ChCo09b].
Here we present the solution to the case of a piecewise homogeneous plate
with transmission boundary conditions.

12.2 Formulation of the Problem

Suppose that the plate occupies a region S x [—ho/2,ho/2], S C R2. The
displacement—temperature vector

U(J),t) = (u(x,t)T,u4(x,t))T, Tr = (331,.132) € 57
u(z,t) = (uy(x,t), us(z, 1), us(z, t)”
satisfies the field equations

LU (x,t) = Bod?U (x,t) + B10;U(x,t) + AU (x, )
= Q(z,t), (x,t) €S x(0,00),

where
By = diag {ph?, ph*,p,0}, h? =h3/12,

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 115
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_12,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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0 0 0 0 h2wd,
B 0 0 0 0 B A h2wd,
Bi=1 o o 0o o A= 0 ’
ndy nd 0 7! 0 0 O —A
—hQ[LA — h2(>\ + ,UJ)(?% + [ —hQ()\ + #)8182 u@l
A= —h2(\ + 1)1 02 —h2uA — R2N+ )03 +p pdy |,
—por —p0s —pA

p, @, 1N, %, A\, and p are physical constants, and A is the Laplacian. Without
loss of generality [ChEtAl04], we consider the initial conditions

U(z,0) =0, 0wu(z,0)=0, z€b.

We assume that the plate is infinite and piecewise homogeneous; that is,
it is made of one material occupying an interior domain St and of another
one occupying an exterior domain S~. The two domains are separated by a
simple, closed, smooth curve S and such that ST US~ = R?. Both materials
are homogeneous and isotropic. We write

IF=8% % (0,00), I'=085 x(0,00)
and consider the initial-boundary value problem (TC) consisting of
LiUi(x7t) :Qi(xat)v (x7t) € Eiv
Us(2,0)=0, Oui(z,0)=0, oeS*
U_t(x,t)—U:(x,t)ZF(x,t), (l‘,t)€F7
(T U (2, t) — (T_U_) (2,t) = G(w,t), (x,t) €T,

where
Tyuy)(w,t) — h3iwen(x)us 4(x,t)
(Ttis)faypy= | H0)lot) = emantouaalad ),
Opuy a(x,t)
hﬁ: [()\:I: + 2/‘:&:)”181 + /Lingag] hﬁ: ()\i’nlag + ,u:tngal) 0
T= h3 (p1en102 + Arnodh) A2 (At + 2p4)n20s + paenid] 0

Hn1 R p0n,

n = (n1,n2,0)T is the unit outward normal to 5, 9, is the derivative in the
direction of n, and the subscripts and superscripts 4 distinguish between the
constants, functions, and operators characterizing the domains S* and S—.

12.3 Function Spaces

We denote the Laplace transformation by

)
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(LU)(z,p 7@ PLU (z,t) d
0

and introduce a number of function spaces that play an essential role in the
subsequent analysis.

12.3.1 Spaces with a Parameter

Let m € R and p € C. In our notation we have the following.
H,,(R?): the standard Sobolev space of scalar distributions 94 (z), with norm

[a]lm = {/(1 + |£|2)m|734(€)l2d£}1/2;

R2

H,, ,(R?): the space of three-component vector distributions o (), with norm

1/2
[ollp = { Ja+ier+ p|2>m|ﬁ<s>|2ds} :

R2

Hinp(R?) = Hin p(R?) X Hyn (R?), with norm [Vl ;, = [19]lmp + 1194l m;
H,,(S*) and H,,,(S*): the spaces of the restrictions to ST of all 9, €
H,,(R?) and © € H,, ,(R?), with norms

[l mss= = inf [[04]lm,
V4€ m(R2):’ﬁ4|Si =g

”'&Hm,p;si = inf HUHm,P’
VEH p R ): 'U|s:l: =

Hon p(ST) = H,, ,(SF) x Hpp, (SF), with norm
UM gy = Nl pis+ + [[allmss5

Hi/2(0S), Hy 2, (95): the spaces of the traces on 95 of all 44 € Hy(S*) and
i € Hy ,(S¥), with norms

D .55 = inf i
@all1/2;08 = e e |tall1;5+,

D .59 = inf U
H<FH1/27]7,85 ACH, (8 1) ilps— || Hl ST

Hi1/2,p(0S)=Hj /2,,(9S) x Hy /2(9S), with norm

|||F|||1/2,p;as: 1Pll1/2,p:05 + ||S54H1/2;6s;

H_1/5(05), H_1/2,(0S), and H_1 2 ,(9S5): the duals of the spaces H; /2(95),
H, /;,(0S), and H; /2 ,(9S) with respect to the duality generated by the inner
product in [L2(9S)]".
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12.3.2 Transform Spaces

Let Kk >0, k€ R,and C,, = {p = o + it € C: 0 > k}. We introduce the
following spaces.

Hfl’kﬁ(RQ), kaﬁ(Si), and Hfﬂ/z}k’ﬁ(as): the spaces of all §(z, p), u(x,p),
and é(z,p) that define holomorphic mappings

G:Cp = H_1(R?), a:C,—Hio(S%), &:C,— Hyi0(09),

with norms

o0

A 2—1,k,f~c = g ) 2—1,;0 )
4]l sup [ (1 +[p[")"[l4(z, p)[|Z;,, d7
o>K

— 00
o0

]I 5 = sup /(1 + o) (la(z, ) s+ dr,
O>K
—o0
o]

~ kil A
||€||11/2,k,mas=sgp /(1+|P|2) e, P31 /2,005 4T3
O>K

— 00

Hfl,k,l,n(RQ) = Hfl,lm(RQ) x Hlﬁ,l,n(R2)7 Hlﬁ,k,l,n(si) = Hlﬁ,k,n(si> X
Hlﬁ,l,n(:g:t)v and Hi}/gk,l,ﬁ(as) = Hil/g,km(aS) X Hil/zm(aS): the spaces
of al V.={0,04}, U = {0, 14}, and & = {¢&, é4}, with norms
V= ke = 101 =1 + (104l =1,0.%,
H‘U‘Hl,k,l,n;si = [l k,m;5¢ + ([Gall10,m5%,

EN £1/2,5.0,m:08 = l1ll£1/2,k,m05 + |€all£1/2,,m;05-

12.3.3 Spaces of Originals

Let R3 =R? x (0,00). We use the following notation.
HEI’IMW(R?’F), Hf;’ll’n(ﬂi), Hi;;lk’m(l“): the spaces of the inverse Laplace

transforms of the elements of Hfljk,m(RzL ka,m(si), Hil/leK(as),
with norms

VI -t ke = VI kg MU g e = MU g5
|||g|||i1/27k,l,ﬁ;r = H|5|Hi1/2,k,l,n;85'

We denote by 4+ the trace operators from £+ to I" and by ’yoi the trace
operators from XF to ST x {0}.
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12.4 The Weak Solution of (TC)

This is defined to be a pair of distributions U(z,t) = {Us(z,t),U_(z,t)},
where Uz € H g, .. (Z%), such that

(1) ,‘)/O U4+ = 07

(i) /"0, — 7 U = F(,1), (5,1) € T

(iii) for all W = {W,,W_} € C(R? x [0,0)),

YUy, We) +7-(U-, W /{QWOJFGWO@S}dt
0
where
Ti(Ui,Wi) :/{ai(ui,wi)(VuiA,Vwi74)0;si
0

1/2 1/2 -1
- (B()d:atu:tv Bo,i 8twﬂ:)o;si — ki (Ui,4,atwi,4)o;si

— hiwi (ui74, divwi)o;si — N+ (le U+, é)twiA)O;Si } dt.
Let hiw_mzl =y and h2w_n"t=_.
Theorem 1. If k>0, [ >0, and
1 —1 —1
Qe Hfl,lJrl,l,n(Ri)? F e Hf/Q,l+1,l+l,m(F>7 Ge H£1/2,l+1,l,n(F)7

then there is € > 0 such that for any v+ satisfying |ty — 1_| < e, problem
(TC) has a unique weak solution

U(:L’,t) :{U+((E,t),U,(£L',t)}, U:I: eHllln(Ei)a

and

|||Uv+|||1,l,l,l-c;£Ur + |HU*|||1,l,l,/1;E*
< NN =1 51,00 + W 2t 1 + NG 12010, -

12.5 Boundary Integral Equations

Consider a matrix of fundamental solutions for the homogeneous governing
system (Q = 0); that is, a matrix D such that

Bo(9;D)(x,t) + (B19,D)(x,t) +(AD)(x,t) = 6(z, )1, (z,t) € R?,
D(x,t) =0, t<0,
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where §(z,t) is the Dirac delta and I is the identity (4 x 4)-matrix.

Let A and B be smooth functions with compact support on 95 x R and
equal to zero for ¢t < 0.

We define the single-layer potential of density A by

(VA)(z,t) = /D(x —y,t —7)A(y,7)ds, dr.
T

V is extended by continuity to ’Hf;/lz’k’l’n(l“).
The double-layer potential of density B is defined by

WB)(z,t) = /P(x, y,t —7)B(y, T)ds,dr,

r

where P(z,y,t) is a first-order differential operator applied to D. W is ex-
tended by continuity to Hf/;hl,n(l“). We denote by Vi A and W4 B the po-
tentials for the media in X*.

A first representation of the solution is of the form

U+(x7t) = (V+~A+)(:E7t)7 (.%‘,t) € E+7
U_(2,t) = (V_A_)(x,1), (2,t)€ 2.

This leads to a system of boundary integral equations written as
TVV{A-HA—} = {F7G}7 (ZE,t) el (121)
Theorem 2. (i) For any k > 0,1>0, and
-1 -1
Fe ’H1/2,z+1,z+1,5(F)v Ge H—1/2,l+1,z,n(F)a
system (12.1) has a unique solution
—1 -1

{Ay, A} e HEl/Z,l—l,l—Q,n(F) X H[—:l/Q,l—l,l—Q,n(F)a

which satisfies
|||A:|:|H—1/2,l—1,l—2,rc;F < C{H|F|||1/2,z+1,l+1,ﬁ;p + |||GH|_1/271+171,K;F}~

(i) The representation U = {U;,U_} constructed with the solution
{Ay, A_} of system (12.1) is the weak solution of problem (TC).

The second representation of the solution is

U+($7t) = (W+B+)(.Z‘,t), (l‘,t) € 2+7
U_(z,t) = W-B-)(z,t), (z,t)eX.

This leads to a system of boundary integral equations of the form

TwwiBy, B_} = {F,G}, (a,t)€eT. (12.2)
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Theorem 3. (i) For any k > 0,1 >0, and
1 —1
F e H1£/2,l+1,l+1,m(F>7 Ge H£1/2,l+1,l,n([1)7
system (12.2) has a unique solution
1 —1
{By,B-} € Hf/2717171717m(11) X Hic/2717171717n(1j)7
which satisfies

|||B:|:|H1/2,l—1,l—1,n;l—’ S C{H|F|H1/2,l+1,l+1,m;f‘ + |||G|||—1/2,l+1,l,R;F}'

(i) The representation U = {U;,U_} constructed with the solution
{B4,B_} of system (12.2) is the weak solution of (TC).

The third representation of the solution is

U+($7t) = (V+.A+)($,t), (l’,t) € E+,
U_(,) = W_B_)(x,1), (z,t)€ 5.

The corresponding system of boundary integral equations in this case is of the
form
Tyw{A,B_} ={F,G}. (12.3)

Theorem 4. (i) For any x> 0,1>0, and
-1 L1
Fe H1/2,l+1,l+1,m(F)7 Ge H—l/Q,l-{-l,l,n(F)’
system (12.3) has a unique solution
L1 r-1
{AL, B} € H—1/2,1—1,z—2,n(F) X 7'[1/2,1—1,1—1,,@@)7
which satisfies
AL 1 /2,1-1,1—2.0r HIIBxll1j20-1,0-1,0 1
< AMFU 2411 + NG 12011000 -

(i) The representation U = {U;,U_} constructed with the solution
{By,B_} of system (12.3) is the weak solution of problem (TC).
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13.1 Introduction

In this chapter, we consider periodic media with a small period £ and we are
interested in Burnett coefficients. These parameters are important in the study
of acoustic wave propagation in such media since various physical constants
associated with wave propagation (like reflection, refraction, transmission, and
dispersion coefficients) are included in the Burnett coefficients.

Let us introduce some notations adopted in this work. We denote by Y
the reference cell (0,27), and for any real number v € [0,1], let T be any
measurable subset of Y such that |T'| = v|Y|. We consider the operator

def  d d
S
a0 a(y) @) Ve
where the coefficient o € LF(Y), ie., @ = a(y) is a Y-periodic bounded
measurable function defined on R, and in the reference cell is given by

a(y) = aoXpe (y) +arX,(y), yeY,

with ag, @1 > 0, ag # ay. Here XT(y) denotes the characteristic function of
T. For each € > 0, we also consider the €Y -periodic operator A% defined by

4
dx

(of(x)i> with as(x)défa(ﬁ), x €R.
dx €

The homogenized and the dispersion coefficients denoted by ¢ and d, re-
spectively, are defined in terms of Bloch waves 1) associated with the operator
A which we introduce now. Let us consider the following spectral problem
parameterized by n € R: find A = A(n) € R and ¥ = ¢(y;n) #Z 0 such that

{ AY(5m) = Am)(5m) in R, wb(5n) is (;Y)-periodic, ie., (13.1)
Py + 2mm;n) = TP (y;n) Ym e Z, y € R '

Azt
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Next, by the Floquet theory, we define ¢(y;1) = e~¥")(y; 1), and (13.1) can
be rewritten in terms of ¢ as follows:

An)p=Ap in R, ¢ is Y-periodic. (13.2)

Here, the operator A(n) is called the translated operator and is defined by
A(n) = e W1 Ae™n. Tt is well known (see [BLP78], [CPV95]) that for each
neyYy = [f %, %), the above spectral problem (13.2) admits a discrete
sequence of eigenvalues \,,(n); their associated eigenfunctions ¢,,(y;n) (re-
ferred to as Bloch waves) enable us to describe the spectral resolution of
A (as an unbounded self-adjoint operator in L?(R)) in the orthogonal basis
{ehm(y;n) :m > 1,n €Y'}
Let us introduce Bloch waves at the e-scale:

X (&) =2 Am(m), 65, () = dm(ysm), U5, (2:6) = Y (yin),

T

where the variables (z,{) and (y,7) are related by y = £ and 1 = &€.
We consider a sequence {uf} bounded in H!(R) and f € L?(R) satisfying

Au*=f in R.

We assume that u® — u weakly in H'(R). The homogenization problem con-
sists of passing to the limit, as € — 0, in the previous equation and obtaining
the equation satisfied by u, namely,

def d*u .
Qu= —(J@ =/f in R,

where ¢ is a constant known as the homogenized coefficient (see [BLP78]).

A simple relation linking ¢ with Bloch waves is the following: ¢ = %)\52)(0)
(see [COVO02]). At this point, it is appropriate to recall that derivatives of
the first eigenvalue and eigenfunction at 7 = 0 exist thanks to the analy-
ticity property established in [CV97]. To see how the dispersion coefficient d
arises, let us consider the wave propagation problem in the periodic structure
governed by the operator 0y + A®. If we consider short waves of low energy
with wave number satisfying €2|¢|* = O(1) and £*|¢|® = o(1), then a simplified
description is obtained with the operator 0 +@Q +2D, where D is the fourth
order operator whose symbol is %)\54)(0)54 (see [COV06]). The coefficient
d= %)\54) (0), which captures dispersive effects on such waves, is the dispersion
coefficient and it represents a corrector to the periodic medium. It was studied
in [COV06] and, in particular, the following physical space representation for
it was obtained.

Proposition 1. We have the relations
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where q can be explicitly expressed:

1 1-—
Loy 1=v
q aq Qo

(13.3)

Moreover, the dispersion coefficient d admits the following representation:
q 2
d=— [ X, (13.4)
Y1)

with test function X 1y defined by the following cell problem:

dx X, 1-x
~@ (22 1) in R,
dy Y a0 (13.5)
Xy € HY). 7 [ Xy =o

The formula (13.3) shows that ¢ does not depend on the microstructure.
On the other hand, formulas (13.4)—(13.5) show explicitly how the dispersion
coefficient d depends on the microstructure through the characteristic func-
tion X In order to study this dependence of the dispersion coefficient d,
first, in Section 13.2 we are interested in the particular case of a low-contrast
periodic structure. We expand the homogenized and dispersion coefficients
with respect to the contrast parameter and we study the signs of the different
coefficients in the expansions. Next, in Section 13.3 we investigate the gen-
eral one-dimensional structure and we look for the optimal lower and upper
bounds of the dispersion coefficient as the microstructure varies preserving
the volume proportion . We find the set in which the dispersion coefficient
lies.

13.2 Low-Contrast Periodic Structure

In this section, we assume that the periodic medium consists of a two-phase
material with low contrast. More precisely, let ay be the constant coefficient
representing the background isotropic homogeneous medium and «; be the
corresponding coefficient for the perturbed medium. The main assumption of
this section is the relation

a1 = (]. —+ 5)0&0,

with 6 € R, |0] << 1 denoting the contrast parameter. We study the depen-
dence of the homogenized and the dispersion coefficients in terms of §. Indeed,
we will expand them as a power series in § and give explicit expressions for
the coefficients of various terms of the expansion which in turn yield necessary
and sufficient conditions for their signs. The significance of the coefficients is
obvious: they represent the contributions of the microstructure at various or-
ders of §. Though, in principle, we can deal with all the coefficients appearing
in the expansion, we treat only the first five of them since they are of interest
to engineers (see [Tor02, page 526]).
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Proposing the following expansions with respect to d:
g=>» ™ and  d=> ¢k, (13.6)
k=0 k=

we establish the following theorem.

Theorem 1. The first five terms in the expansions (13.6) satisfy the following
inequalities:

¢ >0, ¢M>0 ¢?<o0, ¢¥>0 ¢ <o, (13.7)
d9 =0, 4V =0, d® <o, (13.8)

f 2 1
d® >0 if and only if v < 3 d¥ <0 if and only if v < o8 (13.9)

Remark 1. In [CSMSVO08], we have showed that the inequalities (13.7), (13.8)
hold irrespective of dimensions and without any hypothesis on . Moreover,
we have proved the inequalities (13.9) first in one dimension, and second in
higher dimensions, but with coefficients varying only in one direction (under
what is called the laminated microstructure hypothesis). More precisely, two
examples of laminated structures referred to as longitudinal and orthogonal
cases have been treated there.

Remark 2. Since the homogenized and dispersion coefficients depend on the
microstructure, so do their signs. Our finding is that this dependence is only
through the local proportion parameter . It is worth remarking that this
parameter plays a crucial role in various optimal design problems involving
microstructures (see [Mil02], [MT97]). When v = 0 it is easy to see that d
and hence, d® and d® vanish. It is a surprise to observe that as soon as
7 is positive and small, the coefficients d®) and d* pick up opposite signs.
Results analogous to (13.9) in higher dimensions are open.

Proof. Using the representation (13.3) and the hypothesis a1 = (1 + §)ayp, it
is straightforward to get the expansion for q. More precisely, we obtain

9 =0a>0, ¢M=0apy>0, ¢ =-apy(1-7) <0, (13.10)
¢ =ay(1-7)% >0, ¢ =—apy(1-7)°*<0. (13.11)

This concludes the proof of the inequalities (13.7).
On the other hand, proposing the ansatz

Xy = X + 06X () + 02X (D)

3
) P+ OXD X+ (13.12)

and using the expansion of ¢ in the representation formula (13.4) of the dis-
persion coefficient, we have
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i+j+k (7, (7) (k)
o > kg [ (s

i,9,k=0
Therefore, the coefficients d\7), j € {0,1,2,3,4} in (13.6) are given by
40— IYI/ ngg (13.13)
J0 = _m? (0)/ X((0>)X(<;>)+q(1)/ (X(@))z} (13.14)
0 = -l [ XX+ [ ()

w2 [ x @+ [ )], (13.15)
d® = _ﬁ /X(T) ) +24 (0)/X(1)X<(T))+2 (1)/X(3))X((;))

+ q(”/ (X{7)" +24 2)/YX<T>X<(;)>

+q(3)/Y(X<(3“)>) ] (13.16)
v = —%[2 (0) / XP X+ 24 / XP X +q© / (x3)"

(1) (3) (1) (2) (0) v (2)
+ 2¢q /X( + 2¢q /X(T) —|—2 /X(T)X(T)

+q(z)/( (1) 2 19 3)/ X((;{))X(l) ()/ (X((g))) } (13.17)

Let us now establish some crucial relations. Recalling that X7 satisfies
equation (13.5), using the ansatz (13.12), and identifying the various powers
of §, we have the following results.

Lemma 1. The following identities hold:

Xg;g = 0, (13.18)
dX

d;T) = X, -7 inY, (13.19)
Xgt o= —(-9xy)  vien (13.20)

As direct consequences of this lemma we get the following corollary.

Corollary 1. The following relations are true:

X((%)) _ (_1)j—1(1 —’Y)j_lX(l)

(T)
(4) y(k +k k- (1) ; *
/X(JT)X(T) (=17 TF(1 =)t 2/Y(X(T)) Vj, k € N*.

Vi e N*,
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Using these results, let us prove the inequalities (13.8) and (13.9). On one
hand, since (13.13)(13.15) and (13.18) hold, we easily deduce d*) = d(V) =0

and ©
@ __9" (1)32
d\“¥ = T/, (X(T)) <0.

Thus, we prove relations (13.8).
On the other hand, again using (13.18), formulas (13.16) and (13.17) be-
come

1

® — _ © [ x0x@ 0 (1))2

= 20 /YX<T>X<T> +a /Y(Xm) I
1

W _ © [ x0x® . O (2))2

=y 2 /YX<T>X<T> +a /Y (X))

1) x@ (1))2
w /y XXz +4% /Y (xX(0)7)

Due to Corollary 1 and the expressions of ¢U) given in (13.10)—(13.11), we get

1 1
3) _ a9y (N2 54 _ _ _ YR (1)y2
) = a0(2 3’7) |Y| A (X(T)) , A = 3040(1 7)(1 27) |jr| /Y (X(T)) :

Then, it follows easily that d® >0 if and only if v < % and d® < 0 if and
only if v < £, and we conclude the proof of inequalities (13.9).

Remark 3. The expressions of the coefficients d¥), i € {2,3,4} depend on the
microstructure through the integral / (X ((;)))2

One can give explicit formulas for these coefficients in some particular
cases. For instance, for a given n € N* if we consider a multilayered mixture of

n—1
. 1 3
the two phases, that is, T = U [E]y], 22]y], then /Y(X((T)))2 = gjﬂ Y2 (1—
k=0

7v)2. Therefore,
d® = -5 VP21 - 9)2,  d® = 5[V 2421 - )22 - 3v),

dY = — 29[V [292(1 - 7)3(1 - 29).

13.3 Optimal Bounds for the Burnett Coefficient

In this section, we assume that the periodic medium with two phases is a
general one. The purpose of this section is to find the set in which the dis-
persion coefficient d lies, as the microstructure varies, preserving the volume
proportion . Let us first observe that if v € {0, 1}, the dispersion coefficient
d is equal to 0. For this reason, we take v € (0, 1) in the sequel.

Let us introduce some notations. We denote by Char(Y) the set of all
characteristic functions of measurable subsets of Y, and for any x € Char(Y),
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T(x) ={y € Y : x(y) = 1}. For a given v € (0,1), the set Cy of classical
microstructures is given by

C, = {xe€Char(Y) : |T(x)|=1Y]}.
In Char(Y'), we define the functional Jy as follows:
Jo: Char(Y) — R, Jo(x) = m((X(r(y)?).

where m(f) denotes the average of f over Y and X(p(,)) is the solution of
equation (13.5). Using this notation, the dispersion coefficient given in (13.4)

can be rewritten as d(x,,) = —¢Jo(Xx); therefore, it is obvious that
—q sup Jo(x) < d(x,) < —¢q inf Jo(X) VX, € Cy. (13.21)
X€EC, X€Cy

When dealing with minimization and maximization problems involving
microstructures, of the form Xiélcf Jo(x) and sug) Jo(X), it is known that they
R XEC
do not, in general, admit solutions within the class of classical microstructures.
To overcome this, the proposed way is relaxation, which amounts to passage
from classical to generalized microstructures. The relaxation process in our
problem has been proved in [CSMSV], and we have obtained that

Xlélcfw Jo(x) = Jnin J(6), ;ga Jo(x) = Jax J(6). (13.22)

Here, D,, represents the set of generalized microstructures defined by
D, = {0eLF(Y;[0,1]) : m(0) =~},
and the functional .J is the extension of Jo over L3 (Y; [0, 1]) defined as follows:
oo def
J: LE(Y;[0,1]) — R, J(0) = m((Xp)?),

where Xy is the solution of the following relaxed version of the problem (13.5):

0 +1—9)

Qo

in R, (13.23)

and ¢(+) is defined by —~ = = 4 =T,
q(T) ai ag
Let us now state the main result of this section. We compute optimal lower
and upper bounds on the dispersion coefficient d(x) for all microstructures
X € C,. Moreover, we go further and we prove that the dispersion coefficient

fills up an interval.

Theorem 2. For any v € (0,1), the following equality holds:

{a:xec,} = [~ a1 - P (= - ) o).

[e5] (67}
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In the remainder of the chapter, we give the main steps of the proof of
Theorem 2. For more details, we refer the reader to [CSMSV].

Step 1: Minimization of J on D,. Using the definition of J, it is
clear that J(#) > 0 for all # € D,. Moreover, there exists 0}, € D, such
that J(0},,,) = 0, i.e., Xg- = 0. More precisely, using (13.23), we get
0% ..(y) = . Thus, we obtain

ane%nw J(0) = 0. (13.24)

Step 2: Maximization of J on D,,. First of all, since D,, is compact with
respect to the weak* topology on L*°(Y') and J is continuous, maximizers for
J over D,, do exist. To get information on them, since in our problem we have
the constraint m(f) = -, we use a Lagrange multiplier A and introduce a
Lagrangian L(0, \) as follows:

LX) =J(O) +AX(m(0) —y)  VOeLP(Y;[0,1]), VAeR.  (13.25)

Generally, the optimality condition at a maximizer is expressed in terms
of the derivative of L. As a first step, we proceed to compute the derivative
via the introduction of the adjoint state equation: for all 0 € L3 (Y;[0,1]), let
Qg be the solution of the problem

dQs 1 1 )
=) w 0320
Qo € Hy(Y), m(Qp) = 0.

For a given 0* € D.,, we use this adjoint state equation with § = 6* and we
get that, for all 0 € L (Y;[0,1]) and A € R,

D,L(0*,\)(0 — 0%) = m(Qe* (6 - 9*))
+ [A —g(L - L)m(Qg*e*)]m(e —97). (13.27)

@1 (e7))

In [CSMSV], we have proved that for each 6* € D, with J(#*) = max J(0),

6D,
there exists \* € R such that

D,L(0*,A\")(0 —0%) < 0 Vo € Ly (Y5[0,1]). (13.28)
Using this property, we now state the following optimality condition.
Proposition 2. For each §* € D, with J(6*) = max J(0), there exists p* € R

6eD,
such that the following optimality condition holds:

0* €10,1] a.e. in A(6%,p"),

0* =1 a.e. in B(0*, p*), (13.29)
0*=0 a.e. in C(6*,p*),
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where the sets A(0*,p*), B(0*,p*), and C(6*,p*) are defined by

A" p") = {yeR:Qo-(y) =p"} (13.30)

BO",p) = {yeR:Qu-(y) >p'}, (13.31)

CO",p*") = {yeR:Qp(y) <p}. (13.32)
Proof. Combining (13.27) and (13.28), we have

/Y <Qo*(y)—p*)(9(y) —0"(y)dy < 0  VOeLF(Y;[0,1]),(13.33)

where p* = —\* —&—q(f — *) (Qg~0*). From the integral inequality (13.33),
we now deduce some pointwise information on 6*. In the sequel, we prove
that 8* = 1 almost everywhere in B(6*,p*)NY . To this end, we define the set

E = {y eBO*,p)NY : 0*(y) < 1} and the function 05 = 0" +(1-0%)x,
Using this test function in inequality (13.33), we obtain

[ (@) -1 -y <o

Since (Qg~(y) — p*)(1 — 0*(y)) > 0 for all y € E, we deduce that E is a null
set and so #* = 1 almost everywhere in B(0*,p*)NY.

Analogously, one can prove §* = 0 almost everywhere in C(6*,p*)NY.
Hence, by periodicity we get (13.29), and so the proposition is proved.

Using Proposition 2, we are now able to deduce a new expression of J
evaluated in those points #* € D, where the optimality condition (13.29)
holds. To this end, we define the set

0, = {0* € D, : there exists p* € R such that (13.29) holds}. (13.34)

For any (6*,p*) € ©, x R such that (13.29) holds, the following properties
hold (for details, see [CSMSV]): for a given Yy, € A(0*,p*) there exist two

collections of disjoint open intervals {(a;, bz)}jvjl and {(¢;, dj)}j,v:el such that

Ny Ne
B(6",p")N(y, +Y) = U(a,;,bi), (6", p" )Ny +Y) = _U(cj,d) (13.35)

where N'B,Ne € NU{+oo} and a;, b;, ¢j,d; € A(0*,p*) foralli € {1,...,Ng},
j€{1,...,Ne}. Moreover, we have

Ng Ne
D (bi—a) <AV and Y (dj—c¢;) < (1-9)|Y]. (13.36)
i=1 j=1

Thanks to this decomposition, we can give the new expression for J on
the set ©, (for the proof of the following proposition, we refer the reader
to [CSMSV]).
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Proposition 3. For any (6*,p*) € O, x R such that (13.29) holds and Yy, €
A(0*,p*), we have

2 2 Ny Ne
J(0*) = 12q|Y‘ (i—aio> [(1—7)22(bi—ai)3+72Z(dj—cj)?’]. (13.37)

i=1 j=1

In particular, the above expression is valid at mazimizers 0.

We now use the new expression of J given in Proposition 3 in order to
deduce that for all 0* € ©.,, J(0*) is equal to

of s i — 2l j —Cj
_7( 7)Y |2 (a1 0}() [7;<b;|Yl )3+(1—7)jz_:1<(1d_w>3}

Then, due to inequalities (13.36), we deduce the following bound for all 8* €

J(G*)< q2 2(1 >2ly|2( 1 1 )2 ZBbi_ai+(1 )% dj_cj
= e o oo/ |1 Y Ve Ivl )
which implies
J(0") oo )2\Y|2<i - i)Q VO* € 6,. (13.38)
- 127 i (&3] (67 i ’
Considering the function 6}, .. = X0y € O,, it is easy to sce that
T = La-aPR(=-L) (339
mazx - 127 Y ay 0 . .

Finally, we combine (13.38) with (13.39) and we obtain max J(O*) =
Y

2
520 =PV E (& - )
As a consequence of optimality condition (13.29), we have that all max-
imizers of J over D, lie in O, and so max J(#) = max J(6*). Thus, we
0eD, 0-co,

get
max J(0) = —q242(1 — 7)2[Y]? ( - i)Q. (13.40)
6eD, 12 a1 g
It is surprising to find a classical microstructure 67, ,. as a maximizer. It
follows that J(0},,,) = Jo(0Fq.) = 150°7°(1 =)V (& - L)°.

Thus, using (13.22), (13.24), and (13.40) in (13.21), we conclude that

{a0:xec}c[-gara-vve(s- - ) 0).

Qo
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Step 3: Reverse inclusion. We refer the reader to our recent pa-
per [CSMSV] for the proof of the fact that for any real number D, €

[— 5@ (1=9)HY P (L - L)2, 0), there exists a composite material defined

[e5]) «@Q

by a characteristic function x € C, such that d(x) = Dy. That is,

1 1 1\2
i v el 2 [~ L (L - L)),
{ () :xeCyp2| = o (=Y~ - o
In consequence, we get that the dispersion coefficient fills up the above
interval and we conclude the proof of Theorem 2.
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On Regular and Singular Perturbations of the
Eigenelements of the Laplacian

R.R. Gady!’shin

Bashkir State Pedagogical University, Ufa, Russia; gadylshin@yandex.ru

14.1 Introduction

We discuss the concept of singularly perturbed eigenvalue problems for the
Laplace operator.

Typical problems are the boundary value problems for the eigenvalue equa-
tions in bounded domains and the possible perturbations are a small param-
eter at higher derivatives, small holes, thin slits, thin appendices, frequent
alternation of boundary conditions, etc. The main feature of these problems
is that there exists no change of variables reducing them to problems in a fixed
domain with a regularly perturbed operator. At the same time, the eigenval-
ues of such singularly perturbed boundary value problems converge to those
of certain limiting problems. This is why, in the sense of convergence, the
eigenvalues behave in the regular way.

On the other hand, it is known that a regular perturbation of the wave-
guides can generate new eigenvalues. The opposite situation occurs for the
Helmholtz resonators and their analogues, when the perturbed problem has
no eigenvalues, while the limiting one has. So, in both cases the eigenvalues
behave “nonregularly” in the sense of the convergence.

In what follows a problem that is singular in the first sense but regular in
the second one will be called singular-regular. And vice versa, if a problem
is singular in the second sense but regular in the first one, it will be called
regular-singular. If the problem is regular in both senses, it will be called
twice-regular. And in the same way, a problem singular in both senses will be
called twice-singular.

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 135
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_14,
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14.2 The Twice-Regular Case: The Schrodinger
Operator with a Large Potential Concentrated on a
Small Set

Let {2 be a connected bounded domain in R™ containing the origin and having
infinitely differentiable boundary I', n > 2, Ay is a simple eigenvalue of a
boundary value problem

%o _ g oon 1, (14.1)

—Athg = Aot in 12, =
on

where n is the normal, and 1) is the associated eigenfunction normalized in
L2(0).
Consider a perturbed boundary value problem

(—A remay (g)) W =AY in 2, ¥*=0 on I, (14.2)

where V € C§°(£2), 0 < e < 1.
The aim of this section is to describe the short scheme of the proofs of the
following statement on the base of the regular perturbation theory.

Theorem 1. Let a < 1 be an arbitrary fired number. The asymptotics of the
eigenvalue A° of the boundary value problem (14.2) converging to Ao as € — 0
15 as follows:

A° =X+ (¥5(0) (V) + o(1)), (14.3)
where

(F) = /F(x)dx
Rn

We denote by B(L?(£2), L2(£2)) (by B(L?(£2), Hy(£2)) the Banach space
of linear operators from L2(§2) to L?(£2) (to Hy(£2)), and by B! (L2(£2))
we indicate the set of holomorphic operator-valued functions with values in
B(L*(12), L*(£2)).

We will employ the symbol A(A) to indicate the linear operator mapping
a function g € L?(2) into solution wuq of the boundary value problem,

. dug
—Aug=Aug—g in 2, — =0 on I. (14.4)
on
It is known (cf., for instance, [Ka66]), that for A close to Ag the operator A(\)
can be represented as

Ay = 20,1 A,

where
A(N) € B"(L2(0)), (14.5)
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and (e, e) indicates the scalar product in L?(§2). Moreover, it follows from the
smoothness-improving theorems for the solutions of the problem (14.4) that

A(N) € B(L*(12), Hy(£2)). (14.6)

We denote by || e]| and || e||; the norms in L?(§2) and H;({2), respectively.

Let G be a bounded domain such that G C £2, and let eG be a contraction
of the set G in 7! times. Employing the analogues of Hardy inequalities
in [Oll092] and [O1Sa91], it is easy to show that for any function u € Hy(£2)
the inequality

/ ulPdz < CLBa()llull (14.7)
eG

holds true, where fa(g) = €2 [In¢|, B,(¢) = €2 as n > 3, and the constant C}
is independent of . By simple calculations one can derive from (14.6), (14.7)
the estimate

/ [Ag(@)|| dx < o ) lgl” (14.8)
eG

We denote by V. the operator of multiplication by V(e~1x) and let
Te(A) == e “V.AN).
The definition of T.(A), (14.5), and (14.8) yield
TV € B(Ly(2),  [TLVI? < CaeB,(e).  (149)

We indicate
Se(N) == (I =T-(\) ",
where I is the identity mapping. Using (14.9), it is easy to check the following.

Lemma 1. Let o < 1. Then for X\ sufficiently close to \g and € — 0 the
function
Fe(A) := =X+ Ao + e (Se(A)Verho, tho) (14.10)

a) has the unique zero X\° which is of the first order;
b) A° has the asymptotics (14.4).

Proof of Theorem 1. We construct the solution to the boundary value
problem

(—A+e*V)u = ' —f in £, u*=0, on I (14.11)
as
u® = A(N)ge, (14.12)

where g. € Lo(£2) is un unknown function. We substitute (14.12) in (14.11)
and take into account the definition of the operator A(\) to obtain the equa-
tion for the function g. in the domain (2:
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9e — 57&‘[5"4()‘)96 = f
Applying the operator S.(A) to this equation, we obtain

g — oS Vg s 0, (14.13)
A=
We multiply the last identity by the function vy and integrate over (2. As a
result we arrive at

M) (S )
(ge> o) = A= Xg — 7 (S (A\) Vb, o) .

We substitute the obtained expression for (g.,o) into (14.13), which leads
us to the formula for the function g.:

(Ss()‘)fv ¢o) SEO‘)Ve'l/]O
A= X0 — e (S=(\)Vatho, o)

Now we substitute the last identity into (14.12) and see that the solution to
the boundary value problem (14.11) reads as follows:

9= Se N+

_ (SN 4o) (wo+ﬂ(A)SE(A)vE¢O) -
R I A AT B A

Since the function f is arbitrary, this formula implies that the pole of the
function u. (being an eigenvalue of the boundary value problem (14.2)) and
its order coincide with the zero of the function (14.10) and its order. Now
Theorem 1 follows from Lemma 1. The proof is complete.

Since the residue of the solution u® at the pole is the eigenfunction, it fol-

lows from (14.14) that the eigenfunction of the boundary value problem (14.2)
can be represented as

¥ = 1o + A(X°)S=(A°)Verdo.

A more detailed proof of Theorem 1 is given in [BiGa06].

14.3 The Singular-Regular Case: The Schrodinger
Operator with a Large Potential Concentrated on a
Small Set

The proof of Theorem 1 is essentially based on Lemma 1 for o« < 1. In this
section we give the scheme of the proof of an analogue of Theorem 1 for o < 2,
and in this case it splits into two sufficiently independent parts. For simplicity,
we restrict ourselves to the three-dimensional case n = 3.
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The first part consists of the proof of the convergence of the eigenvalues of
the perturbed problem (14.2) to the eigenvalues of the limiting problem (14.1)
and of an estimate for the solution of the perturbed problem

—« € 5 € : du®
(—A—!—e V(—))u =X +f. in 2, —=0 on I, (14.15)
€ on
for A close to Ag. Moreover, the solutions of the boundary value prob-
lem (14.15), of the boundary value problem

0
7AU0:>\UQ+fO in Q, ﬂ:0 on F,
On
and of the eigenvalue problems (14.1), (14.2) are treated in the weak sense.
Employing the estimate (14.7) under such an approach, it is possible to prove
the next statement.

Lemma 2. Let Q be an arbitrary compact set in the complex plane C con-
taining no eigenvalues of the problem (14.1). Then
1) there exists a number g9 > 0 such that for any € < g9 and any A € Q
there exists a unique solution u® to the boundary value problem (14.15);
2)if | f= = foll = 0, then the convergence

[ — wglly — 0 (14.16)
e—=0

holds true.

This lemma allows us to prove two statements which we formulate for a
simple eigenvalue of the limiting problem for the sake of brevity.

Theorem 2. Let \g be the simple eigenvalue of the boundary value prob-
lem (14.15), and 1g the associated eigenfunction normalized in L*(§2). Then
1) there exists a unique eigenvalue A° of the boundary value problem (14.2)
converging to Ao as € — 0, and this eigenvalue is simple;
2) for the associated eigenfunction 1 normalized in L?(§2) the convergence
l= — 1olln — 0 is valid as € — 0.

Lemma 3. Let the hypothesis of Theorem 2 hold true. Then for \ close to
Ao the solution to the boundary value problem (14.15) satisfies a uniform in
€ and \ estimate o

I i P A 14.17

ol < fe g 1] (14.17)
If, in addition, (u,1°%) = 0, then the uniform in ¢ and A estimate

[ully < C[lfell (14.18)

holds true.
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The second part consists of constructing formal asymptotic expansions for
the eigenvalue \¢ and the eigenfunction ¥° by the method of matching asymp-
totic expansions [[192]. Employing this method, it is possible to construct the
asymptotic series

A= Ng+ )Y Py, (14.19)
i=0 j=1
Xoa = 5(0) (V) (14.20)
V(@) = po(x) + Y Y XDy (x), (14.21)
i=0 j=1
,(/)E(:L,) _ Zzgﬁ(i’j)vi’j (g) , (1422)
i=0 j=0

where
5(27.7) =i+ (2 - a)j?

which possesses the following property.

Lemma 4. Let o < 2, x(s) be an infinitely differentiable cut-off function
being identically one as s < 1 and vanishing as s > 2, and let t be any fized
positive number,

N N
?\/ = )\0 + Z Zgﬁ(i+l7j))\i’j,

i=0 j=1
N N -
(@) = (1= X 2ta)) | (@) + D0 Dy ()
o (14.23)
N N N .
(e ) Y Yy (2)).
i=0 j=0
Then
5l =1+0(1) ase—0 (14.24)
and the function ¥y, is a solution to the boundary value problem
ov§,
(fAJrs’“V (g)) Ui = MR+ Fy i 2 SN =0 on
(14.25)
where
IF% [ = O(™M) (14.26)

and M(N) increases unboundedly as N — 00.
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Applying the estimate (14.17) for A = A%, f. = F&, and u® = ¥%;, by the
identities (14.26) and (14.24), we obtain

A=Ay = O(MI)), (14.27)

Since N is arbitrary, it implies that A\° has the asymptotic expansion (14.19).
We note that the identities (14.19), (14.20) yield also formula (14.3) as n = 3
but for a < 2.

We represent ¥5; as

U5 (2) = an (€)Y () + ¢y (x)  where (¢, ¥°) = 0. (14.28)

Using (14.25), we write the boundary value problem for w;:N and employ the
estimate (14.18) and the identities (14.26), (14.27), and (14.24). As a result
we obtain

l¥Znlh = OEM™),  an(e) =1+ o(1).

Letting ¢ = 2 in the definition (14.23) of the function W%, by the iden-
tities (14.28) and the arbitrariness in the choice of N we obtain that in
O\{z : |z| < £'/?} the eigenfunction ° has the asymptotic expansion (14.21).
By analogy, letting t = % we obtain that for |z| < 2e1/2 the eigenfunction
1° has the asymptotic expansion (14.22). In particular, it follows that for
el/2 < |x| < 22 each of the asymptotic expansions (14.21) and (14.22) is
valid.
A detailed statement is given in [Bi06].

14.4 The Regular-Singular Case: Regular Perturbation
of Quantum Waveguides

In this section we consider regular perturbations of the Dirichlet boundary
value problems:

—(A+ u)ug = —k*ug+g in I, up=0 on 0Ol (14.29)

in an n-dimensional cylinder IT = (—o0,00) x §2, where 2 C R"~1 is a simply
connected bounded domain with C*°-boundary for n > 3 and is an interval
(@, b) for n = 2. Hereinafter, u; and ¢; are the eigenvalues and eigenfunctions

of —A" == — (a‘% +oF %) in {2 subject to the Dirichlet boundary con-
dition on 992, 1 < pe < ---. The functions ¢; are assumed to be normalized

in L2(£2). It is known that unperturbed boundary value problems
—(A 4 ) = Aot in 11, o=0 on 0l

have no eigenfunctions. At the same time eigenfunctions and eigenvalues
(bound states) can emerge under perturbations. Such boundary value prob-
lems are a mathematical model describing a quantum waveguide. We study
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the questions on the existence and absence of such emerging eigenvalues and
the construction of their asymptotic expansions. The regular perturbation
treated in this section is performed by a small localized linear operator of sec-
ond order. An example of such an operator is a small complex potential as well
as other perturbations considered in [Ga021] for the Schrédinger operator on
the axis. Other examples are small deformations of strips and cylinders which
can be reduced to the case we consider by a change of variables [BuGe97],
[BoEx01], [DuEx95], [ExVu97].

Hereinafter H Jl-‘)c(H ) is a set of functions defined on IT whose restriction
to any bounded domain D C IT belongs to H;(D), and || e || and || ||, ¢ are
norms in L?(G) and H;(G), respectively. Next, let Q = (—R, R) x {2, where
R > 0 is an arbitrary fixed number, L?(IT; Q) be the subset of functions in
L?(IT) with supports in @, and let £, be linear operators mapping H4¢(IT)
into L2(IT;Q) such that ||Lc[u]llq < C(L)||ull2.q, where constant C(L) is
independent of €, 0 < ¢ < 1.

We study the existence and the asymptotics of the eigenvalues of the fol-
lowing Dirichlet problem:

—(A+p + el = Aty in I, Y. =0 on OII. (14.30)
For a small complex k, we define a linear operator
A(k) = LP(IT;Q) — HYy*(IT)

as

/ —Hlar=til g (#)g(¢) dt + A(k)g,

I

=25 (”Ek)/ Sl (1g(0) dr

where 2’ = (22, ..., z,), and K;(k) = \/p; — p1 + k2. By analogy with [Ga021]
for f € L*(IT; Q), we seek a solution of the boundary value problem

(14.31)

—(A+ g +eLu. = —k*u. + f, in I, ue =0 on OI (14.32)
as
ue = A(k)ge, (14.33)

where g. € L2(II;Q). By definition, (14.33) is the solution of the boundary
value problem (14.29) for g = g.. Substituting (14.33) into (14.32), we obtain
that (14.33) gives a solution for (14.32) if

(I —eL A(k))ge = [, (14.34)

where [ is identity mapping.
Assume L.[¢;1] # 0 and denote
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7Kg =L-[AK)g] - L1 [6),
S.(k) = —eT.(k))™". (14.35)
Applying the operator S:(k) to both sides of the equation (14.34), we obtain
that
(0~ 25 sty .001]) = 20005 (1436)
(g:00) (1= 5 (@Se()Lfon])) = (GrS.(R)). (14.37)

The equality (14.37) allows us to determine (g-.¢1). Substituting its value
into (14.36), we easily get the formula

ge = €2k <Sa(k)f> Ss(k)ﬁe [le]
T2k — £ (1S (k) Le[en])

Formulas (14.38) and (14.33) imply that, if k. is a solution of the equation

+ Se(k) f. (14.38)

2k — & (1S (k)Lc|n]) = 0, (14.39)
then the residue of (14.33) at k.:
Ve = A(ke)Se (ke) Le[¢1] (14.40)
is the solution of the boundary value problem (14.30), where
e = —k2. (14.41)

Due to (14.35) the equation (14.39) has a unique small solution with the
asymptotics

ko — s% (61L]¢1]) + O (€2). (14.42)

The formulas (14.31), (14.40) yield that if Rek. < 0, then . ¢ L?(II)
and, hence, \. is not the eigenvalue, and if Rek. > 0, then . € L?(II) and,
hence, \. is the eigenvalue. In the last case due to (14.41) and (14.42) this
eigenvalue has the asymptotics

A = —6% (p1Le]pn])® + O (€%).

In particular, the formula (14.42) allows us to maintain that in the case
(p1L:[p1]) > 0 > 0 there exists a small eigenvalue.

If L.[¢1] =0, due to (14.31), (14.33), and (14.34) it follows that the pole
k. of (14.33) is equal to zero and g. — f as ¢ — 0. Thus, there is no small
eigenvalue in this case.

A more detailed proof and examples are given in [Ga05].
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14.5 The Twice-Singular Case: Regular Perturbation of
a Quantum Waveguide

14.5.1 Convergence of Poles and Representation of a Solution
Near Poles

Assume for simplicity in describing the perturbations that the domain 2
coincides with the half-space z,, > 0 in some neighborhood of the origin (in
variables 2’), w is an (n — 1)-dimensional bounded domain in the hyperplane
7, = 0 having smooth boundary, w. = {z : ze~! € w}, I. = dll\w;. For a
given f € L%(II;Q), we consider the following singularly perturbed boundary
value problems:

*(A+N1)us:*k2us+f in 11,
ou (14.43)

€
=0 on we.

on

u. =0 on I,

Let I = 911 N 9Q, N7 = 0Q\I'F, I'F = I'P\@;. For each V € Hy(Q),
we denote by
0.1 H*(Q) — H'(Q)

the inverse operator for the following boundary value problems:
AW.=AV in Q, W.=V, on 0NF

W.=0 on IE oW

€’ On

=0 on we..

Let x*(x1) be an infinitely differentiable mollifier function equalling one for
+27 < R/2 and vanishing for 2y > R, Il = {z: = € II, +x1 > 0}, p1 be
the restriction operator from IT to I14, and let pg be the restriction operator
from IT4 to I N Q. Denote

Zi(k)gi ::; 2¢;a‘((9€ ) / (eij(k)\zlfm _ eij(k)\w1+t1|> d)j(t')gi(t) at,

j k‘)Hi
A ()= =2 [ (bl = oot} g, () (0 e+ Aa (k)9
Iy

for x € I1+, and
Ac(k)g =1 = x") AL (k)prg+ (1 —x)A_(k)p—g
+xFx o (pfAJr(k)mg +pPA_ (k)p—g) ,

for g € L*(II; Q).
We construct the solution of (14.43) in the form
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u. = A (k)g., (14.44)

where g. is a function belonging to L?(I1; Q). Substituting (14.44) into (14.43),
by analogy with [Sa80] we deduce that this function is a solution of (14.43)
in the case

ge = (I +Te(K) ' f, (14.45)

where, for any fixed e, T.(k) is a holomorphic operator-valued function and,
for any fixed k, T.(k) is a compact operator in L?(IT; Q). An analysis of this
family with respect to e (which is similar to [Ga022] and based on [Sa80]) and
the representations (14.44), (14.45) imply that there exists one pole k. — 0 of
the solution of (14.43), and for small k, this solution meets the representation

wlo) = 50 [0 Fdy e k), (1440
7

where
[telli,p < C(D, Q)| fllm (14.47)

for any bounded domain D C II.
The residue 1. at this pole is a solution to the boundary value problem

_(A + /1'1)"/}6 =X in I,

0. (14.48)
— =0 on we,
On
where A defined by (14.41) and for any fixed x; converges to ¢, as € — 0.
This convergence, the representation (14.44), and the definition of A, (k) imply
that

w& :0 on FE;

Pe(x) = aaqﬁl(x')e_“”‘kgm) +o (e_“”“s) as |x1| — oo,
where > 0 is some fixed number and
a®=1+0(l) as e—0.
In part, these asymptotics imply that there exists eigenvalue A. provided
Rek. > 0. (14.49)

Thus, in fact we need to construct and to justify asymptotics of the pole
k. which generates the eigenvalue or does not. As mentioned above in the case
of regular perturbation, the asymptotics for the pole can obtained by simple
calculations in (14.39), whereas while dealing with singular perturbation, we
have no such equation. On the other hand, the representation (14.46) and
the estimate (14.47) allow us to justify the method of matching asymptotic
expansions in constructing the asymptotics for the poles k. and for the residue
(2

The formal construction of complete asymptotics of poles for the boundary
value problems (14.43) and for Helmholtz resonator [Ga93]-[Ga97] is similar.
That is why in what follows we will construct first perturbed terms of poles
only.



146 R.R. Gadyl’shin
14.5.2 Asymptotics of Eigenvalues

Let S,, be the unit sphere in R™, let G(x,y, k) be the Green’s function of the
unperturbed Dirichlet boundary value problem in IT:

_(A +MI)G(‘T7y?k) == kQG($7yak) +5(.’L‘ - y) in I,

G(xay7k) =0 on FE7 6G('T’yak) =0 on We,
on
and 9
o 287%%(33/)%':07
0
W(xa k) == Qké_lﬂG(q% Y, ]f)|y:0~
By definition @ # 0 and
VU(z,k) — ¢1(2') as k— 0 for any fixed z # 0, (14.50)
4
¥ (z, k) = Py + (P|Sk|f;‘ +O0 (kr="*?) as r=|z[—0,k—0. (14.51)

Taking into account (14.50), outside the small neighborhood of w. we
construct the residue 1. in the form

Ve(x) ~ U (2, ke).

Near w. we construct asymptotics by using the method of matching asymp-
totic expansions [1192], [Ga93]-[Ga97] in the variables £ = e~!z. The structure
of the expansions of 1. in this zone and of the pole k. are inspired by the
following consideration. When = = &£ and k = k., both terms on the right-
hand side of (14.51) must have the same order with respect to . This degree
determines the first term in the interior layer for ¢, while the right-hand side
of (14.51) (rewritten in variables £ and for k = k.) determines the asymptotics
of this term as p = |{| — oo. For these reasons we construct the asymptotics
as

ke=¢"m+ ..., Ye(z) =evi (&) + ..., (14.52)
01(8) = By + 47, (D|S,])  up T o0 (0, pooo. (14.53)

Substituting (14.52) in (14.48) for . defined by (14.41), we obtain the bound-
ary value problem for vy:

Aevy =0 for &, >0,

vy 0 o (14.54)
— = n w

9&n ’

where IN'(w) = {{: & =0, & ¢ w}. It is known that there exists a solution
X, of (14.54) with asymptotics

v =0 on I'(w),
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X = -n —n+1
W) =&+ en(Wp " +o(p ") as p— oo,

where ¢, (w) > 0. Thus, it follows from (14.53) that
1
vi(§) =X, (), T = ch(w)|5n@2 > 0. (14.55)

By (14.52) and (14.55) we have Rek. > 0 and, hence, there exists an eigen-
value (see (14.49)) and it has the asymptotics (see (14.41))

2\ 2
NSy CET Y S

14.6 Concluding Remarks

The eigenvalues of boundary value problems are the poles of the corresponding
solutions. If one treats the problems considered above as a perturbation of the
poles of the solutions of these problems and their analytic continuations, then
the poles exist both for the perturbed and limiting boundary value problems.
Moreover, the poles of the perturbed problems converge to those of the limiting
problems, as in Sections 14.2 and 14.3, or to those of the analytic continuations
of the solutions of the limiting problems, as in Sections 14.4 and 14.5. So, from
the point of view of the perturbation of the poles, no new poles emerge. They
simply correspond to the eigenvalues in some cases and do not in others (as
in Section 14.4 for Rek. < 0). From this point of view, all the considered
problems are regular. The same situation holds for the Helmholtz resonator
and its analogues [Ga022]-[Ga97], where the pole of the solution of the limiting
problem corresponds to an eigenvalue, while that of the analytic continuation
of the solution of the perturbed problem does not.

Acknowledgement. This work is supported by RFBR and by the grant of the Pres-
ident of Russia for leading scientific schools (NSh-2215.2008.1).
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15.1 Introduction and Statement of the Problem

Let £2 be an open bounded domain of R? with a smooth boundary 02. We
assume that (2 is divided into two parts 24 and (2_ by the plane : 2 =
02, U 2_ U~. For simplicity, we assume that the plane { z3 = 0} cuts {2 and
v = 2N {xs = 0}. Let € be a small positive parameter that tends to zero.
We denote by we the e-neighborhood of v, i.e., w. = 2N {|z3| < €}; for €
sufficiently small, we assume that w. = v X (—&,¢) (see Figure 15.1). Note
that this conditions the geometry of (2 near . Let us denote by Z the two
first components of any x = (1, z2,x3) € R3, that is, T = (21, x2).

Fig. 15.1. A geometrical configuration.

We consider the eigenvalue problem

—Au® = Npuf in 2 (15.1)
ut =0 on 982’ ’
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where p. is the density function

D ifx e 2\ w:
pelw) = { qe™™ if v € w,

for m a positive parameter, and p and ¢ positive constants. We assume m > 1.
The spectral problem deals with the vibrations of a system composed of a body
that contains a thin region where the density is much higher than elsewhere,
the so-called concentrated mass along planes: the size and the density of the
region w, are of order O(e) and O(e~™), respectively, while they are of order
O(1) outside.

The variational formulation of (15.1) is: Find A\* and u® € HZ(£2), u® # 0,
satisfying

1
/VuE-Vvd:r:)\E / puvdr + —m/
2 2N\wz € Jw

For each fixed £ > 0, problem (15.2) is a standard eigenvalue problem in
H(£2). Let us consider {\$};, the sequence of eigenvalues of (15.2), with the
classical convention of repeated eigenvalues. Let {u$} 2, be the corresponding
eigenfunctions, which form an orthonormal basis in H}(§2), that is,

quv dx} , Ywe Hi(2). (15.2)

e

/QVuf -Vujdr =6;; fori,j=12.... (15.3)

The aim of this chapter is to study the asymptotic behavior of certain eigenele-
ments (A%, u®) of (15.1) as e — 0.

15.1.1 Preliminary Results

Many authors have addressed the asymptotic behavior of vibrating systems
with concentrated masses at points (cf. [LoPe03] for references), but only a few
of them consider vibrating systems with concentrated masses on manifolds.
See [GoGo02] and [GoGo04] for the vibrations of a membrane with a con-
centrated mass around a curve; [GoLo06] for problems with stiff regions and
concentrated masses along curves where very different techniques are used.
For dimension three, the only references are [Tc84], for m = 1, and [GoLo05],
for m > 1, regarding the low frequencies.

First, we introduce two inequalities which will be useful throughout the
chapter:

/ |ul? de < Cellull3(q), Yue H'(2) (15.4)
and

1
‘/ uvdx—Q/uvdi‘
€ We v

<CY2||ull vl ), Yu,v € HY(2), (15.5)
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where C is a constant independent of ,u, and v. Let us refer to [MaHr74]
for the proof of (15.4), whereas the inequality (15.5) holds from (15.4) (see
also [Tc84)).

We obtain the following bound for the eigenvalues of (15.1).

Lemma 1 For each fired i =1,2,3..., and € sufficiently small, we have
Ce™ 1 <A< Cie™ !t form > 1 (15.6)
where C, C; are constants independent of € and C; — oo when i — 0.

Proof. The left-hand side of (15.6) holds easily from the variational formula-
tion (15.2), the Poincaré inequality, and (15.4), that is,

oS fQ |Vus | dz
to= f9p|u§|2dx—|—5*m wa qlus|? dzx
[ |Vus|? d

> C€m717
Ky [, |Vus|?de + =Ky [, |Vus|? de —
where K1, Ko, C are constants independent of ¢.
On the other hand, the minimax principle gives the equality
Vo|? dz
Af = min max 2‘[9 | ‘_m s (15.7)
E, C HY(Q) ve B JogpPdo+em [, qv)ds
dimE; =1 v#£0

where the minimum is taken over all the subspaces E; C Hg(£2) with
dim E; = 4. For each fixed i, let us consider E} the subspace of H}({2),
Ef = [u1,...,u;], where {u;}$2, are the eigenfunctions of (15.10) which are
assumed to be orthonormal in H}(£2). Then, taking in (15.7) the particular
subspace E;, we obtain

Jo |Vv|? dx Jo |Vv|? dx

A < max < max — — —
¢ ve E; fo\w_ep|v|2dx+5*m fws qlv|? dz veEr €M fwe q|v|? dz

v#0 v#0

(15.8)
From the orthogonality condition of the eigenfunctions u; in HE(£2) and in
L?(v), we have

1
2q/ o dy > S Veldaoy Vo B,
’Y i
and, using (15.5), we get
1 1 .
2 [ aloPdo > IVl - CE2I ol W€ B

Now, by introducing this inequality in (15.8) we obtain the right-hand side
of (15.6) and the lemma is proved.
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Estimate (15.6) allows us to state the spectral concentration phenomena
at the origin for the low frequencies, a rescaling being necessary to detect their
asymptotic behavior. Theorem 1 in Section 15.2 characterizes this behavior
via the eigenelements of the problem

Au=0 in 2, U_,

[u] =0, {au} +A2qu=0 in 7, (15.9)
81‘3

u=20 on 042,

where the brackets mean the jump of the enclosed quantities across -y, that
is, [v] = v(Z,0") —v(z,07) for z € 7.

As happens in other vibrating systems with concentrated masses, for m>1,
the high frequencies, namely the eigenvalues \* = O(e®) with a<m —1, accu-
mulate in the whole positive real axis [0, 00). We refer to [GoL099] for a proof
of this result using spectral families for systems with a concentrated mass at
a point. See [CaZu96] for a general result for self-adjoint and compact oper-
ators, where € ranges in certain subsequences. For brevity, on account of the
results of Section 15.2, in Section 15.3, we use the result in [CaZu96] to prove
the existence of converging sequences of eigenvalues )\f( o) for problem (15.1)
with m > 1. See [GoGo04] for the results related to a vibrating membrane
with a concentrated mass along a curve.

Depending on the value of m > 1, there are different behaviors of
these eigenvalues of higher order and their corresponding eigenfunctions. For
brevity, here we provide the detailed proof for m = 3 and the frequencies of
order O(1): see Theorems 2, 3, and 4 in Section 15.3. The limiting problem
for these high frequencies was outlined in [GoLo07] without any proof. We
leave the asymptotics for the so-called middle frequencies for a forthcoming
publication.

For completeness, we summarize in Section 15.2 the results for the low
frequencies; see [GoLo05] for details.

15.2 Low Frequencies

In this section, we address the asymptotic behavior, as € — 0, of the eigenval-
ues XS of problem (15.1) for ¢ fixed and of the corresponding eigenfunctions
€

us.

For m > 1, let us assume the asymptotic expansions
A= Xe™ po(e™™h) and  wf =w; 4 o(1) in HY () — weak,

for some real \; and some function in H{ (£2) u;, u; # 0. Then, taking limits in
the variational formulation (15.2) when £ — 0 and using (15.5), we can identify
(\i,u;) as an eigenelement of the following problem: Find A and u € H}(2),
u # 0, such that
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/ Vu-Vodr = \2 / quudz, Yv € H} (), (15.10)
2 Y

which is the integral formulation of the Steklov-type eigenvalue problem (15.9).

Problem (15.10) has a real, positive, and discrete spectrum. Let us denote
by {\i}$2; the sequence of eigenvalues of (15.10), with the usual convention
of repeated eigenvalues, and by {u;}$°; the associated eigenfunctions.

Theorem 1 states the convergence of the eigenvalues A of (15.2) and their
corresponding eigenfunctions. Previously, we introduce some operators asso-
ciated with problems (15.2) and (15.10).

Let H. = H be the space H}(2). Let us consider A. the positive, self-
adjoint and compact operator defined on H. by A.f = u®, where u® € H}(£2)
is the unique solution of

/Vu5~Vvdm=€m_1/ pfvdx—i—e_l/ qfvdr, Vv € Hy(2). (15.11)
(% 2\we We

The eigenvalues of A, are {e™~1/A$}22,, where {\$}°, are the eigenvalues
of (15.2).

In the same way, we consider A the self-adjoint and compact operator
defined on H by Af = u, where u € H{({2) is the unique solution of

/ Vu-Vudr = 2/ qfvdz, Yve H(0). (15.12)
2 v

The eigenvalues of A are {1/X;}52, U {0}, where {);}32, are the eigenvalues
of (15.10) with finite multiplicity, whereas A =0 is an eigenvalue of infinite
multiplicity; the eigenspace associated with A =0is W = {v € H}(2) : v =
0 on v}.

Let Hy be the orthogonal complement of W in H{(£2) and let R. be the
identity operator from Hy to H.. By definition of the operator A, ImA C Hy;
we consider Ag : Hy — Hy the restriction operator of A. Now, A is a positive,
self-adjoint, and compact operator whose eigenvalues are {1/X;}:°,, where
{A\i}32, are the eigenvalues of (15.10).

Theorem 1. Let X be the eigenvalues of problem (15.2) and u$ the corre-
sponding eigenfunctions such that ||Vug| 20y = 1. If m > 1, for each i fized,
the sequence X5 /e™ ™1 converges, when e — 0, towards \;, the ith eigenvalue
of (15.10). Moreover, for any eigenvalue \; of (15.10) with multiplicity >

Ai = XNix1 = -+ = Niwse—1) and for any eigenfunction u of (15.10) associ-
ated with \; such that ||[Vul|p2(0) = 1, there exists a linear combination ° of
i+x—1

eigenfunctions associated with {\j,}, 77" such that 4° converges towards u in
H(0).

In addition, for each sequence u; we can extract a subsequence, still denoted
by €, such that u$ converges towards u} in H}(£2), where u} is an eigenfunction
of (15.10) associated with X\;, and {uf}2, form an orthonormal basis in the
orthogonal complement of {v € Hg(£2) : v|, =0} in HJ(£2).
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Sketch of the proof. For each ¢ > 0 and fixed f € Hy, we consider u® = A, R, f;
u® € H(£2) verifies (15.11). Taking limits in (15.11) and using (15.5) we
obtain that u® converges to u* strongly in H{(£2) when ¢ — 0, where u*
verifies (15.12), that is, u* = Agf. Thus, applying the spectral convergence
theorem for positive, symmetric, and compact operators on a varying Hilbert
space (cf. Section III.1 in [OISh92]), the convergence of the eigenvalues holds
as the theorem states.

As regards the proof of the last statement in the theorem, we refer
to [GoLo05] for further details.

Remark 1. The above theorem is related to the low frequencies of (15.1) for
m > 1. Our technique also applies to the case 0 < m < 1; then, the eigenvalues
¢ are of order O(1) (cf. Lemma 1) and the limiting problem is different
(see [Tc84] for the case m = 1 and different techniques).

15.3 Frequencies of Higher Order

The aim of this section is to study the asymptotic behavior, as € — 0, of the
eigenvalues of (15.1) of higher order than O(¢™~1) for m > 1; that is, converg-
ing sequences )\j( o) of order O(g%) for a« < m — 1. In particular, we focus on
the asymptotic behavior of the eigenvalues A® of order O(1) of problem (15.1)
for m = 3 and of the corresponding eigenfunctions u°.

For completeness, we first introduce two general results for self-adjoint
and compact operators. Lemma 2 is related to the spectral convergence for
large frequencies (see [CaZu96] for the proof). Lemma 3 is related to “almost
eigenvalues and eigenfunctions” from the spectral perturbations theory; we
refer to Section III.1 in [O1Sh92] for the proof.

Lemma 2 Let {T}.cjo,1] be a family of self-adjoint and compact operators
on a Hilbert space H. For each €, let {us}52, be the sequence of the eigenvalues
of T¢ with the classical convention of repeated eigenvalues. Let us assume that
the family T¢ satisfies the following property: for each i € N the function
pi(e) = ps is continuous with respect to ¢ in [0,1]. Then, for each 3 > 0
and A > 0 there exists a sequence €; — 0 and a sequence of natural numbers
-1
{i(g;)}jen, i(gj) — oo, such that (;fj )) 5? =\

i(&j

Lemma 3 Let A: H — H be a linear, self-adjoint, positive, and compact
operator on a Hilbert space H. Let w € H, with ||ul|lg =1 and A\, 7 > 0 such
that [|[Au — Aul|lg < 7. Then, there exists an eigenvalue \; of A satisfying
A = \i| < r. Moreover, for any r* > r there is u* € H, with ||[u*||g = 1, u*
belonging to the eigenspace associated with all the eigenvalues of operator A
lying on the segment (A — r*, X + r*], such that

2r

=l < =
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We observe that the operators A, for e € (0,1) and A, defined in Sec-
tion 15.2, verify the conditions of Lemma 2 for uf = ™71 /A5 with XS eigen-
values of (15.1). Thus, if m > 1, for each &« < m — 1 and X > 0, there exists
a sequence ¢; — 0 and a sequence of natural numbers {i(g;)};en, i(e;) — 0o,
such that

)\fgsj)/s? =\
In particular, if « = 0, we have that for any A > 0 there exists a subsequence
of eigenvalues /\f(jsj) of (15.1) converging towards A as €; — 0. For simplicity,
we still denote by e this subsequence.

As we verify in Section 15.3.1 for ae = 0, for certain sequences of eigenvalues
)\f(a) = O(e®) with o < m—1, there is a different behavior of the corresponding
eigenfunctions according to whether the values )\f( o) /e are asymptotically
near eigenvalues of certain problems or not. In fact, for m = 3, different limit
behaviors are obtained for the eigenfunctions associated with the eigenvalues
A = O(e) and A* = O(1). In the rest of the section, we address the asymptotic
behavior of the eigenfunctions u® associated with eigenvalues )\5(5) of order
O(1) under the assumption that the eigenfunctions u® satisfy (15.3).

15.3.1 The Case m = 3 and Frequencies of Order O(1)
Let us first proceed formally. We consider the asymptotic expansions
M =A+o(l) and u=u-+o(l)in Hy(02)

with A # 0. Then, replacing these expansions in (15.1), we get the Dirichlet
problem

—Au = Apu in 2, UQ_,

{ P - (15.13)

u=20 in 002 U~.

We notice a different behavior of the eigenfunctions associated with eigen-
values A° of order O(1) depending on whether they are close to eigenvalues
of (15.13) or not. Next, we state the convergence results describing this be-
havior.

Theorem 2. Let A5 be the eigenvalues of (15.1) and ui the corresponding
eigenfunctions such that |Vug| 2oy = 1. Let us assume that Ay = A
as € — 0, and the corresponding eigenfunctions u‘?(a) converge towards u in

H} (02)-weak.

i) Ifu 0, then (\,u) is an eigenelement of (15.13).

it) If (\,u) is not an eigenelement of (15.13), then ug (., converge towards 0
in L2(£2) as e — 0.

Proof. First, we prove that u = 0 on . Since (A%, u®) satisfy (15.2) and A®
and ||[Vu| p2(o) are bounded, it follows that
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1
g/ |uf|? dx < Ce?, (15.14)

where C is a constant independent of e. Then, using (15.5) and the weak
convergence in H}(§2) of u® towards u as ¢ — 0 yields that u vanishes on .
Thus, if u # 0 in 24 (£2_ resp.), taking limits in (15.2) for v € D(£24)
(v € D(£2_) resp.), we obtain that (\,u) is an eigenelement of the Dirichlet
problem in 24 (£2_ resp.) and statement i) is proved.
Statement i) holds by contradiction, and the proof is complete.

Theorem 3. Let us consz’der A>0 and {d°}. any sequence such that d® — 0
as € = 0. Let {Aj), Aj )15 5 A; 6)+k(6)} be all the eigenvalues of (15.1)
in the interval [N\ — d°,\ + d7], and u any function in the eigenspace
[’Uli(a), U?(E)+1, . ’u§(6)+k)(6)] with HV’ZLEHLz(Q) =1.

i) If there is some converging subsequence {u°*}p such that ||[0°*||z2(0) >
a > 0, for some constant a independent of ey, then (A, u*) is an eigenele-
ment of (15.13), where u* is the limit of {u°*}1 as e — 0.

i) If X is not an eigenvalue of (15.13), then @ converge towards 0 in L?(2)
as e — 0.

The assertions hold in view of Theorem 2 with minor modifications
(see [GoLo099] for the technique).

Theorem 4. Let A be an eigenvalue of problem (15.18) and u an associated
eigenfunction such that |[Vul[r2(o) = 1. Then, there are eigenvalues A5, of

problem (15.1) such that
XSy — Al < Ce'2, (15.15)

where C' is a constant independent of €. Moreover, there is a linear com-
bination @ € HE(82) of eigenfunctions associated with the eigenvalues /\f(s)

of (15.1) which satisfy A7) € [A\— Kel M Ke¥) with K >0 and 0 < 6 < 1/2,
V@®||2(0) = 1, such that

V(@ — af¢u)|| 20y < C/27, (15.16)
where C' is a constant independent of €, ¢*(x) = p(xs/e) with ¢ € C(R),

0<p<1,0(r)=04f|r] <1 and p(r) =1 if |r| > 2, and o is a sequence
of constants that converges to 1 as € — 0.

Proof. Let V. be the space H{(£2) with the scalar product
(v,w). = / Vv - Vwdx +/ pvw dx + 673/ quwdz, Yv,w € H} ().
(] 2\wz we

Let us consider B. the operator defined on V. by
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(Bev,w)e = / pow dx + 5*3/ quwdx, Yv,w € V..
Q\w_g We

Obviously, B. is a positive, self-adjoint, and compact operator whose eigen-
values are {1/(\s + 1)}$2,, where {\;}$°, are the eigenvalues of (15.2).

Let (\,u) be an eigenelement of (15.13). Let us prove that u € H?((24).
Indeed, if u # 0 in (2, let us consider the domain 29 = {(z,z3) : (Z,z3) €
2, or (z,—x3) € 2.} U~ and the function @(x) = u(z) if z € 2, and
a(z) = —u(z, —x3) if (T, —x3) € §2;. Because of the geometry of 2, the
boundary of £29 is smooth. Besides, we can check that (X, @) is an eigenelement
of the Dirichlet problem in 93_ In fact, from the definition of u, it is clear
that —A4 = Az in 2, and ()3 N {x3 < 0}. Moreover, since & vanishes on 7,
applying the Green formula, we have that for any ¢ € D(Qﬂ)r),

< —Aﬂ,w >'D’(QO)'D(QO): —/ ’lTLA'(/)d.'I}: VﬂVz/de
+ + Qg, 93,
Ot ot
— Ampd:c—/ Aﬂwda:—/ a9 ) yaz,
24 Q$O{$3<O} ol 81'3 Y+ 8%3 v—

(15.17)

where v, denote v(Z,0F), respectively (cf. Section II1.9 of [SaSa89]). Now,
using again the definition of 4, the last term in the above expression is zero and
—Au = M in 29 in the sense of distributions. Thus, (A, @) is an eigenelement
of the Dirichlet problem in £29; consequently, & € H?(2}) and u € H*(£2,).

The same proof holds for 2_.
Let u and ¢f be as the theorem states. It is clear that ¢*u € H}(§2) and
IV (u = ") Z2) < CrllVulZz

(woe) T C2€_2HU||2L2(W25)’

where C7 and Cy are constants independent of € and ws. denotes the 2e-
neighborhood of 7. As u vanishes on +, using the techniques to derive (15.5),
we obtain

ullE2 () < CEXNVUlTa (-

Also, since u € H*(24), (15.4) gives

IVull72 2y < Cellullirea,),

where wzis denote wo. N (24, respectively. Hence,
IV (1 — )| 20y < Ce'?, (15.18)

with C a constant independent of €. Let us note that

1
o ullZ — ||VUH%2(Q) + ||UH%§(Q) =1+ N e 0.
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In order to apply Lemma 3, we prove the following estimate:

1
(=),

where v¢ = p°u/||pul|..
Because of the definition of B, (-,)s, ¢°, and the fact that (A, u) is an
eigenelement of (15.13), we can write

< CeY?|w|., Yw e VL (15.19)

—/\/ (¢°u — u)w dx

ou
8x3

14+ A

ou
— [ V(¢*u—u)-Vwd +/
/Q (¢°u —u) - Vwdx (6363

for all w € H}($2). Besides, since u € H?({21), it can be verified [see the
technique for (15.5)]

(I+ ) ‘(Bg(gasu) - Lgp Uy W)e

) w dz(15.20)

Y+ Y-

wda‘cfl/ ﬂwdm

3 8303

0%u

2
Oxs

ou
8333

ow

<
¢ 8163

[ +'

L?(wf)]

with C a constant independent of ¢, and, because of (15.4) and the definition

of (+,+)e, we get
[
~ 3:53

Thus, from (15.20), (15.18), and (15.21), (15.19) holds.

We apply Lemma 3 with A = B., H = V., u = v%, and r = Ce'/?, and
we deduce that there exist eigenvalues A7) of (15.1) verifying [1/(A ) +1) —
1/(A +1)| < Ce'/2, and, since Aj(e) are bounded by a constant independent
of e, (15.15) is true.

In addition, if we take 7* = ¢/ with 0 < # < 1/2, Lemma 3 ensures the
existence of ©°, with ||2¢]|. = 1, 0° belonging to the eigenspace associated with
all the eigenvalues of operator B, lying on the segment [1/(A+1) —? 1/(A+
1) 4 €], such that ||o° — v®||. < Ce'/?7%. Then, ||V175||%2(Q) = 1/(1+1/X),
and (15.16) holds for a¢ = f)s/HVfJEHLz(Q) and af = 1/(||V17€||L2(Q)||(p8u||5).
Therefore, the theorem is proved.

L2(w¥) L2(wF

wdz| < CY?||w|., Vw e H(2). (15.21)

RE=

Remark 2. Note that, because of the geometry of the problem, the proof
n (15.17) provides the smoothness of the eigenelements of (15.13) in 29
and consequently in (2.
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On J. Ball’s Fundamental Existence Theory
and Regularity of Weak Equilibria in Nonlinear
Radial Hyperelasticity

S.M. Haidar

Grand Valley State University, Allendale, MI, USA; haidars@gvsu.edu

In 1982, J. Ball formulated a pioneering theory on the existence and unique-
ness of weak radial equilibria to the pure displacement boundary value prob-
lem associated with isotropic, frame-invariant strain-energy functions in non-
linear hyperelasticity. In the theory [Bal82], he posed the following question:
“Does strong ellipticity (‘of the stored energy’) imply that all solutions to the
equilibrium equations which pass through the origin and have finite energy
are trivial?” J. Ball’s work depended critically on the number of elasticity
dimensions.

In this chapter, we will present models in n-dimensional elasticity that
establish that the answer to J. Ball’s question is negative. This work extends
to higher dimensional elasticity the approach and results we presented, for
the first time, on this question in [Ha07]|. These models also provide further
insight into another central, (very) difficult problem of nonlinear elasticity,
namely, that of regularity of weak equilibria, which would be hard to gain by
other methods such as the common, but delicate, phase plane analysis.

16.1 Introduction and Purpose

In effect, we consider a nonhomogeneous, isotropic, hyperelastic material body
which occupies the open, bounded subset {2 of R3 in a reference configuration
that we assume to be stress-free. The mechanical properties of the material
body are characterized by a stored-energy density function

W2 x MP? —0,00).

To effect an extreme deformation, that is, to compress the body towards zero
volume or to extend it to infinite volume requires an infinite amount of energy.
This natural observation amounts to having W obey the following reasonable
growth behavior for each x € (2:

W(x,F) = +oo as det F— 0T or + oo. (16.1)

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 161
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We further assume W to be frame-indifferent and isotropic. That is, W re-
spectively satisfies

W(z,RF)=W(z,F) and W(x, FR)=W(z,F) (16.2)

forall x € 2, F € Mi”, and R proper orthogonal. For details, see [TN65]
and [CS94].

It is well known that (16.2) holds if and only if there exists a function
¢ : 2% (0,00)% — R such that, for all F € Mixg, ¢(x,-, -, ) is symmetric and

W(va) = (]5(:1771/1, V27V3)~

The v;’s are the singular values of F', and they represent the principal stretches
of F. For details, see [RE55] and [TN65].

In addition to the regularity relationship between W and ¢ (e.g., W € C*
if and only if ¢ € C*, k € N), there is an important connection between their
constitutive behavior. If W € C1(£2 x M?*?) and is rank-one convex, then ¢
satisfies the Baker—Erickson inequalities:

(VZ‘@Z‘ — l/j@j)
(vi = vj)

for i # j, v; # vj, ®; = 0¢/0v;, i =1,2,3. (For further details, see [TN65].)
The Baker—FEricksen inequalities are physically a very plausible constitu-
tive criterion inasmuch as they ensure the preservation of order between the
greatest stress and the greatest extension.
In the absence of external forces, the total stored energy associated with
a deformation u(-) of the body is given by

>0 (16.3)

u— J(u, 2):= / W (z, Vu(x))dz, (16.4)
Q
and the equilibrium equations are given by the Euler-Lagrange equations:
. [ow
div {M‘(I,F)} =0, z€,

where F' = Vu(z). For a given positive real number A\, we mainly reconsider
the questions of regularity and coexistence of nontrivial equilibrium solutions
of

div [(?/FV(;E,F)] =0, in {2 (16.5)
u(z) = Axr on Of2. (16.6)

We hereinafter use the abbreviation (DBVP) to refer to the displacement
boundary value problem consisting of equations (16.5) and (16.6). Generally,
for a pure displacement boundary value problem of nonlinear elasticity, it is
sufficient [AB78] to consider only those deformations for which the condition



16 On J. Ball’s Fundamental Existence Theory 163
det[Vu(z)] >0

holds for each = in f2. (See [Mor66].) This condition ensures, among other
properties, the invertibility and order preservation of the admissible deforma-
tion. We also remark that (16.6) is to be understood in the sense of the trace
on 082 (see [AdaTh]).

By restricting the geometrical structure of {2 to be the unit ball in R?,
Ball [Bal77b] and [Bal82] discussed favorable conditions other than rank-
one convexity and quasi-convexity of the stored-energy density to ensure the
uniqueness of homogeneous radial equilibria to (DBVP). In this case, the ad-
missible deformations are considered to be of the form

u(z) = 7 O (16.7)

where R = |x|.
For u € WH(£2;R3), the weak derivatives of u in (16.7) are given by

_ 7”(]1;) + x}?f {r’(R) — T(]]j)} , forae zef2 (16.8)

Equation (16.8) implies that
vy =1, vg=v3=r/R.

The total energy functional J(u; 2) in (16.4) now becomes J(u; 2) = 4w I(r),
where

1
I(r) = / R%(R;7',r/R,r/R)dR. (16.9)
0
It is known ([Bal82], Theorem 4.2) that u(z) = (r/R)z € WH1(2;R3) is a
weak equilibrium solution if and only if 7/(R) > 0 a.e. in (0,1), R?¢,; (R) and
R
R%¢,5 (R) € L'(0,1), and R?¢,; (R) =2 / pdyo (p)dp + const., a.e. in (0,1),
1

o T(R) r(R)
where ¢,; (R) = ¢ (R,r, 7R
solution will minimize the functional I(-) of (16.9).

In [Ha07], we constructed models in plane elasticity of strongly elliptic
strain-energy density functions of the form

for ¢ = 1,2. A stable equilibrium

W(z, F) = R™3[det (R(1 — 7)F) — 1] [det(R* " F)] ", (16.10)

where v € (0, 1), and a and b are positive real numbers. There we showed that,
for certain choices of @ and b, the equilibrium equations associated with (16.10)
admit nontrivial weak solutions of the form r(R) = AR” for which the total
energy is finite. In other words, we showed that strong ellipticity of W is
not sufficient for equilibrium solutions passing through the origin and having
finite energy to be trivial. In fact, those models may be modified to produce
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nontrivial equilibria having the same energy value as the global minimizer
of the functional J, namely, zero. Nonetheless, our plan here is to generalize
the approach in [Ha07] to three-dimensional elasticity. We do so in the next
section, which is the main part of this work. But first we remark the following
from [Ha07].

Remark 1. Let f(R,r,r") denote the integrand of I(r) in (16.9), namely,

ror

R,r7") = R¥*(R;r", =, —
F(Ror ) = BPO(Ryr 7, ©
For some « € (0,1) and for every £ > 0 we assume that [ satisfies the following
constitutive property:

). (16.11)

f(eR,e7r, ey = e (R, v, 7). (16.12)

This homogeneity property was used in [BM85] to study the regularity of min-
imizers for one-dimensional variational problems in the calculus of variations.
See [Hai00] for a physical interpretation of this scale-invariance property. Set-
ting e = % in (16.12) yields

f(Ryrr")y =R f(1,rR™7, 7' R'™7). (16.13)

Let
P(R,7')=7"R'"™ and X(R,7)=rR".

Relation (16.13) may now be rewritten as

f(R,r,1") = R™'e(P, X), (16.14)
where
e(P,X) = f(1,X,P).
Due to the symmetry property of ¢(R;-,-,+) in vy, ve, and v3, we observe that

o(R;7',r/R,r/R) is the restriction of ¢(R;vy,vs,v3) to the plane vy = vz =
r/R. Equivalently, e(P, X) is the restriction to the plane X; = X5 = X of
the symmetric quantity E(P, X1, X3) associated with ¢(R;v1,vq,vs), where
X; = vy R for i = 1,2. Moreover, the condition ¢,11 (R;7',7/R,7/R) >0
is equivalent to e,p, (P, X) > 0.

For some X € (0,400), observe that an r(-) of the form r(R) = ARY must
be an absolute minimizer for I(-) in (16.9) because along such r(-) and in the
light of (16.14) one has

1
I(r):/o R™Y e(My, \)dR,

which will yield the value zero only if there is a zero of e of the form (A, \)
in the PX-plane. So an r(-) of the form r(R) = AR" corresponds to a point
along the line P = vX in the PX-plane or, equivalently, to an admissible
solution of the ordinary differential equation P = v X.
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16.2 Construction of Models and Regularity of Weak
Equilibria

Before we proceed with the construction of models, we would like to recapitu-
late the various underlying properties of the stored-energy density function ¢
in three-dimensional elasticity. In two-dimensional elasticity these properties
maintained the same form. In either case, based on the foregoing analysis, ¢
or, equivalently, the integrand f in (16.11) of the total energy functional is
expected to obey the following standing assumptions:

3-D Elasticity 2-D Elasticity
(A1) ¢11(R;7",r/R,7/R) >0 ¢11(R;7",r/R) >0
(A2) ¢(R;vy,v2,vs) is symmetric ¢(R; v1, 1) is symmetric
in vy, v, 3 in vy, vy
(A?)) hml/1,V2,ll3—>0+ d) 1im1/1,l/2—>0+ ¢
- 1imll1,l/2,l/3*>+00 Cb = +OO = limV17lI24)+OO (b = +OO
(A4) for some v € (0,1) for some v € (0,1)
and for every € > 0 and for every € > 0
d(eR; e’ 7 e /R &7 1r /R) d(eR; e’ 7 r/R)
=e '¢(R;,7/R,T/R) =e 'o(Rir',r/R)
(A5) ¢ satisfies the Baker—Ericksen ¢ satisfies the Baker—Ericksen
inequalities: inequality:
Vigi — Vi®; -0 Vg1 — V22 S0

v —Vj Vy — V2
i#7€{1,2,3}

Condition (A3) is the equivalent of the extreme deformation property (16.1).
The natural growth condition (e.g., superlinearity in r’ as r’ — +00) usually
seen in existence theorems in nonlinear elastostatics could be dispensed with
in the present development since the class of ¢’s which we construct enables
us to obtain explicitly the energy minimizers in different spaces.

Condition (A5) represents the Baker—Ericksen inequalities which were
mentioned earlier in (16.3). Condition (A4) is simply the homogeneity prop-
erty (16.13) expressed in terms of ¢. It is this property which allows us to
make use of field theory and thereby enables us to obtain the desired nontriv-
ial minimizers.

A successful model consists of a function ¢ satisfying conditions (Al)-
(A5). A striking difference between the model in [Ha07] and this model is
reflected by the symmetry condition (A2). In this case, ¢(R;7’,r/R,r/R) is
the restriction to the plane v = v of the symmetric function of (A2). We
now construct the model in question.
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16.2.1 Construction of Models
To begin with, for @ and b € R, let us consider
é(P,X):=|P— X|*(PX?)". (16.15)

Since € has no zero along P = yX, é cannot actually serve as an example
by itself. However, it will be used later in the construction of our model.
This é(P, X) is the restriction to the plane X; = X5 =: X of the symmetric
function given by

~

E(P, X1, Xs):== [|[P—X1|"+|P—Xa|+| X1 — X|°] (PX1X2)~".  (16.16)

1
2
Hence, condition (A2) holds for E. Let us verify that F satisfies the rest of
the conditions.

E)pp(P,X) >0, whenever a —b—1>0,

lim E = 400,
P,X —+oc0 OF 0F

and the Baker—Ericksen inequalities easily follow, i.e.,

PEp— X E x,

PoX, (P,X,X)=a(P—-X)"2(PX?)~"2P 4+ X] > 0.

Thus, E satisfies (A1)~(A5), but again it does not have a zero along P =
AX; = AX5. [See Remark 1 on page 164].

However, by using (16.15), we can now construct a function E with an
appropriate zero. Consider the following:

2(P—X)*(PX2)"" + cA(P, X), 0<PX2<2
e(P,X):=(P—X)*(PX2=3)° + N(PX2-2)2 + cA(P,X), 2< PX2?<3;

N(PX?-4)2 + eA(P, X), PX?>3
(16.17)
where the numbers ¢, N, and ¢ are to be determined later, and the function
A(-,-) is defined by

Model 1: A(P, X) := (PX? — 4)?
Model 2: A(P, X) := (P — a)*(X — ) + (P — vya)*(X — ya)4,
where a = (4/7)'/3.
In either case, A(yXo,Xo) = 0 <= Xy = «. For instance, in Model 1,
e(P,X) = (N +¢)A(P,X) for PX? > 3. Thus, e(yXo, Xo) = 0. Hence, inf

I(r) over W15(0,1) for s < 1/(1 — ) is indeed zero while, for s > 1/(1 —~),
the curve associated with the zero of e is no longer admissible.
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Note that the function e of (16.17) is the restriction to the plane X; =
X5 = X of the symmetric function given by

WLE(P, X1, Xs)+eA(P, X1, X2),  if0< PX1Xy <2;

%[(P—Xl)a—i—(P—Xg)“—l—(Xg—Xl)a] (PX;X%-3)°
E(P, X1, X3):=
4 N(PX1X2—2)2 4 cA(P, X1, Xa), if2 < PX1 X5 < 3;
N(PX1X274)2+€A(P,X1,X2), it PX1X5 >3
(16.18)

where E is as in (16.16) and A is given by

Model 1: A(P, Xl,XQ) = (PX1X2 — 4)2
Model 2: A(P, X1, X3) := (P — a)?(X; — a)?(X2 — a)?
+ (P —7ya)* (X1 —ya)* (X2 —vya).
This establishes the symmetry of the integrand. Hence, condition (A2) is
satisfied. Condition (A3) is also satisfied since it holds for E as discussed
earlier and since the increment A is > 0 everywhere.
To complete the construction there remains to ensure that E, as defined

over regions IT and IIT (see Figure 16.1), does obey the rest of the conditions,
namely, (A1), (A4), and (A5).

I

PX’=3

PX?=2
> X

Fig. 16.1. Restriction to the plane X; = Xs = X.

The homogeneity condition (A4) is obviously satisfied.

Since E, as defined over region III, is strictly convex in the variable
PX;Xs, then condition (Al) is immediate in that region. This also implies
that E in IIT is rank-one convex and thus the Baker—Ericksen inequalities
necessarily hold, as we discussed earlier in (16.3). Another way of verifying
that condition (A5) holds for such functions is as follows.

The function E as defined over region III is of the form
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(h Ot)(PleaXQ)a

where ¢(P, X1, X5) = PX;Xs. In terms of (P, X1, X5) inequalities (A5) are
given by

PE; — PE .,

— = >0 =1,2,3 16.19

‘PZ _ Pj — ) ? # j Y ) ) ( )

where (Pl,P27P3) = (P,Xl,XQ).
E; =N PP, i€ {4k},

E;=1h"- PPy, J & {ik}.

P,E, — P;E; = 0 and thus (A5) automatically follows. This also holds for
that part of E over region II which corresponds to hydrostatic pressure (i.e.,
it is a function of det F'). Therefore, the only less obvious part of F in region

II corresponds to
(P - X)*(PX?*-3)".

Let g(P, X) := (P — X)*(PX?—3)¢+ N(PX? —2)2. It suffices to prove that
g.rp > 0.

Proposition 1. We have g pp > 0.

Proof. We have

grp = ala—1)(P—X)*"?(PX%?-3)° 4+ 2acX?*(P—X)*" Y (PX?-3)!
+ cle—1)XH(P-X)4(PX?-3) 242N X"
= {la(a — 1)+2ac+c(c—1)](PX?)*~6a(a — 14+c)PX*—2acPX?
+ 6acX®+2¢(c—1)PX® + ¢(c—1)X°
+ 9a(a—1)}(P— 2X)*"2(PX?-3)° 242N X, (16.20)

Using (16.20), we introduce S(-,-) and H(-,-) as follows:

S(P,X) :=[a(a — 1)+ 2ac + c(c — D)](PX?)? — 6a(a — 1 4+ ¢)PX?
H(P,X) :=c(c—1)X® + 6acX?® — 2acX3(PX?)
+ 2¢(c — 1) X3(PX?) + 9a(a — 1) + 90X *,

where 9¢ = 2N. We want to show that S(P, X) > 0 and H(P, X) > 0.
Since PX? > 0, then

S(P,X)>0 < ala—1)+2ac+c(c—1)—3a(la—1+¢)>0
— A—(1+a)c+2a(l—a)>0
~— ¢ > 2a. (16.21)

Since 2 < PX? < 3, then
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H(P,X) >0 <= clc—1)X% — 6c(c—1)X3 + 9a(a—1) + 9¢X* > 0. (16.22)

The proof of (16.22) is a bit tricky.

Case 1. Suppose that X > 1. Then X% > X3 and it is clear how to choose
¢ to make (16.22) hold. Nevertheless, let us do the following: put X3 =: ¢,

H(P,X)>0<+= Q(t) :=c(c — 1)t* — 6¢(c — 1)t +9[a(a — 1) + £] > 0.

Choosing ¢ such that
clc—1)—ala—1) <,

implies Q(¢) > 0 for all ¢ > 1.
Case 2. Suppose that X < 1. Then X* > X6 and

H(P,X) >0 <= [c(c— 1)+ 9t* — 6c(c — 1)t +9a(a — 1) =: q(t) > 0.
Choosing ¢ such that

cle—1)
m[c(c —1)—ala—1)] < ¥,
makes ¢(t) > 0 for all ¢ < 1. Let us now take
¢ :=max{c(c—1) —ala—1), ;a((ca__ll))[c(c —1)—a(a—1]}.  (16.23)

With this choice of ¢, it follows that H (P, X) > 0.
For a =2 and 2 < PX? < 3 it is not difficult to see that

g.pp > (PX?*—3)"?[S + H] (of course ¢ > 2a).
Relations (16.21) and (16.23) imply that g pp > 0 (ie., E pp(P,X,X) > 01in
region II.) This completes the proof of Proposition 1.

To finish the construction of the model there remains to verify that g
satisfies the Baker—Ericksen inequalities. Recall that ¢ is the restriction to
the plane X; = Xy = X of the symmetric function given by the following
expression:

1

2
Clearly, the term (PX;X;—2)? verifies inequalities (16.19). Let G(P, X1 X5)
denote the remaining term in expression (16.24). By direct computation, it
follows that

Gp=al(P—X)" "+ (P— X2)" 1(PX, X, — 3)°

[(P—X1)*+(P=X3)*+ (X1 — X5)*|(PX1X2—3)+ N(PX1 X2 —2)%. (16.24)

+ X1 X2(PX1 X5 —3) (P — X1) 4 (P — X2)* + (X1 — X2)7;

Gx, =a[~(P— X)) "4+ (X; — X;)" (PX,1 Xy — 3)°

+ cPX;(PX1Xo —3) (P — X1)* + (P — X2)* + (X1 — X2)];

)
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where i # j € {1,2};
PG p — X,G x,

e (P, X,X)=a(P—X)*"?(PX?*-3)°(2P+X) >0, fori=1,2.

By symmetry the remaining inequality of (A5) also follows. Hence, E, as
defined in (16.18), satisfies (A1)-(A5), and consequently the construction of
the models in question is now complete.

16.3 Concluding Remarks

1. The exponent 2 in the term A(P, X)) is immaterial (see Section 16.2.1).
Choosing a sufficiently large exponent, we can therefore obtain a stored-
energy function corresponding to strong materials which still exhibit a
rather strong singularity at the center of the ball, just as in r(R) = AR".

2. There is nothing specific in choosing the boundaries of regions I and II
to be PX? = 2,3. In fact, one can take any two distinct positive real
numbers k; and ko, form the curves PX? = k; and ks, and then closely
follow the same steps as above to get similar results.

3. Our model shows that strong ellipticity of the strain energy in higher
dimensional elasticity is not sufficient for equilibrium solutions passing
through the origin and having finite energy to be trivial. It admits non-
trivial, singular solutions of the form r(R) = AR having the same energy
value as the absolute minimizer!

In n-dimensional elasticity the above model still corresponds to a natural
state and also yields a nontrivial equilibrium solution, exactly the case
n = 2 as in [Ha07]. We should also note that these solutions shape the
common property ', 7 — 400 as R — 0% as do cavitation solutions in
which 7(0) > 0. This means that the singular behavior of ¢ as v; — 0T
does not play any role in the existence of such nontrivial solutions.

This provides further insight into the fundamental question of regularity
for nonconvex W’s. How regular can the solution be? Can it be in W$(0,1)
for s > ﬁ or even in a smaller space? While very little is known about
this question, it would be worthwhile investigating the possible existence of
other nontrivial, singular solutions of the form #(R) = AR®Y for 8 > 1 for
which the energy functional shows a gap in its infimum over the two different
admissible spaces. Such singular solutions might be connected with material
defectiveness such as the onset of fracture. Nonconvex strain energies (W’s)
are of interest since they can be connected with materials that undergo phase
transitions (see [Er73]). Likewise, singular equilibrium solutions such as those
above might be connected with material defectiveness such as the onset of
fracture. These issues also shed light on another equally important question:
that of obtaining formulations of the problems that are amenable to successful
numerical treatments.



16 On J. Ball’s Fundamental Existence Theory 171

Acknowledgement. This work was partially supported by a grant from the office of
Research and Development under Dean P. Kimboko and by a grant from the office
of Faculty Teaching and Learning Center, both at Grand Valley State University.

References

[Ada75] Adams, R.A.: Sobolev Spaces, Academic Press, New York (1975).

[AB78] Antman, S.S., Brézis, H.: The existence of orientation-preserving deforma-
tions in nonlinear elasticity, in Nonlinear Analysis and Mechanics, Vol. 11
(Knops, R.J., ed.), Pitman, London (1978).

[Bal77b] Ball, J.M.: Convexity conditions and existence theorems in nonlinear elas-
ticity. Arch. Rational Mech. Anal., 63, 337-403 (1977).

[Bal82]  Ball, J.M.: Discontinuous equilibrium solutions and cavitation in nonlinear
elasticity. Phil. Trans. Roy. Soc. Lond. A, 306, 557-611 (1982).

[BM85]  Ball, J.M., Mizel, J.V.: One-dimensional variational problems whose min-
imizers do not satisfy the Euler-Lagrange equation. Arch. Rational Mech.
Anal., 90, 325-388 (1985).

[CS94]  Chen, W.F., Saleeb, A.F.: Constitutive Equations for Engineering Mate-
rials, Elsevier, New York (1994).

[Er73] Ericksen, J.L.: Loading devices and stability of equilibrium, in Nonlinear
Flasticity (Dickey, R.W., ed.), Academic Press, New York (1973).

[Eri83]  Ericksen, J.L.: Ill-posed problems in thermoelasticity theory, in Systems
of Nonlinear Partial Differential Equations (Ball, J.M., ed.), Reidel, Dor-
drecht (1983).

[Ha07]  Haidar, S.M.: Convexity conditions in uniqueness and regularity of equi-
librium in nonlinear elasticity, in Integral Methods in Science and En-
gineering: Techniques and Applications (Constanda, C., Potapenko, S.,
eds.), Birkhéduser, Boston, MA (2007), 109-118.

[Hai00] Haidar, S.M.: Existence and regularity of weak solutions to the displace-
ment boundary value problem of nonlinear elastostatics, in Integral Meth-
ods in Science and Engineering, CRC Press, Boca Raton (2000), 161-166.

[Mor66] Morrey, C.B.: Multiple Integrals in the Calculus of Variations, Springer,
Berlin (1966).

[RE55]  Rivlin, R.S., Ericksen, J.L.: Stress-deformation relations for isotropic ma-
terials. J. Rational Mech. Anal., 4, 323-425 (1955).

[TN65] Truesdell, C., Noll, W.: The non-linear field theories of mechanics, in

Handbuch der Physik, Vol. II1/3 (Flugge, S., ed.), Springer, Berlin (1965).



17

The Conformal Mapping Method for the
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The Helmholtz equation describes a lot of physical processes. For example, in
quantum chaos some model systems are described by the Helmholtz equation
with appropriate boundary conditions. One of them is the quantum billiard
problem (see [BuO1], [Gr01], [Gu90], [KoSc97], [Si00], and [Si70]).

Generic billiards are one of the simplest examples of conservative dynam-
ical systems with chaotic classical trajectories.

According to this model, the particle is trapped inside the simply corrected
region D with the boundary S, in which it can move freely and this movement
is ballistic.

In this case, the Schrodinger equation for a free particle assumes the form
of the Helmholtz equation (see [Gr01], [Gu90], [Si00], and [Si70]).

This chapter deals with the two-dimensional homogeneous problem for the
Helmholtz equation in the finite domain D with the boundary S. The following
problem is considered.

Problem 1. Find a real function u(x,y) in D having second-order deriva-
tives satisfying the equation

Au(z,y) + Nu(z,y) =0

and the boundary condition
u’ s =0,

where ) is a constant to be determined.

The constant A2 reflects the energy levels of the particle.

We need to calculate the eigenvalues and eigenfunctions for the Dirichlet
boundary conditions (hard-wall conditions) of Problem 1.

The spectrum of this equation is discrete, and the distribution of the energy
levels is determined by the form of the area [Bi88].

In this chapter, Problem 1 is investigated by means of the conformal
mapping and integral equation methods, and particular cases are considered
(hexagon, cardioid, and lemniscate).

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 173
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Let z = f({) be the conformal mapping of the rectangle Dy{0 < ¢ < q;
0 <n <b}of(,(¢=¢&+1in), plane on the area D of the complex z-plane
where (z = 2 + iy). The boundary of Dy is denoted by Sy.

This mapping reduces Problem 1 to the following problem.

Problem 2. Find a real function wug(z,y) in Dy having second-order
derivatives and satisfying the equation and boundary condition

Aug(€,m) + N2 F/(O uo(€,m) = 0, (17.1)
Uo |SO = 07

where uo(&,n) = u(f(¢)) and X is a constant to be determined.
Using the Poisson representation, we can reduce Problem 2 to the equiv-
alent integral equation [Bi88§]

w(@) =5 [ IFQOP KW wOdedn =0, GeDy (72
Co = &o + Mo,
where
(€ = Go) 7(C + o)
o(¢—Co)o(C+ (o)
Here is a definite branch of this function, o is the Weierstrass function for

the periods 2a and 2b, (, = & — ino (see [LaSh87] and [JaEnLo60]), and o is
given by the formulas

K(Ca CO) =In

2 5¢%/4a
_ 2ae™ T gl(g);
0.(0) 2a

g

M; g=e"" x=—, (17.3)
n sinh mnac a

I (¢) = Insinm¢ + >
n=1

where 6 is the Jacobi function and § is a specific constant.
Using Banach’s theorem, we easily prove the next assertion.

Theorem 1. If

X1

2r ~d(D)’
where d(D) is the diameter of D, then equation (17.2) has only the trivial
solution.

Let us introduce the notation v(¢) = | f'(¢)|?uo; then we can rewrite equa-
tion (17.2) in the form
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A2
o) == FOF [ K(CG)Qdedn=0. GeDo  (174)
Co = o + ino-

We admit that the function u in the rectangle Dy is representable by the
Fourier series

u= Z Cmn sin 2% f sin % (17.5)

m,n

Substituting (17.5) into (17.4), we obtain

)\2
G0) = 5 WGP S Con [ Ko sin € sin e =0, (170

Multiplying (17.6) by ,/% sinmy 2 &o sin 3* 1o and integrating over the
rectangle Dy, we obtain

Conyny — Zcmn mn =0, mi,n=1,2,..., (17.7)
where

mm nmw
m1n1 | sin o £ sin—n
Do Do

X sin i &o sin mr Mo d€ dnd&q dnyg.
a

The formula (17.7) represents the infinite system of homogeneous linear alge-
braic equations with respect to Cy,,p, -

As the three parameters of the conformal mapping can be chosen arbi-
trarily, we can assume, for example, that » = g =10, (e = 1, b = 10), so
g = e ™ (see (17.3)) will be sufficiently small and the series in (17.7) is
convergent; then with a high accuracy we can write the approximate formula

/\2 ™o,mo
le’ﬂl - 5 Cmn m1n1
2m
m,n

O7 mi,nyg = 1,...,m0. (178)

This is a finite system of homogeneous linear algebraic equations. As we
seek a nonzero solution, the matrix of this system bhould be 5ingular; on the
diagonal of this matrix we will have the terms 1 — 5~ fli, 1 — 5~ f{2 ...,

The determinant of this system should be zero, and we obtaln an equation
of the (mg)2-th order with respect to A2.

Let us consider some examples.

For polygonal areas, |f’(£)| takes the form
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n
F©O=CT](Cosn¢—a;)™ "en¢- dng, (17.9)

j=1
where C' and Cy are specific constants, a1, ..., a, are the points corresponding
to the vertices of the polygon, and cy,...,c, and a;7 are the angles of D,

j=1...,n.
For a hexagon, (17.9) becomes

1) = C’{Co sn ¢ (cg sn*¢ —af)(cfsn 3¢ — a%)} cn (dn (.

W=

We can use the formulas for the small ¢ [JaEnLo60],
SN U R sin@(l + 4q cos? @),
2a 2a

™ ™
cn u R cos—(l — 4qsin® —),
2a 2a

dn u ~ 1 — 8¢sin® ﬂ,
2a

and C' = % and Cy ~ 3.2. After simple transformations we can calculate
the coefficients f;", using Mathcad or Maple, so we can find the eigenvalues
of system (17.8), and consequently, the corresponding independent solutions
Cpn (Fourier coefficients of w). Thus, we obtain approximate solutions of

Problem 1.

Remark 1. In some cases, it is more convenient to use mapping on the circle.
Thus,
(i) for the cardioid,

1

2=fO=V6 ['O=57

(ii) for the lemniscate,

2= f(¢)=(¢)?% f() =2

In these cases, is not necessary to consider the integral equation. We con-
sider equation (17.1) and, by separation of variables, obtain the solutions of
Problem 1 directly in terms of the Hankel functions.
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18.1 Introduction

A problem on scattering acoustic waves by a thin cylindrical screen is studied.
In doing so, the Dirichlet condition is specified on one side of the screen, while
the impedance boundary condition is specified on the other side of the screen.
The solution of the problem is subject to the radiation condition at infinity
and to the propagative Helmholtz equation. By using potential theory, the
scattering problem is reduced to a system of singular integral equations with
additional conditions. By regularization and subsequent transformations, this
system is reduced to a vector Fredholm equation of the second kind and index
zero. It is proved that the obtained vector Fredholm equation is uniquely
solvable. Therefore, the integral representation for a solution of the original
scattering problem is obtained.

18.2 Statement and Solution of the Problem

Consider a simple open arc I' € C**, X\ € (0,1], in a plane x € R2. The arc I’
is parameterized by the arc length s: I' = {z: z = 2(s) = (21(s),z2(s)),
$ € a, b]} so that a < b. Let 7, and n, be a tangent and a normal vector to
I" at the point z(s). We consider I" as a cut. We denote by I'" the side of I"
which is to the left when the parameter s increases, and by I'~ the opposite
side.

Function u(x) belongs to the smoothness class K if

1) ueC® (R2 \F) NC? (R?\ I') and u(x) is continuous at the endpoints
of the arc I
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2) Vu € C° (RQ\F\X>, where X is the set of endpoints of [ X =
x(a) Uxz(d);

3) in a neighborhood of each endpoint z(d) € X for some constants C > 0,
€ > —1, the inequality |Vu| < C|z—x(d)|® holds when = — x(d) and d = a
ord=nb.

Here functions u(x) and Vu(x) are continuously extendable at the cut I'\ X
from the left and from the right, but they may have a jump across I' \ X.

The problem. Find a function u(z) of the class K, which satisfies the
Helmholtz equation

Au(z) + kK*u(z) =0, x€R*\I, k= const> 0, (18.1)

the boundary conditions

u(':c)LE(s)GFJr = er(S)a (182)

ou(x)
et B(s)u(x) = f(s), (18.3)

z z(s)el'~
and the Sommerfeld radiation condition at infinity
_ ou(zx) . _
_ 1/2 -~ _ 1/2

u=0 (\x| ) T tku(x) =o (|3:| ) , (18.4)

where |2| = \/2? + 22 — oo. Here 3(s), f(s) € CONI), f+(s) € CYA(D),
and Imf(s) <0 for each s € I

Taking into account (18.2), condition (18.3) can be replaced by the equiv-
alent condition

ou(x)

on +B(s) [u(@)losyer+ — u(@)lo@er-]=f7(s),  (18.5)

z(s)el'~

where f(s) = f(s) + B(s)fT(s) € CONI).
Boundary condition (18.2) can be differentiated in terms of s, and we
obtain the conditions

ou(x)
OTa z(s)el'+

u(z(a)) = f*(a). (18.7)

We can prove that the problem has no more then one solution. We shall
look for a solution to the problem (18.1)—(18.4) of the form

= (%) (s), (18.6)

ulp, () = Tl () + W) (), (18.8)

where
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is the angular potential introduced by Gabov,

V(x,o):/g aiy HY (Klz — y(©)]) de, o € [a,0],

2

i) = § [ v(o)H (ke = y(o)) do

is the single-layer potential, and H(()l)(z) is the Hankel function of the first
kind and index zero.

Densities u(s), ¥(s) in potentials are of space C¢’(I'), w € (0,1], ¢ € [0,1).
We say that F(s) € C¢(I), if Fo(s) € € 0% (I, Where Fo(s) = F(s)(s —a)?
(b—s)?, and ||f(')||c;v(r) = [[Fo()llcowry-

Furthermore, function p(s) must satisfy the condition

/ ' (o) do =0, (18.9)

Using [Kr94(1)], we can prove that function (18.8) fulfills all the conditions
of the problem except the boundary conditions. We substitute (18.8) in (18.5),
and (18.6) and obtain the integral equations for p(s) and v(s) on I':

,u(s)Jrl/Fy(a) do +/Fu(cr)w1(s,o)da
+/ v(o)wa(s, o) do =2 (f*) (s), (18.10)
r

()= 7 [ o)+ [ oyua(s.o)do
/ oYwa(s, o) do + 28(s)plul(s) = 2~ (), (18.11)

where
71005900(33 5),y(0)) i0 2(3). o
wl(s’a)_w lz(s) — y(o)] +285V0( ()2,
_l sin(po( (),y(a)) _ 1 ——h(lz(s) —y(o
wo(s,0) = p ( |z(s) — y(o)] 0’—8) * h(| K )|)7

)
ws(s, o) = 1 cos o ((s), y( T )

m |a(s) = y(o)

wnls o) — L [(smeo(a(s)ylo)) 1 N P9
4,>W< FOEE)] U_J 55 Vo((5),0).
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Viwo) = [ (ke = (6] ds
) Y any )

ul(s) = [ o) do, s €

22'1 z

—

By ¢o(z,y) we have denoted the angle between ﬁ/ and n, measured anti-
clockwise.

According to [Kr94(1), Kr94(2)], ws(s,0) € CONI" x I') and w;(s,0) €
COPo(I" x I') when j =1, 2, 4. Here py = ), if 0 < A < 1, and py = 1 — & for
each g9 € (0,1), if A = 1.

Substituting function (18.8) in condition (18.7), we obtain one more equa-
tion for u(s), v(s):

h(z) = (2) -

T} ((a)+ WV [1] (@) = 0. (18.12)

Then we make the change of unknown densities u(s), v(s), so that the
characteristic part of singular integral equations (18.10), (18.11) contains only
one unknown function. After regularization of these equations, using (18.9)
and (18.12), we obtain a vector Fredholm equation of index zero. The homoge-
neous equation has only a trivial solution. It means that the nonhomogeneous
equation is uniquely solvable. So, system (18.9)—(18.12) is uniquely solvable.

Theorem 1. Problem (18.1)-(18.4) has a unique solution, given by the sum
of potentials (18.8) with densities satisfying uniquely solvable Fredholm equa-
tions of the second kind and index zero.
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19.1 Introduction

Plane domains with cracks are plane domains bounded by closed curves and
open arcs (cracks). Boundary value problems in such domains model cracked
solid bodies or obstacles and screens (or wings) in fluids. An integral repre-
sentation of a classical solution to the harmonic Dirichlet problem in a plane
domain with cracks of an arbitrary shape has been obtained by the method
of integral equations in [Kr00-1], [Kr00-2], [Kr98], [Kr97], [Kr05] in the case
when the solution is assumed to be continuous at the ends of the cracks.
In this chapter this problem is considered in the case when the solution is
not continuous at the ends of the cracks. The well-posed formulation of the
boundary value problem is given, theorems on existence and uniqueness of
a classical solution are proved, and the integral representation for a classical
solution is obtained. Moreover, properties of the solution are studied with
the help of this integral representation. It appears that the classical solution
to the Dirichlet problem considered in this chapter exists, while the weak
solution typically does not exist, though both the cracks and the functions
specified in the boundary conditions are smooth enough. This result follows
from the fact that the square of the gradient of a classical solution basically is
not integrable near the ends of the cracks, since singularities of the gradient
are rather strong there. This result is very important for numerical analysis;
it shows that finite elements and finite difference methods cannot be applied
to numerical treatment of the Dirichlet problem in question directly, since all
these methods imply existence of a weak solution. To use difference methods
for numerical analysis, one has to localize all strong singularities first and
next use a difference method in a domain excluding the neighborhoods of the
singularities.

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 183
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_19,
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19.2 Formulation of the Problem

By an open curve we mean a simple smooth nonclosed arc of finite length
without self-intersections [Mu68].

In a plane in Cartesian coordinates * = (x1,72) € R? we consider a
connected domain bounded by simple open curves I},..., I J{,l € C%* and
simple closed curves I'Z,.. .,FZ%Q € C%* X € (0,1], in such a way that all
curves are disjoint. We will consider both the case of an exterior domain and
the case of an interior domain when the curve I'? encloses all others. Set

N1 N2
r=n, r=\yr, r=rur.
n=1 n=1

The connected domain bounded by closed curves I'? and containing open
curves I'! will be called D, so that 9D = I'2, I'' ¢ D. We assume that each
curve I'J is parametrized by the arc length s:

o omat) = (n6h). s},

n=1,...,N;, j=12,

so that af < b} <--- <ap, <by, <af <bi <---<al, <b}, and the do-
main D is placed to the right when the parameter s increases on I'2. The
points « € I' and values of the parameter s are in one-to-one correspon-
dence except for the points a2, b2, which correspond to the same point x for

n’

N1 N2
n =1,..., No. Further on, the set of the intervals |J [al bl]7 U [ai7 bi],
1

n=1 e n=
2 Ny
U U [af,b] on the Os-axis will be denoted by I'', I'?, and I also.
j=1n=1

Set Civ (I2) = {]—'(s): Fls) € G [a2,82], Fom) (a2) = FO) (82),

N,
m = 0,...,]'}, j=0,1, r€[0,1], and CI" (I'?) = ﬁ C7" (I?). The tan-
n=1

gent vector to I" in the point x(s), in the direction of the increment of s, will
be denoted by 7, = (cosa(s), sina(s)), while the normal vector coinciding
with 7, after rotation through an angle of 7/2 in the counterclockwise direc-
tion will be denoted by n, = (sina(s), —cosa(s)). According to the chosen
parametrization, cosa(s) = z}(s), sina(s) = z4(s). Thus, n, is an interior
normal to D on I'2. By X we denote the point set consisting of the endpoints

of I': X = n@1<m (al) Ua (b;)>.

Let the plane be cut along I'*. We consider I'! as a set of cracks (or cuts).
The side of the crack I'', which is situated on the left when the parameter s
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increases, will be denoted by (F 1)+, while the opposite side will be denoted
by (I'') .
We say that the function u(x) belongs to the smoothness class K if
1. ue® (D\Fl\X> NC2(D\IY), Vue(o (D\F1 \FQ\X),
2. in the neighborhood of any point 2(d) € X the equality

) du(x)
lim u(x
=40 Jos(ar) on,

dl =0 (19.1)

holds, where the curvilinear integral of the first kind is taken over a cir-
cumference 05(d, r) of a radius r with the center in the point z(d), n, is
a normal in the point x € 95(d,r), directed to the center of the circum-
ference, and d = al or d =b., n=1,..., Ny.

Remark 1. By C° (D \ It \X) we denote the class of continuous in D\ I'!

functions, which are continuously extensible to the sides of the cracks 't \ X
from the left and from the right, but their limiting values on I'' \ X can be
different from the left and from the right, so that these functions may have a

jump on I'* \ X. To obtain the definition of the class C° (D \ I\ 12 \X)
we have to replace C° (D NI\ X) by C° (D NI\ 12\ X) and D\ I'" by

D\ I'! in the previous sentence.

Problem D;. Find a function u(x) from the class K, so that u(z) obeys
the Laplace equation
Uz ay (JJ) + Uz ya, (-T) =0, (19.2)

in D\ I'' and satisfies the boundary conditions
u(x)|x(s)E(F1)+ = F+(3)7 U(x)b(s)e(rl)* =F"(s), U(@")\z(s)eﬂ = F(s).

(19.3)
If D is an exterior domain, then we add the following condition at infinity:

lu(x)| < const, |z| = \/2% + 23 — oco. (19.4)

All conditions of the problem D must be satisfied in a classical sense. The
boundary conditions (19.3) on I'' must be satisfied in the interior points of
I'; their validity at the ends of I'! is not required.

Theorem 1. If ' € C**, X € (0,1], then there is no more than one solution
to the problem Dy.

It is enough to prove that the homogeneous problem D; admits the trivial
solution only. The proof will be given for an interior domain D. Let u°(z) be a
solution to the homogeneous problem D; with F*(s) = F~(s) =0, F(s) = 0.
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Let S(d,€) be a disc of a small enough radius e with the center in the point
z(d) (d=a} ord=>}, n=1,.,N). Let I,  be a set consisting of such
points of the curve I} which do not belong to discs S(al,€) and S(b),€). We
choose a number ¢y small enough so that the following conditions are satisfied:
1) for any 0 < € < ¢ the set of points I, _ is a unique nonclosed arc for each
n = 17 ceuy Nl,

2) the points belonging to I' \ I’} are placed outside the discs S(ap,€o),
S(bl eg) for any n =1, ..., Ny,

3) discs of radius €y with centers in different ends of I'* do not intersect.

Set I =uM 1! S, = (uNl [S(al, €) US(b}“e)]» D. =D\ I\ S..

n n=1
Since I'? € O?* u%(z) € C°(D\ I'') (recall that u°(z) € K;), and since
u®|p2 =0 € C**(I'?), and owing to the theorem on regularity of solutions of
elliptic equations near the boundary [GiTr77], we obtain u°(z) € C*(D\ I'").
Since u%(z) € Ky, we observe that u°(z) € C*(D.) for any € € (0,¢g]. By
CY(D.) we mean CY(D UT? U (') T U (')~ UIS,). Since the boundary of
a domain D, is piecewise smooth, we write out Green’s formula [V181, p. 328]
for the function u®(z):

+
V|7 = [ (@) AN
LQ(DS) I'le anx

oul\ ~ Ou° ou®
_ 0y— _ 0 0
/Fl(u ) (3117;) ds /ﬂu 3nxd8+/ase u anwdl'

We denote by n, the exterior (with respect to D.) normal on 9S. at the
point = € 0Sc. By the superscripts + and — we denote the limiting values
of functions on (I'')™ and on (I'')~, respectively. Since u’(x) satisfies the
homogeneous boundary conditions (19.3) on I', we observe that u%|p: = 0
and (u®)*|p1.c = 0 for any € € (0, ¢y]. Therefore,

ou?
[Vul|3, :/ u’ dl, € € (0, €]
L (Ds) 5. ana:

Setting ¢ — +0, taking into account that u°(x) € Kj, and using the re-
lationship (19.1), we obtain ||[Vu’(|7, i\ 1y = CEIEO IVulll,p.y = 0. From

the homogeneous boundary conditions (19.3) we conclude that u’(z) = 0 in
D\ I'', where D is an interior domain. If D is an exterior domain, then the
proof is analogous, but we have to use the condition (19.4) and the theorem
on behavior of a gradient of a harmonic function at infinity [VI81, p. 373].
The maximum principle cannot be used for the proof of the theorem even in
the case of an interior domain D, since the solution to the problem may not
satisfy the boundary conditions (19.3) at the ends of the cracks, and it may
not be continuous at the ends of the cracks.
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19.3 Existence of a Classical Solution

Let us turn to solving the problem D;. Consider the double-layer harmonic
potential with the density u(s) specified at the open arcs I'':

1

wll(e) =5 [ u(a)ainylnu—y(aﬂda. (19.5)

Theorem 2. Let I't € C**, X € (0,1]. Let S(d, €) be a disc of a small enough
radius € with the center in the point x(d) (d=al ord=">bL, n=1,...,Ny).

L If u(s) € COMNIY), then wip](z) € CO(R2\ I''\ X) and for any x € S(d, ¢)
such that x ¢ I'' the inequality holds

|wlp](x)| < const.

I If u(s) € CYN(IY), then
1) Vwlp)(z) € CO(R*\ I'\ X);
2) for any x € S(d, €) such that x ¢ I'*, the following formulas hold:

Qwlp(z) 1 Fp(d)
Oxq 27 |x — x(d)]

dulpl(x) _ 1 u(d)

sin(z, z(d)) + 21 (x),

cos P(z, z(d)) + $22(z),

dxy 27|z — x(d)
. - o — iEQ(d) cos o _ T, — I,Cl(d)
Slnw(x7$(d)) - |Z‘ _ x(d)| ) 1/1( ) (d)) |.13 _ $(d)| ’
1 .
|02, ()| Sconst-lnm, ji=12

1

n’

the upper sign in these formulas is taken if d = a,, while the lower sign is

taken if d = b ;
3) for wlu](x) the following relationship holds:

- Pulil@)

dl =0,
=10 Jas(d,e) on,

where the curvilinear integral of the first kind is taken over a circumference
05(d,e€), and n, = (—cos(z,x(d)), —siny(z,z(d))) is a normal at the point
x € 95(d,€), directed to the center of the circumference;

4) IVwlp)(z)| belongs to La(S(d,€)) for any small € > 0 if and only if
p(d) = 0.

Class CO(R2\ I''\ X) is defined in Remark 1 to the definition of the class
K, if we set D = R2. The proof of the theorem is based on the representation
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of a double-layer potential in the form of the real part of the Cauchy integral
with the real density p(o):

wll(@) = Red(z), #(:) = 5o [ pe) T, 2= antin

where t = t(0) = (y1(0) +iyz(0)) € 'L If p(o) € CLA(IY), then for z ¢ I':

IOV B o O CAR()
' (; {t(b}l) —zt(ay) — Z}

—ia(o),,/
, / ffwdt),
r t—2z

Points I, II.1, and II.2 of Theorem 2 follow from these formulas and from the
properties of Cauchy integrals, presented in [Mu68]. Points II.3 and 1.4 can
be proved by direct verification by using points I, I1.1, and II.2.

We will construct the solution to the problem D; with the assumption
that F+(s), F~(s) € CYA ), A€ (0,1], F(s) € C°(I'?). We will look for a
solution to the problem D1 in the form

u(z) = —w[Ft — F7)(z) + v(x), (19.6)

where w[F't — F~](z) is the double-layer potential (19.5), in which u(c) =
F*(0) — F~(0). The potential w[F'T — F~|(z) satisfies the Laplace equa-
tion (19.2) in D\ I'' and belongs to the class K; according to Theorem 2.
The limiting values of w[F'+ — F~](z) on (I'')* are

WlF* = P @) = FIFH(s) — F(9))/2+ w[F* = F)(a(s)),
where w[FT — F~](x(s)) is the direct value of the potential on I"!.

The function v(z) in (19.6) must be a solution to the following problem.

Problem D. Find a function v(x) € C%(D) N C%*(D \ I'!), which obeys the

Laplace equation (19.2) in the domain D \ I'! and satisfies the boundary

conditions

v(@)|a(syerr = (FF(s) + F~(s)) /2 + w[F* — F~](x(s)) = f(s),

o(@)mers = P(s) + w[F* — F~](a(s)) = f(s)

(If x € I'', then w[F™ — F~](x) is the direct value of the potential on I'l.)

If D is an exterior domain, then we add the following condition at infinity:
lv(z)| < const, |z| = \/x? + 23 — oc.

All conditions of the problem D have to be satisfied in a classical sense.
Obviously, w[F* — F~](z(s)) € C°(I"?). Tt follows from [Kr08, Theorem A.1]
that w[F+t —F~|(x(s)) € CYM4(IM) (here by w[F+ — F~](x(s)) we mean the
direct value of the potential on I'"). So, f(s) € CVM4(I') and f(s) € CO(I'?).

We will look for the function v(x) in the smoothness class K.

We say that the function v(x) belongs to the smoothness class K if
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1. v(z) € COD)NC2(D\ TY), Ve O (D\Fl \F?\X), where X is a
point set consisting of the endpoints of I'!;

2. in a neighborhood of any point z(d) € X for some constants C > 0,
§ > —1, the inequality |Vv| < C|z — 2(d)|° holds, where x — z(d) and
d=alord=0b., n=1,...,Ny.

The definition of the functional class C° (’D \I\ I\ X ) is given in

Remark 1 to the definition of the smoothness class K;. Clearly, K C Ky, i.e.,
if v(x) € K, then v(z) € Kj.

It can be verified directly that if v(x) is a solution to the problem D in
the class K, then the function (19.6) is a solution to the problem Dj.

Theorem 3. Let I' € C2M* f(s) € CWM4Y(I), A€ (0,1], f(s) € CO(I?).
Then the solution to the problem D in the smoothness class K exists and is
unique.

Theorem 3 has been proved in the following papers:
1) in [Kr00-1], [Kr00-2] if D is an interior domain;
2) in [Kr98] if D is an exterior domain and I'? # (J;
3) in [Kr97], [Kr05] if I'?> = () and so D = R? is an exterior domain.
In all these papers, the integral representations for the solution to the problem
D in the class K are obtained in the form of potentials, densities in which
are defined from the uniquely solvable Fredholm integro-algebraic equations
of the second kind and index zero. Uniqueness of a solution to the problem
D is proved either by the maximum principle or by the method of energy
(integral) identities. In the latter case we take into account that a solution to
the problem belongs to the class K. Note that the problem D is a particular
case of more general boundary value problems studied in [Kr00-2], [Kr9§],
[Kr97], [Kr05].

Note that Theorem 3 holds if I' € C**, F*(s),F~(s) € CYAI), X €
(0,1], F(s) € C°(I'?). From Theorems 2, 3 we obtain the solvability of the
problem Dj.

Theorem 4. Let ' € C?*, Ft(s),F~(s) € CYMI), X e (0,1], F(s) €
C°(I'?). Then a solution to the problem Dy exists and is given by the for-
mula (19.6), where v(x) is a unique solution to the problem D in the class K,
ensured by Theorem 3.

Remark 2. Let us check that the solution to the problem D; given by for-
mula (19.6) satisfies condition (19.1). Let d = al or d = b> (n =1,...,Ny)
with r small enough; then substituting (19.6) in the integral in (19.1) we
obtain
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ou(x) / ow(x) ov(x)
u(x dl = w(z dl — w(z dl
/65’(d,7) =) on, @) on, (z) On,
8S(d,r) aS(d,r)
ow(x) ov(x)
- / v(x) on. dl + / v(z) o, dl.
as(d,r) as(d,r)

If » — 0, then the first term tends to zero by Theorem 2 (I1.3). As mentioned
above, v(z) € K C Kj; therefore, condition (19.1) holds for the function v(z),
so the fourth term tends to zero as r — 0. The second term tends to zero as
r — 0, since w(zx) is bounded at the ends of I'' according to Theorem 2 (I),
and since v(z) satisfies condition 2) in the definition of the class K. Noting
that v(z) is continuous at the ends of I'* owing to the definition of the class
ow(x)
on

deduce that the third term tends to zero when r — 0 as well. Consequently,
the equality (19.1) holds for the solution to the problem D; constructed in
Theorem 4.

K, and using Theorem 2 (II.2) for calculation of

in the third term, we

Uniqueness of a solution to the problem D; follows from Theorem 1. The
solution to the problem D; found in Theorem 4 is, in fact, a classical solution.
Let us discuss under which conditions this solution to the problem D; is not
a weak solution.

19.4 Nonexistence of a Weak Solution

Let u(z) be a solution to the problem D; defined in Theorem 4 by the for-
mula (19.6). Consider a disc S(d,€) with the center in the point z(d) € X
and of radius € > 0 (d = al or d = b., n = 1,..,N;). In doing so, € is
a fixed positive number, which can be taken small enough. Since v(z) € K,
we have v(x) € Lo(S(d,¢)) and |Vv(z)| € L2(S(d,€)) (this follows from the
definition of the smoothness class K). Let z € S(d,¢) and = ¢ I''. Tt fol-
lows from (19.6) that |Vw[u](x)| < |Vu(z)| + |Vo(z)|, whence |Vw[u](x)|* <
[Vu(z)? + |Vo(z)|? + 2|Vu(z)| - [Vo(z)| < 2(|Vu(z)* + |Vo(z)[?). Assume
that |Vu(z)| belongs to L2(S(d,€)); then, integrating this inequality over
S(d,e), we obtain [[Vwl*|r,(sa,0) < 2(IVull®|Ly(s(ae) + VU La(s0))-
Consequently, if |Vu(z)| € La(S(d,€)), then |Vw| € Ly(S(d,€)). However,
according to Theorem 2, if F'*(d) — F~(d) # 0, then |Vw| does not be-
long to L2(S(d,€)). Therefore, if FT(d) # F~(d), then our assumption that
|[Vu| € La(S(d, €)) does not hold, i.e., |Vu| ¢ La(S(d, €)). Thus, if among num-
bers ai, ...7a}vl7b%, ey b}vl there exists such a number d that F*(d) # F~(d),
then for some ¢ > 0 we have |Vu| ¢ Ly(S(d,€)) = La(S(d,e) \ I''), so
u ¢ Wi (S(d,e) \ I''), where W3 is a Sobolev space of functions from Lo,
which have generalized derivatives from L,. We have proved the following.
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Theorem 5. Let the conditions of Theorem 4 hold, and among numbers
aiV A a}vl’ b}? A b}Vl

there exists such a number d, that FT(d) # F~(d). Then the solution to the
problem Dy, ensured by Theorem 4, does not belong to W3 (S(d,e) \ I't) for
some € > 0, whence it follows that it does not belong to W, .(D\ I'"). Here
S(d,€) is a disc of a radius € with the center in the point z(d) € X.

By WQ,ZOC(D \ I'!) we denote a class of functions, which belong to W4 on
any bounded subdomain of D\ I'!. If the conditions of Theorem 5 hold, then
the unique solution to the problem Dy, constructed in Theorem 4, does not
belong to Wiloc(D \ I'!), and so it is not a weak solution. We arrive at the
following corollary.

Corollary 1. Let the conditions of Theorem 5 hold. Then a weak solution to
the problem D1 in the class of functions VV21 (D\ I'') does not exist.

loc

Remark 3. Even if the number d, mentioned in Theorem 5, does not exist,
the solution u(z) to the problem Dy, ensured by Theorem 4, may not be a
weak solution to the problem D;. A Hadamard example of nonexistence of
a weak solution to a harmonic Dirichlet problem in a disc with continuous
boundary data is given in [So88, Section 12.5] (the classical solution exists in
this example).

Clearly, Lo(D \ I'') = Lo(D), since I'! is a set of zero measure.
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20.1 Introduction

Roughly speaking, a quasimode for an operator with a discrete spectrum on a
Hilbert space can be defined as a pair (w,u), where w is a function approaching
a certain linear combination of eigenfunctions associated with the eigenvalues
of the operator in a “small interval” [u —r, u+ r]. The remainder r also deals
with the discrepancies between w and the eigenfunctions.

The value of the quasimodes in describing asymptotics for low and high
frequency vibrations in certain singularly perturbed spectral problems, which
depend on a small parameter ¢, has been made clear recently in many papers.
We refer to [Pe08] for an abstract general framework that can be applied to
several problems of spectral perturbation theory and to [LoPe03] and [SaSa89]
for a large variety of these problems. As a matter of fact, for these problems,
the spaces and the operators under consideration depend on the parameter
of perturbation, and the function w and the numbers p and r arising in the
definition of a quasimode can also depend on this parameter.

In this chapter we deal with the low frequencies for the homogenization of
a Steklov-type eigenvalue problem. Namely, we deal with harmonic functions
in a bounded domain §2 of R? and periodic alternating boundary conditions
of Dirichlet and Steklov on a part of the boundary, namely on Y. £ measures
the periodicity of the structure. The model is of interest in geophysics, for
instance: see [Bulo06], [CaDa04], [ToDa02], and [Pe07].

In what follows we construct other quasimodes (w®,u¢), with p€ = O(e™1)
on different spaces from those in [Pe07]. This construction involves a new
formulation of the spectral problem (20.5) in functional spaces of traces of
functions on the part of the boundary where the Steklov-type conditions are
imposed. The value of the new quasimodes, as initial data, in the associated
second order evolution problems, is that they allow us to obtain estimates of
the time ¢ in which standing waves of the type e'VF“t@¢ approach the solutions
u®(t) of the evolution problems (cf. [Pe08] and [LoPe09]). These estimates
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depend on the discrepancies between the quasimodes and the eigenelements
of the spectral problem. For the sake of brevity, in this chapter, we only provide
the estimates for the discrepancies between quasimodes and eigenelements and
refer to [LoPe09] for estimates depending on the time parameter.

The structure of this chapter is as follows. In Section 20.1.1, we provide the
general abstract framework for spaces and operators depending on the per-
turbation parameter €. In Section 20.2, we introduce the Steklov eigenvalue
problem under consideration (see (20.5)). We also introduce the quasimodes
constructed in [Pe07] and estimates for the discrepancies of these quasimodes
and the eigenelements of the spectral problem (see Theorem 1 and (20.7)).
Using these results, and considering spaces of traces, in Section 20.3 we con-
struct new quasimodes and obtain estimates for the discrepancies with the
eigenelements of the corresponding spectral problem (20.2).

20.1.1 The General Abstract Framework

Let us consider ¢ a small parameter € € (0,1). Let V¢ and H® be two separable
Hilbert spaces and V¢ C M, with dense and compact imbedding. Let a®(u, v)
be a sesquilinear, hermitian, continuous, and coercive form on V*. We consider
V¢ equipped with the scalar product inducted by a®(.,.), namely < u,v >y-=
a®(u,v). Let A= € L(V=,(V)) be the operator associated with the form a®,
namely, a®(u,v) =< A%u, v >(pey xp-.

Let us assume that

[ulle < Cllullve,  Vue Ve, (20.1)

where C' is a constant independent of u and e. Let us consider the associated
spectral problem: to find A\* and u® € V¢, u® # 0 satisfying

a®(u®,v) = A°(uf,v)ys, Yo eVe. (20.2)

Let A5,. be the operator restriction of A® to H®, with domain of definition
D(A5,.) = {v € V¢ /A%v € H°}. Then, A° = (A5,.)" ", A° 1 H® — HE is
a linear, self-adjoint, positive, and compact operator on H. The eigenvalues
of A% (respectively A%) are {\5}22, (respectively {(A$)71}22,), and the asso-
ciated eigenfunctions are {u5}°, which form an orthogonal basis in H® and
Ve, uf of norm 1 in H* and of norm /A in V°.

Also, for the sake of brevity, we shall refer to pairs (w®, u°) as quasimodes of
problem (20.2) with the remainder ¢ instead of quasimodes of the associated
operators A° or A®, which avoids specifying estimates in spaces either H® or
V<. Below we establish the closeness in the space H® xR ( V¢ xR, respectively)
of the eigenelements of the spectral problem (20.2) to a given quasimode
(cf. [OISh92] and [Pe08] for general references and for details when applying
the results to singularly perturbed spectral problems):

Given a quasimode (W°, u®) for problem (20.2) with remainder <, (We, u°)
belonging to H® xR, ||w¢||me = 1, in each interval [u® —r*, u®+r**=] contain-
ing [u® — 1, p° +r°] there are eigenvalues of (20.2), {15 .c\ 4 g k=12, 1(r)
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for some index i(r*°) and some natural number I(r*<) > 1. In addition,
there is u™* € H®, u™® belonging to the eigenspace associated with all the
eigenvalues in the interval [u® — r*°, u= 4+ r*=], satisfying

27

P

H- < Cy

[uS|lgge <C1 and  ||@F —ut* (20.3)

Here Cy and Cy are constants independent of e, and the space HE can be
taken to be either H® or V° depending on the operator under consideration.
Also, depending on this operator, p5 can denote A5 or (A;)_l or even rescaled
eigenvalues.

20.2 The Homogenization of the Steklov Problem

Let 2 be an open bounded domain of R?* with a Lipschitz boundary 912.
This boundary 942 is assumed to be in contact with the line {z3 = 0}, 002 =
Y U X, UT g, where the part of 92 in contact {z2 = 0} is assumed to be
the union of X'y and ¥, ¥ # 0 and Yy = (2N {zs = 0}) — ¥. Without any
restriction, we can assume X = (—1/2,1/2) x {0} which we shall identify with
the interval (—1/2,1/2) if no confusion arises. In the same way, in the case
where Xy # (), we can assume that X N 1o = 0.

For fixed ¢, € € (0,1), we consider X' to be the union of segments X7 of
length ¢ which we define as follows: For & = 0,%1,42,43,..., &N, let T}
(X%, G5, respectively) be the homothetic 7! (X1, G, respectively), of ratio
g; centered at the point 7, = (ke P,0). Here, T! and X! are segments centered
at the origin, Tt € X!, G! = X! x (0,00), € is a small parameter that we
shall make to go to zero, P is a fixed number, P > 0, and 2N, + 1 denotes
the number of X% contained in X, N. = O(e™1).

If no confusion arises, we shall write |J7° ( |JX*=, UG®, respectively)
to denote UﬁV;_NE T ( Uiv;_NE Xe, U&_NE G¢, respectively). Also, it is self-

evident that for each fixed k the change of variable

y= "1k (20.4)
€
transforms 13;, X7, and G, into T, X' and G', respectively.
Let us consider the spectral problem
“Aw = 0in 2,
u® = 0on0dN\YTe, (20.5)
%—i—ﬁfue = Oon YT,

whose variational formulation reads: Find 3¢ and u® € V&, u® # 0, satisfying

/ Vu®.Vodx = 5° / u‘vdry, Yve Ve, (20.6)
Q Te
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Here, V¢ denotes the space completion of {v € D(£2) /v =0o0n 02\ JT*}
with the norm

lo|l2 = /Q Vol2 da. (20.7)

The elements of V© vanish on I'o U X, U (X\ JT7) (namely, on 002\ [JT°),
and they satisfy

/ u? dy :/ u? dry < CE/ \Vu|>dz, Yu€ Ve, (20.8)
) Jre [0

where C' is a constant independent of ¢ and u (cf. [Pe07]).

For fixed e, the problem (20.6) can be written as an eigenvalue problem for
a nonnegative, self-adjoint, compact operator A¢ on the space V¢ as follows:
Find p® (p =1/5°) and u® € V&, u® # 0 satisfying

Afu® = pfu®,  where < Afu,v>= / wvdxry, Yu,v € V. (20.9)
TE

Now, the eigenvalue 0 has the associated eigenspace

Ker(A%) = {u € VS /u=0on | JT°} = H) (%), (20.10)
and the rest of the spectrum, which is discrete, is denoted by {(87)71}22,,
where {#5}52, are the set of eigenvalues with finite multiplicity of (20.6),
35 — oo as © — oo, with the convention of repeated indices.

Let {u5}3°, be the set of associated eigenfunctions which are assumed to
be orthonormal in V. They form an orthonormal basis in the space comple-
ment orthogonal to Ker(A¢) in V. This orthogonal space identifies with the
functions of V& which are harmonic functions in {2, namely,

Ker(AS)* c {u€ H () / Au=0in 2, and u =0 on 8Q\U T¢}. (20.11)

The minimax principle allows us to assert that 8 = O(e71), and results
in [Pe07] show that the limit behavior of the rescaled eigenvalues 3fe and the
associated eigenfunctions is involved with the first eigenelement of the local
problem (20.12).

The eigenvalue local problem in the half-band G! is: Find (3°,V?) €
R x V1, V0 £ 0, satisfying

vV, Vv, Vdy=3° [ VVdy,, YVeV'. (20.12)
G1 T

Here y is the local variable defined by (20.4), and V! denotes the space com-
pletion of {V € D(G'), V =0 on X*\T, V(y1,y2) is y1-periodic in G'} with
the norm generated by the scalar product

(U, V)vi = / V,UN,Vdy.
Gl
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As is known, the solutions V? of (20.12) are harmonic functions in G*
satisfying V(y) — cyo as yo — +oo, where cy, is an unknown but well-
determined constant and (20.12) has a discrete spectrum. We refer to [Pe07]
for details of proofs.

20.2.1 The Construction Quasimodes for (20.5)

For each eigenfunction V0 of (20.12), [|[V°||y: = 1, let w®(z) be the function
defined by

w(x1,x2) = Vo(yl,yg) for (z1,22) € G = eG! (20.13)

and extended by periodicity to all the half-bands G such that the corre-
sponding X5 are contained in Y. For simplicity, without any restriction, we
can assume that the TF do not cut the extremes x; = +1/2 of the interval
Y =[-1/2,1/2] (cf. [Pe07] in this connection).

Let us consider the cutoff function 7*,

e (x) = n (220:71), (20.14)

where 6. — 0 as ¢ — 0 and 7 is a smooth function with a compact support,

supp (') C [3, 2],

1 2
neC'R), 0<n<l, n(t)zlfort§§ and n(t):()fortzg.

For each fixed V°(y) solution of (20.12), the function §. can be chosen to be
b = ke|ln €|, (20.15)

where k is a constant which depends on V0. More specifically, for any fixed
positive integer J, J > 2, we can determine k depending on V° and J, namely
k = E(V°,.J), that ensures the existence of a constant C' = C(V°) and of
€7 > 0, e depending on V° and J, such that the estimates

VO(y) —cyo| < Ce?  and |V, VO(y)| < Ce’ (20.16)

hold for e < 5 and y2 > .37 e~ 1. We refer to [Pe07] and [PaPe07] for proofs.

Let us denote by w®n® = w*(z)n°(z) the function V°(z/e) extended by
periodicity to all the X contained in X and multiplied by the function 7°(x)
which is only dependent on 3. wn® is a periodic function of the z; variable
which vanishes on X'\ | J7T°. It also vanishes for x5 > (2/3)ke |In £| and takes
the value of we(x) for 0 < x5 < (1/3)ke |In €.

Let 25 be the domain 2N (X x (0,00)). In the case where X'y = 0 it is
clear that 25, = (2. But, even if we assume that 25, = (2, we cannot assert
that w®n® € V¢ since it does not necessarily vanish near I' N {z2 = 0}. From
this function we construct another which satisfies this condition also in the
case where Xy # ().
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For any fixed intervals (a,b) and (¢, d) contained in X, (a,b) € (¢, d) (i.e.,
(a,b) € (¢,d) C (—1/2,1/2)), let ¥ be a function

YeCPR), 0<¢ <1, o) =1ifzelab], ¢@)=0ifz ¢/(cd).

Then, we define the boundary layer function wn®y, concentrating its support
in a small region near X,

() () = w (21, 22)n" (22)(21) - (20.17)

Obviously, w¥n®y € V¢, where now the function 1 € C5°(R?) satisfies:

1 if (@1, 22) € [a,b] x [0, (1/3)ke |In £]]
Y(xy) i 0<zy < (1/3)ke|ln ¢
nF(r) = ¢ n°(z2) if a<x <b
0 if x> (2/3)ke|ln ¢
0 if  (x1,22) € 2, and 21 ¢ X

Note that from the definition of w®n®1), we can assume that w*® is extended
by periodicity over the whole half-plane R?>*. We gather bounds and properties
for w® in Proposition 1 in Section 20.3. Some of these properties, namely,
estimates (20.22), (20.23), and (20.24), are used in [Pe07] to prove the results
in the following theorem.

Theorem 1. Let (3°,V°) be any eigenelement of (20.12), V° with norm 1
in V1 (that is, fGl |V, VO2dy = 1). There exists a sequence d°, d° — 0, as
e — 0, such that there are eigenvalues 3° of (20.6) with e3¢ € [ —d®, 3°+d°]
(or equivalently, such that (85)~1 € [¢(8°)~! — r%,e(B°)~t + r€] for r® =
O(de)).

In addition, there are u°, with [, |Vac|?2dx = 1, 4 in the eigenspace of
all the eigenfunctions u® of (20.6) associated with the ezgenvalues B¢ such
that (¢ € [ﬂo e, B0 + d°) (or equzvalently, such that (%)~ € [¢(8°)~!
7,e(B8%) 1 + 7 forr (dEE) (8%~ > 7€), with d° — 0 and de/d* — 0
as e — 0 (or equivalently, 7 — 0 and r¢ /7 — 0 as e — 0), and 0° satisfying

/ V(@ — afwnfy)? do < 0(77;—6)2 : (20.18)
2

where of is the constant

1/2
af = (/ |V (wn©v) |2dx) , (20.19)

C is a constant independent of €, and the functions wn®y are defined
in (20.13)-(20.17). The sequences d° and < can be taken as follows:

& =Ki|lne|™2,  and r° = Kye|lng|~V/2, (20.20)
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where K1, Ko are certain constants independent of €. Also, sequences d® and
re /e = de/cie can be chosen in order to get either smaller intervals [3° —
e, 8° + d°] or improved bounds (20.18).

Moreover, considering e(3°)~1 > 7 and (20.20), possible choices of 7 are

1
7 = Kae|ln e|™?,  with K3 any constant and 0 < f§ < 3" (20.21)

In particular, d°/d® = 1< /7 = O(|1n €|~'/*) is one of these possible choices.

Remark 1. We refer to [Pe07] for the proof of Theorem 1 and further results
obtained from the statement. As a matter of fact, applying results in The-
orem 1 allows us to assert that each eigenvalue 8% of (20.12) is an accumu-
lation point of the rescaled eigenvalues £3° of (20.6). In addition, as regards
the eigenfunctions, for any eigenfunction V0 associated with the eigenvalue
(Y of (20.12), and sufficiently small ¢, functions af(w®n®iy) are called the
quasimodes of (20.5), approaching linear combinations of eigenfunctions u®
in small intervals, as stated in Theorem 1. The norm used for the approach
is (20.7), and considering the support of (w®n®y), we can assert that these
eigenfunctions {a°}.~o concentrate their support asymptotically in a thin
layer of width O(e|In ¢|) around a part of the boundary X (in which the
supp(1) is contained) and they vanish outside.

20.3 The Modified Quasimodes for (20.5)

The aim of this section is to construct quasimodes for problem (20.6) from
those in Section 20.2, which involve spaces, forms, operators, and evolution
problems derived from the framework in Section 20.1.1.

It should be emphasized that formulation (20.6) [(20.5), respectively] in
V¢ does not amount to (20.2). For the sake of brevity here we only outline
forms and spaces arising in the framework (20.1) and (20.2) for (20.5). We
refer to [Gr92] for details of definitions of spaces of traces and to [LoPe09] for
proofs.

We first assume that X'y # () and we denote I'g = 92N {z2 = 0}. Then, we
consider V¢ the space formed by the traces on I of the elements of Ker(A®)+
(see definition (20.11)), which is an eigenspace of H'/2(I}) whose elements
vanish outside | JT*. Let us define H® the space completion of V¢ in L?(Iy).
Then, we define

a’e(fag) = <A€f7g>(\}€)/><vi 9 vag € VE

aus ‘
REPRIIN

U7 being the element of Ker(A®)*, such that Uf|r, = f, and X the

characteristic function of the set |J7T°. With the notation above, it can be

where A€ is the operator from V¢ into (V) defined by A°f = X
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verified that the eigenelements (u,3%) of (20.6) provide the eigenelements
(u®|r,, B°) of (20.2).

In order to obtain estimates for the discrepancies between the quasimodes
and the eigenfunctions in Theorem 2 below, we introduce some properties for
the functions w® defined by (20.13) in the following proposition (cf. [Pe07] for
the proof of some of these properties and further references on the technique).

Proposition 1. Let w® be the functions defined by (20.13) and extended by
periodicity to R*", w® € H} (R*T). They satisfy the estimates

e Vu'|72 0y < C(VO), (20.22)
w1320y < C(VO), (20.23)
w122 @unie<ey) < EC(VO), (20.24)

for sufficiently small e, where C(V°) is a constant independent of .
In addition, for the functions wn®y in (20.17) and the constants of
in (20.19), and for sufficiently small €, we have

C1(VO)e™! < V(w0 n )72y < Ca(VO)e™?, (20.25)

and
G(VOVe < af <& (VO0)yeE, (20.26)

where C1(V0), Co(V?), & (V°), and &(V°) are strictly positive constants in-
dependent of €.

Proof. Estimates (20.22)—(20.24) and the left-hand side of (20.25) have been
proved in [Pe07], while (20.26) is a direct consequence of (20.19) and (20.25).
Therefore, the right-hand side of (20.25) is yet to be proved.

Since supp(¢) C X, the integrals below affect only 5. We also assume
that C' and Cyo always denote certain constants independent of «.

IV () 22 = /Q IV (w2 de

P

<o [ wupwrvras [ @Rworore).
QZ X
From (20.22) and because (n°¢)? < 1, the first integral above is bounded by
C Cyoe~t. Let us consider the second integral. From the definition for n° and
1, we can write

/ (w*)? [V () ? da
Nx

§O</Qz(wg)2

2

9y

8(E1

o
8182

i dx) . (20.27)

()% + / (w)? (1 )?

Ns
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Now from the bounds for |¢'(x1)| and n(x) by constants independent
of € and from (20.23) we have that the last integral on the right-hand side
of (20.27) is bounded by a constant independent of e. As for the first integral
inside the brackets, we have

/92 (wf)?

as a consequence of the bound for ¥. Now, performing the change of variable
in the last integral from x to y, and taking into account the definition by
periodicity of w® ((cf. (20.13), (20.14), (20.15), and (20.16)) we are led to

write

/92 (wF)?

< C(2N:+1)

2

On° (¢)2dz < C

8.@2

(w"())* da

(56)2 \/sz{$2€[55/37255/3]}

on®
81‘2

2 2 Ne
9
wre<S Y [ Vo) dy
€ j=_N. G'n{y2€[6.3"1e—1,25.3" e~ 1]}

2
€
= VO(y) — cvol? dy
e JG'N{y2€[6:371e~1,26.37 e 1]}
2
€
+C(2N: + 1) / (cyo)?dy.
02 Jarnfysels.8-1e-1,25.3-1e-1]}
Next, we prove that each integral in the above inequality is bounded by
C\/Oéil.

Indeed, on account of N. = O(e~1) (20.15), we have for the last integral

2
1
= (CVU)2 dy < 05_

1 Cyo
ke|ln | €

C(2N. +1)
: 02 Jarn{ysesa-1c-1,25.3-1c-1]}

<C

On the other hand, with the same argument it suffices to take J = 2 in (20.15)
and (20.16), and sufficiently small ¢, namely € < £, to obtain
52 4 CVO

13
5 VO(y) — evo?dy < C— < ——.
02 Jarn{ysels.3-1e-1,25.3-1e-1]} Oc €

C(2N. +1)

Therefore, the first integral on the right-hand side of (20.27) is bounded
by Cyoe~! and the right-hand side of (20.25) also holds. Hence, all the in-
equalities in the statement of the proposition hold.

Theorem 2. Let (3°,V°) be any eigenelement of (20.12), V° with norm 1
in V' (that is, [, |V,V°?dy = 1). With the same notation as in Theo-
rem 1, let W& be the projection of wn®y into Ker(A®)*:. Then, there are
u*® € Ker(A%)L, each u* being a linear combination of the eigenfunc-
tions associated with the eigenvalues (3° such that ¢3° € [3° — de, 80 + JE]
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(or equivalently, such that (%)~ € [¢(8°)~ —7,e(8°) 1 + 7] ), such that
|u*%||2(s) < ¢ and the inequality

we we €

<C—= (20.28)

.
u*,e u*,s —
L2(x) "

Wl L2 () L2(Ty) [Wellz2(s)
hold. Here ¢ and C are constants independent of €, and r® and 7° the order

functions defined by (20.20) and (20.21).

Proof. On account of (20.10), (20.11), and V& = H}(2) @ Ker(A®)+, we
can consider wfn®y = w° + W¢, where W& € H}(£2) and w* denotes the
projection of w®n®1 into Ker(A®)L. That is, W* € V¢ and it is harmonic in
2. Since the functions u® constructed in Theorem 1 are linear combinations
of eigenfunctions of (20.6), they are already harmonic functions belonging to
Ker(A®)L and the estimates (20.18) also hold, for #° and a*W®. Specifying,
we can write e 1

[(0%) "% — 5|y, <C

“Ilv- = (20.29)

for a certain constant C independent of e, and for af, r¢, and 7¢ defined
by (20.19), (20.20), and (20.21), respectively.

Let us note that, since all the functions above vanish on X'y, without any
restriction we can consider indifferently norms in L?(Ip) or L?(X).

Then, considering (20.8) and (20.26), from (20.29) we can write

,’,,6

HﬂE(OLE)71 <C

sy < (20.30)

7

In order to get estimates of the type (20.3) for u** = @ (a®||W¢||L2(x)) ",
we = \7V5||V~VE||£21(2), and H® = {u € L?(I}),u =0 in Ip\JT*}, let us consider
[W€[[2(s:) and prove that it is bounded by some constant independent of e.
Indeed, by construction we can write

2 ~ 2 2 2
Wl Zo () = W5+ WEILo 5y = lwnPllLe 5y = lw lL2s) -
Consequently, for the interval (a,b) arising in the definition (20.17), we have
2 2 2

w25y < W72y < [0 ll72s) (20.31)

and considering the definition of w® by periodicity from V°(y), the integrals
on the left- and right-hand sides of the above inequalities can be replaced by

Nsla/l(VO(yl,O))2 dy;  and (2N5+1)5/ (Vo(yl,O))2 dy ,
T T

1

respectively, where N! and (2N, + 1) are the number of T° contained in the
segments [a, b] and X, respectively. Since both of them are of the order O(e~1),
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for sufficiently small €, the norm [[W¢|| ;2 (y;) is bounded from below and from
above by constants independent of e. Thus, from (20.31) and (20.30), we have

aE

ac [|[we| L2 (x)

UE we ~ e

<C—

re’

< ¢ and
L(%)

af [wellezmy Wl ll 2z
for certain constants C' and & independent of . Thus, we deduce that u** =
U (0 [|We|| p2(sx)) ! satisfies (20.28), and also the rest of the properties in the
statement of the theorem are satisfied. Therefore, the theorem is proved.

Remark 2. Theorem 2 provides us with the estimates (20.3) arising in the
definition of quasimodes for the functions u** = 4 (o || W[/ L2(x)) " and @® =
\'fv€||{7v5||£21(2), the space H® = {u € L?*(Ip),u = 01in Iy \ |JT¢} (equivalently,
H® = #¢) and the numbers p° = 3% ~! and 7° = 7*¢. In this connection,
note that the square of the norms in L?(I) or L?(X) in Theorem 2 can be
replaced by the square of the norm in [ ~. LA(TY).

Remark 3. Also, note that without considering the normalization of the new
quasimodes in H¢, bounds for the discrepancies ||u® — a®W®||gs which im-
prove (20.28) can be obtained. Now, H® could be either the space H® or
Ve (cf. [LoPe09]).
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21.1 Introduction and Statement of the Problem

Spectral boundary-value problems are considered in a new kind of perturbed
domain, namely, thick multi-level junctions. Boundary-value problems in thick
one-level junctions (thick junctions) have been intensively investigated re-
cently (see, for instance, [BIGaGr07], [B1GaMe08], [Me08] and, the references
there). In [MeNa97]-[Me(3)01], classification of thick one-level junctions was
given and basic results were obtained both for boundary-value and spectral
problems in thick junctions of different types. It was shown that qualitative
properties of solutions essentially depend on the junction type and on the con-
ditions given on the boundaries of the attached thin domains. It is known that
the asymptotic behavior of the spectrum of a perturbed spectral problem is
highly sensitive to perturbation, and it is unexpected. This was also observed
for spectral problems in thick junctions with Neumann conditions ([MeNa97]
and [Me00]), with Dirichlet conditions ([Me99] and [Me(3)01]), with Fourier
conditions ([Me(2)01]) and with Steklov ones ([Me(1)01]).

The approach of paper [Me06], where a spectral problem in a plane
thick two-level junction was considered, and the abstract scheme developed
in [Me(4)01] are used to investigate the spectral problem discussed here.

21.1.1 Statement of the Problem

Let B be a finite union of smooth plane domains which do not intersect or
touch. In addition, the set B is strictly included in the square O := {¢' =
(£1,&) : 0 < & < 1, 0 < & < 1}. Let us divide B into two classes:
BM =, B and B® = (J52, B,

A model thick two-level junction (2. consists of the junction body 2 =
{reR3: 2/ = (z1,22) € Q, 0<x3<~(z')}, and a large number of thin
cylinders Gém) = ungng’”)(k),

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 205
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_21,
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Fig. 21.1. The cell of the alternation.

N-—-1
Gk = IRCERC A T € B{™, w3 € (—dm,0]},

4,J= €

m=1,2.

In this case @ = (0,a) x (0,a), v is a smooth and a-periodic function,
min,, 5 ¥(2') =70 > 0, N is a large natural number, and € = a/N is a small
discrete parameter that characterizes the distance between nearby thin cylin-
ders and their thickness; 0 < dy < dy. Thus, 2. = 2|JG., G. = GV JG?.

The thin cylinders G, are divided into two levels Ggl) and Gg) depending
on their length, and they are e-periodically alternated along the Oz1-direction
and Oxa-direction and they are joined with {2y over the e-homothetic images
e((i,5) + BM), 4,5 = 0,1,...,N =1, k=1,...,K,, and ¢((i,j) + B{"),
i,j=0,1,...,N—1, k=1,..., Ky, of the classes B") and B, respectively.
A cell of the alternation is shown in Figure 21.1.

In (2. we consider the following spectral problem:

—Ay uf(z) = Me)us(x), x € (2
out(x) = —erput(x), ze s
Ous(xr) = —ergus(x), T e 55(2);
M ulei=0 = OF ule,—a,  (22,23) € (0,a) x (0,7(0,22)), p=0,1;
B |gy=0 = 08 u[zy=a, (z1,23) € (0,a) x (0,7(z1,0)), p=0,1;
ous(x) = 0, x el

(21.1)

with the Fourier conditions (k1, ko are positive constants) on sim) (the union
of the lateral surfaces of the cylinders GE!") from the mth level, m = 1,2),
with the periodic condition on the lateral faces Iy of the junction body 2y,
and with the Neumann conditions on I'. = 942, \ (Sél) U Séz) U FO).
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The aim is to study the asymptotic behavior of the spectrum of prob-
lem (21.1) and corresponding eigenfunctions as € — 0, i.e., when the number
of attached thin cylinders from each level infinitely increases and their thick-
ness vanishes.

21.2 Special Integral Identities and Extension Operators

To homogenize boundary-value problems in thick multi-structures with non-
homogeneous Neumann, Fourier, or nonlinear conditions on the boundaries
of the thin attached domains, the method of special integral identities was
proposed in [Me(1)01], [Me(2)01], [Me08]. Following [Me(2)01], [Me08], for
the 1-periodic continuations with respect to & and &5 of the solutions Ykm
k=1,...,K,, m=1,2, of the problems

)

m (o m m m
Acy{™(¢) = \Z’%mq ceB™; oy =1, €€aBl; (K")ym =0,

where <Yk(m)>B,(cm> = fB;im Yk(m) (&)d€, we derive the integral identities

(nz)
_ (m) . , )
E/SQ’” vdoy = Z/(m)(k le)‘ v+ eVeY, |£ o - Vpvldr  (21.2)

for all v € H' (Ggm)) = 1,2. Here \B(m)| p(m) are the area and perimeter
of the two-dimensional domain B,(C ),

In He == {u € H(£.) : u is a-periodic on Iy} we define the norm
Il - lle.ky ko that is generated by the following scalar product:

<uuv>5,n1,mg — / Vu-Voudr + 8/{1/
02

s

uv doy —&—5,%2/ uvdoy.
5%

It is easy to prove that the norms || - ||g1(o.) and || - ||c,x;,x, are uniformly

equivalent with respect to . Define A. : H. — H. by the following equality:

(At Ve poy iip = / u(z)v(x)dr YV u,ve He. (21.3)
2.

Obviously, operator A. is self-adjoint, positive, and compact. Thus, prob-
lem (21.1) is equivalent to the spectral problem A.u = A~!(¢)u in H. and for
each fixed € > 0 there is a sequence of eigenvalues

0<co<A(e) < v < An(e) < - — +oo, (21.4)

and a sequence of the eigenfunctions {uZ}: (u5, um)L @) = On,m, 1, m € N.
By the minimax principle for eigenvalues, we have A, (¢) < Cy(n); then
with the help of (21.2) we get |us, || z1(0.) < C2(n) for any n € N.
Using the scheme of construction of extension operators (see [Me(4)01])

and integral identities (21.2), we can prove the following theorem.
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Theorem 1. There exist extension operators Pgm’k) : HY ((20 U Ggm)(k)) —
HY(0,,) such thatVn €N 3IC >0 Jey >0 Vee (0,e):

2 Kn
Z I PE™Bus, (1 () < C Nl s, i (2
=1k=1
where 2, = 29U Dy, Dy = Q x (—dp,,0), m=1,2.

21.3 Convergence Theorem and Homogenized Problem

With the help of the extension operators constructed in Theorem 1 and iden-
tities (21.2) we establish the following convergences.

Theorem 2. Let A(e) be an eigenvalue of problem (21.1) and let u® be the
corresponding eigenfunction whose ||u||12(q.y = 1. Let M) — po,
va weakly in H'(£), and for eachm = 1,2 andk = 1,. ..
(Pf:m’k)us)bm — g% weakly in HY(D,,) as € — 0.

Then g is an eigenvalue and the multi-sheeted function v such that
vola, = vy, volp,, = vgl’k, m=1,2, k=1,..., K, is the corresponding
eigenfunction of the homogenized spectral problem

u8|QO —
, Ky, the restriction

—A, v = povg  in £,
vy s a-periodic on Iy,  d,vd = 0 on 92\ (I UQ),
(m) k: (m) mk (m), m.k .
_|Bk |833v0 mpk Vo = Mo |Bk |UO m Dm’ (215)
2k 1,k
,Ugn |w3:0 = Up |w3:07 (8$3U6n )‘$3:_dm =0,
m=12 k=1,..., K,
anzl ,[le B,(Cm)\ 8131)6””“(:10’,0) = Opyvg (27,0) on Q.
We write Vo := L?(£20) x L*(Dy) x --- x L*(D;) x L*(Ds) x --- x L*(D3)
K, K>
with the inner product
(u,v),, = ugvo dr + Zz ZKm 1B{™)| u™ ™ dy
Vo o, m=14L—f=1" F b, © k ’
where (1) (1) ( ) (2)
1) (2 2
u= (uo,ul ye sy Uger U uKQ)
and
v = (Uo,U§1)7. vgz v§2),...7v(2;).
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Define the Hilbert space Ho = {u € V : uo € HY(£2), g is a-periodic
on Ip; 3 8I3u§€m) € L*(D,,) and wlg = uk )|Q forany m = 1,2, k =
1,..., K} with the scalar product

(u7v / Vug - Vg dz

Problem (21.5) is equivalent to the spectral problem Agvy = pg vy in
Ho, where the operator Ag : Ho — Hg is defined by the equality
(Aou,v)HO = (u, V)V0 YV u,v € Ho; (21.6)
obviously, it is self-adjoint, positive, and continuous, but noncompact. From
Theorem 2 and (21.4) it follows that the spectrum of Ay is situated in
[007 +OO)
We assume that 9 < co for each m = 1,2 and k = 1,..., K,,, where

(m) _ Em pk
k |B("L)\

The other cases can be considered similarly as in [Me06].

Solving the differential equations of problem (21.5) in D,,, and taking the
first transmission condition vy ’k| ws=0 = va' |zs—0 and the boundary condition
(8$3v6”’k) lzs=—d,, = 0 into account, we obtain

+ /70 m
ng,k(l,) _ Yo (.13 ) COS (\/ Mo — @l(c )(xS + dWZ)) .

cos(dm\/ o — 8,(;”))

Substituting these representations into the second transmission condition, we
get the nonlinear spectral problem L(p)vy = 0 in H(20) = {v € H'(£2) :
v is a-periodic on Iy} (u € [cp, +00)) for the operator function

2 K,
L(p) == (u+1) A1+ZZ|B,§m>|\/u—@,§m> tan(dm\/ﬂ—@,@)Az—ﬂ,

=1k=1

where Ay, As are self-adjoint, compact operators in Hﬁl(QO) such that, for
Y ¢, 9 € Hi (),

(A1¢7¢)H;(QO) = /_Q ¢($)¢(I)d$, (A2¢7¢)H;(Qo) = /Q¢($/,0)¢($/,O)d$/
0

Theorems on existence and concentration of the spectrum for such self-

adjoint operator-functions and minimax principles for the eigenvalues were

proved in [Me94], [HrMe96]. From these results we have the following theorem.
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Theorem 3. The spectrum of L consists of normal eigenvalues and the left
accumulation points {P; : t € N} that are poles of the functions

tan(dw/ﬂ_@,@), m=1,2 k=1,... Kp. (21.7)

These points divide the eigenvalues into the sequences

cO§u§1)§-~-§u§})§---—> P,

Pt71<ligt)§"'§ﬂg)§"'—> P, as n — oc.

21.4 Asymptotic Approximations

Let vo € Ho and p be a solution to problem (21.5). Using the method of
matched asymptotic expansions, we construct an approximation R. € H.:

3
Rg(x) = —|— €X0 X3 Z — 6,’7353) |§:§ Bxiv{f(m’,O), T e .QQ7
=1
R. —v()”’“+ezy (E0)l¢,— 22 O, 05"
=1
+€XOZ (&))l¢=2 0,07 (2, 0)

on Ggm)(k:), m=1,2 k=1,...,K,,. Here xo is a smooth cut-off function
that equals 1 in a neighborhood of zero; {Z;} are l-periodic in & and &
(&3 > 0) junction-layer solutions to the following problems:

7A5Z ( ) = 0, §ell,
853 ( ) = 0 (g/a O) € oIt \ B, (218)
au,é,Z = —01,v1(§) — 02,11(8), £edll~\ B,

where §; 1, is the Kronecker symbol, IT = [TTUIT~, [IT = 0Ox (0,400), I~ =
(UkK:llﬂ,i’f) U (Ufﬁlﬂg’7)7 I~ = B,(cm) X (=00, 0]. We reassign the semi-
infinite cylinders {11, };n=12, k=1,... k,, and sets {B](fm)}mzlyg’ k=1,...K,, by
{U;}jzlw,K and {Bj};j=1,. K, respectively, K = K; + K.

Lemma 1. There exist K solutions to the junction-layer problem (21.8) at
1 = 3, which have the following differentiable asymptotics:
&3+ O(exp(—74 &), & — +oo, L€ I,
Z(6) =4 187+ +0(exp(v; &), & — —oo, €I,
ol + O(exp(r; &), € — —00, £€ Iy, k#j
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where fyj: are some positive constants. Any other solution to problem (21.8)
(i = 3), which has polynomial growth at infinity, can be presented as a linear
S K =
combination B + ijl B;=;.
There exists a unique solution Z; to problem (21.8) (i = 1,2) with the
following asymptotics:

Zi(6) = O(exp(—;" &)), €5 — +oo, £€ ITT,
i - —& + bgl) + O(eXp(—’yiTj 53))7 3 — —o0, £ € H;

We take Z3 as a linear combination (1—/f8a—- - -— [k )=E1(€)+P2=Z2(&)+ - -+
Bk EKk(£); Pa,...,L K are found from the matching conditions. The functions
Y1,Y5,Ys are 1-periodic with respect to &1,&2; Yi(&;) = =& + bg-z), §ell,
j=1,...,K,i=1,2; Y3 is equal to the polynomial part of (1 — By — - —
Br)E1(E) + B2Z2(E) + -+ - + B Zk (€) on the cell of periodicity I7

Substituting R. and g into problem (21.1) and finding residuals, we get

| Re — poAcR: ||ln. < c(6)e'™° (5 >0). (21.9)

21.4.1 Approximation near the Essential Spectrum.

Let pg € 0ess(Ao) = {P:: t € N}, i.e., po coincides with one of the poles of
the functions (21.7) at mg € {1,2} and ko € {1,..., Ky, }. Fix one cylinder

G(mo: ko) (e) = {x: (& —ip, 22 — jo) € B( 0), T3 € (—dmmo]} from the set

10]0
Gimo) (ko) and construct the following approxunation:

. (mU) (mo,ko)
W (x) = a(e) cos(y/ O " (x3 + dmo)), € G, 0 (e), (21.10)

0, =€ \Gmo”“o (e).

20J0

Here we choose a(e) such that |[W,|y. = 1. Substituting {W.(-), uo} into
problem (21.1) in place of {u(e,-), A(¢)} and finding residuals, we get

IWe — o Ac(We)|lp. < cet. (21.11)

21.5 Justification of the Asymptotics

To justify the asymptotic approximations constructed above, we use the
scheme proposed in [Me(4)01] for investigation of the asymptotic behavior
(e — 0) of eigenvalues and eigenvectors of a family of operators {A, : H, —
H.}e~o losing compactness in the limit passage. This scheme generalizes the
procedure of the justification of the asymptotic behavior of eigenvalues and
eigenvectors of boundary-value problems in perturbed domains.

In our case this is the family of operators {A. : H. — Hc}eso defined
n (21.3). Recall that A, corresponds to problem (21.1) and Ay : Ho — Ho,
which is defined by (21.6), corresponds to the homogenized problem (21.5).
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Define special coupling operators P. and S.. For better understanding, we
write the diagram

H. CC V.
m | .
Z0C Ho TV

in which the imbedding H C V means that the space H is densely and only
continuously embedded into V), but the imbedding H CC V is also compact.
Here Zy = {u e Ho: u\™ € HY(D,,), m=1,2, k=1,...,K,,}. Obviously,
Zy CC V.

The operator S. : Vy +— V. assigns to any multi-sheeted function v € V
(ky M= 1,2, k=
1,...,K,,. Clearly, S. is uniformly bounded with respect to €. Thus, the
condition (C1) in the scheme [Me(4)01] is satisfied.

The operator P. from condition (C2) is associated with the extension
operators from Theorem 1, and in our case it puts every function u from H.
into the respective multi-sheeted function from Zj.

Conditions (C3) and (C4) are verified in the proof of Theorem 2. Condi-
tions (C5) and (C6), in fact, have been verified in the previous section. The
result of the action of the operator R. from condition (C5) is the construc-
tion of the approximation function R, which satisfies the estimate (21.9). The
estimate (21.11) coincides with a similar estimate from condition (C6).

Thus, all conditions (C1)—(C6) of the scheme from [Me(4)01] are satisfied
for problems (21.1) and (21.5). Applying this scheme, we get the following
theorems.

the function S.v that is equal to vg in {29 and to /U]E:m)|G(w1)

Theorem 4 (Hausdorff convergence). Only points of the spectrum of
problem (21.5) are accumulation points for the spectrum of problem (21.1)
as € — 0.

The eigenvalues {\,(g)} at fixed indices n are usually called low eigenval-
ues (see [Me(3)01]); the corresponding eigenfunctions are called low frequency
oscillations.

Definition 1 ([Me(3)01]). The value T := sup,cn limsup,._o A,(e) is
called the threshold of the low eigenvalues of problem (21.1).

Theorem 5 (low frequency convergence). Let {\,(¢) : n € Ny} be the
ordered sequence (21.4) of eigenvalues of problem (21.1), let {un(e,-) : n € N}

be the corresponding sequence of eigenfunctions orthonormalized in L?(§2.),
and let ¢y < ugl) << MSP < -+ — P; be the first series of eigenvalues of
the homogenized problem (21.5) (see Theorem 3).

Then the threshold of the low eigenvalues of problem (21.1) is equal to P,

and for any n € N )\, (e) — u%l) as € = 0. There exists a subsequence of

(0)

the sequence {e} (again denoted by {€}) such that P.uy(e, ) — vn’ weakly
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in Zy as € — 0, where {vslo)} are the corresponding eigenfunctions of the

homogenized problem (21.5) that satisfy the condition (V%O),vs,?))vo = On.m-

Theorem 6 (asymptotic estimates for the low eigenvalues). Let
,usll) = ,ugllll == ;LSJ)FPI be an r-multiple eigenvalue of problem (21.5)
from the first series and let vg), e ,VSJ)FPI be the corresponding eigenfunc-
tions orthonormalized in V.

Then for any § > 0 and n € N and sufficiently small €, we have
An(e) = p] < co(n,8) &7

In addition, for any § > 0 andi € {0,1,...,r—1}, there exist £9 > 0, C; > 0,
and {a;i(g), k=0,1,...,7 =1} C R such that 0 < ¢; < Z;;}](aik(s))g < e
and for any € € (0, )

r—1

(n+1) _ . . . 1—-6
B =30 auepnnte)| < Ol ) 17

where {RS;"H)} is the approximation function constructed over the function
vfll_zl (see Section 21.4).

It follows from Theorems 4 and 5 that there exist other converging se-
quences of eigenvalues \,)(¢) (n(e) = +oo as e — 0) that are called
high frequency convergences; the corresponding eigenfunctions are called high
frequency oscillations.

Theorem 7 (high frequency convergence and estimates). Let ugf ) =

,ugil == uﬁfiwl be an r-multiple eigenvalue of problem (21.5) from the

tth series; the functions vg), . ,vg}rrfl are the corresponding eigenfunctions

orthonormalized in V.
Then, for any 6 > 0, there exist €, > 0 and ¢ > 0 such that for all values
of the parameter € € (0,&,,4), the interval

Lyp(e) = (p) = e==0 D +e=19)

contains exactly r eigenvalues of problem (21.5).

For the approzimation function Rénﬂ’t) (it =0,1,...,7 — 1) constructed
over VS_)H-, the following asymptotic estimate:
R(nJri}t) _ s _
e < 1- (e - =
| — Bl <emtd) G =1,

=

holds, where U; (e, 1) is a linear combination of eigenfunctions of problem (21.1)
that correspond to the eigenvalues from the interval I,, 4 (¢).
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Theorem 8 (asymptotic behavior near the essential spectrum). Let
1o coincide with one of the points of the essential spectrum {P; : t € N} of
the homogenized problem (21.5).

Then there exist co > 0 and g9 > 0 such that for all values of the parameter
e € (0,e9) the interval

1 1 1 1
—_ — 4 _ 4
m Coer oo + coe

contains finitely many eigenvalues of the operator A..

There exists a finite linear combination U, (|U.||c = 1) of the eigenfunc-
tions ui(a)ﬂ.? i = 0, p(e), that correspond, respectively, to the eigenvalues

()\k(E)H(E))_l of operator A. from the segment {ﬁ — el ﬁ + coed|,
such that )
< 2w,

v,
Hs

where W, is defined by (21.10).

From the estimates in Theorems 6 and 7 it follows that the low and high
frequency vibrations are vibrations of the junction 2. like an entire system.
Vibrations like W, (see (21.10)) are vibrations of (2., in which each cylinder
can have its own frequency. Therefore, such vibrations are called pseudovibra-
tions (for more details see [Me(3)01]). They appear near the essential spec-
trum of the homogenized problem, and their energy is concentrated on the
thin cylinders.
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22.1 Introduction

The main purpose of this chapter is to give general ideas on a kind of singular
perturbation arising in thin shell theory when the middle surface is elliptic
and the shell is fixed on a part of the boundary and free on the rest, as well as
an integral heuristic procedure reducing these problems to simpler ones. The
system depends essentially on the parameter ¢ equal to the relative thickness
of the shell. It appears that the “limit problem” for ¢ = 0 is highly ill posed.
Indeed, the boundary conditions on the free boundary are not “adapted” to
the system of equations; they do not satisfy the Shapiro—Lopatinskii (SL)
condition. Roughly speaking, this amounts to some kind of “transparency”
of the boundary conditions, which allows some kind of locally indeterminate
oscillations along the boundary, exponentially decreasing inside the domain.
This pathological behavior only occurs for ¢ = 0. In fact, for ¢ > 0 the
problem is “classical.” When ¢ is positive but small, the “determinacy” of
the oscillations only holds with the help of boundary conditions on other
boundaries, as well as the small terms coming from & > 0.

In these kinds of situations, the limit problem has no solution within the
classical theory of partial differential equations, which uses distribution theory.
It is sometimes possible to prove the convergence of the solutions u® towards
some limit ©°, but this “limit solution” and the topology of the convergence
are concerned with abstract spaces not included in the distribution space.

After recalling the SL condition (Section 22.2), we give in Section 22.3 a
very simple example of such a perturbation problem. The geometry of the
domain (an infinite strip) allows explicit treatment by Fourier transform in
the longitudinal direction. The inverse Fourier transform within distribution
theory is only possible for ¢ > 0, whereas for ¢ = 0 it is only possible in the
framework of analytic functionals (highly singular and not enjoyi localization
properties). This example shows the prominent role of components with high
frequency; for small &, the “smooth parts” (i.e., with small |£|) of the solutions
may be neglected with respect to “singular ones” (i.e., with large |£]). We also
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recall an example of the elliptic Cauchy problem (in fact, Hadamard’s counter-
example) which exhibits some relation to the limit problem.

In Section 22.4, we report the heuristic procedure of [EgMeSa07]. In this
latter article, we addressed a more complicated problem including a variational
structure, somewhat analogous to the shell problem, but simpler, concerning
an equation instead of a system. It is shown that the limit problem contains
in particular an elliptic Cauchy problem. This problem was handled in both
a rigorous (very abstract) framework and using a heuristic procedure for ex-
hibiting the structure of the solutions with very small €. The reasons why the
solution leaves the distribution space as € goes to 0 are then evident. In Sec-
tion 22.4 we present a simplified version of the heuristic procedure involving
only the essential facts of the approximation, which are very much analogous
to the method of construction of a parametrix in elliptic problems [Ta81],
[EgSc97):

e Only principal (with higher differentiation order) terms are taken into
account.

e Locally, the coefficients are considered to be constant, their values being
frozen at the corresponding points.

e After the Fourier transformation (x — &), terms with small  are ne-
glected in comparison with those with larger ¢ (which amounts to taking into
account singular parts of the solutions while neglecting smoother ones). We
note that this approximation, along with the two previous ones, leads to some
kind of “local Fourier transformation,” which we shall use freely in the sequel.

Another important ingredient of the heuristics is a previous drastic restric-
tion of the space where the variational problem is handled. In order to search
for the minimum of energy, we only take into account functions such that the
energy of the limit problem is very small. This is done using a boundary layer
method within the previous approximations, i.e., for large |£|. This leads to
an approximate simpler formulation of the problem for small e, where it is
apparent that the limit problem involves a smoothing operator and cannot
have a solution within distribution theory.

It should prove useful to give an example of a sequence of functions con-
verging to an analytical functional (but leaving the distribution space, then
leading to a “complexification” phenomenon). It is known ([Sc50], [GeCh64])
that (direct and inverse) Fourier transformation within distribution theory is
only possible for temperate distributions, not allowing functions with expo-
nential growth at infinity. The space of (direct or inverse) Fourier transforms
of general distributions is denoted by Z’. It is a space of analytical functionals:
the corresponding test functions are analytical, rapidly decreasing functions,
forming the space Z.

Let us consider the (nontemperate) distribution (or function) 4(§) =
cosh(&). The sequence

0 otherwise

a)\(g) _ { COSh(é) if ‘§| < )‘7
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converges to u in the distribution sense as A goes to infinity. The inverse
Fourier transforms u*(x) converge in Z’ to the analytical functional u(z).
The functions 4*(¢) are tempered and their inverse Fourier transforms are
easily computed by hand. It appears that for large A

e 1

A [/ —
W) R T

(cos(Az) + xsin(Az)).

It is then apparent that u*(x) consists of an “almost periodic” function with
period tending to zero along with 1/\, multiplied by an “envelope” defined by

ﬁ and by the factor % Moreover, note that the amplitude is exponentially
large with respect to the inverse of the period. It is then apparent that the
limit is an “extremely singular” function as the “graph” fills the entire plane.
Moreover, it is clear (and may be rigorously proved [EgMeSa07]) that the
sequence u* leaves the distribution space everywhere, not only in the vicinity
of z = 0 as is suggested by the formal inverse Fourier transform of cosh(§) =

225 &, which is

_ ytoo 1t
u(z) - En:O (277,)'
apparently a singularity “of order infinity” at the origin. This fact constitutes
an example of the property that elements of Z’ can only be tested with analytic
functions (with support on the entire x-axis) so that elements of Z’ do not
enjoying localization properties.

The motivation for studying this kind of problem comes from shell theory,
see [SaHuSa97], [BeMiSa08]. It appears that when the middle surface is elliptic
(both principal curvatures have the same sign) and is fixed by a part I of the
boundary and free by the rest Iy, the “limit problem” as the thickness € tends
to zero is elliptic, with boundary conditions satisfying SL on I, and boundary
conditions not satisfying SL on I'j. Without going into details, which may
be found in [MeSa06], [MeEtAl07], [EgMeSa07], and [EgMeSa09], we show
numerical computations taken from [BeMiSa08] of the normal displacement
for e = 1072 and e = 10~ (Figure 22.1 left and right, respectively) when the
shell is acted upon by a normal density of forces on a rectangular region of
the plane of parameters. The most important feature is constituted by large
oscillations near the free boundary I7. It is apparent that, when passing from
e =103 to € = 107°, the amplitude of the oscillations grows from 0.001 to
0.01. The singularities produced by the jump of the applied forces inside the
domain are still apparent for ¢ = 1073, but not for ¢ = 10~°, where only
oscillations along the boundary are visible. Moreover, the number of such
oscillations goes from nearly 3 for ¢ = 1073 to nearly 5 for € = 107° and is
then nearly proportional to log(1/¢). We shall see that all these features agree
with our theory.

2n(

z),
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Fig. 22.1. Normal displacement for £ = 107? (left) and for ¢ = 107> (right).

22.2 The Shapiro—Lopatinskii Condition for Boundary
Conditions of Elliptic Equations

In this section, we recall some properties of elliptic Partial Differential equa-
tion (PDEs) (see [AgDoNi59] and [EgSc97] for more details).
We consider a PDE of the form

P(x,04)u = f(x),

where x = (21, 22) and d, = 9/0x,, « = 1,2, and P is a polynomial of degree
2m in J,. Let Py be the “principal part,” i.e., the terms of higher order. The
equation is said to be elliptic at x if the homogeneous polynomial of degree
2m in &yt

P()(J?, —ifa) =0 (22.1)

has no solution £ = (£1,&2) # (0,0) with real &,. When the coefficients are
real (this is the only case that we shall consider), this implies that the degree
is even (this is the reason why we denoted it by 2m). The left-hand side
of (22.1) is said to be the “principal symbol;” the “symbol” is obtained in an
analogous way taking the whole P instead of the principal part FPy. We note
that replacing 9/0z, by —i{, in Py amounts to formally taking the Fourier
transform z — £ for the homogeneous equation with constant coefficients
obtained by discarding the lower order terms and freezing the coefficients at
. Obviously, ellipticity on a domain (2 is defined as ellipticity at any x € 2.

It is worthwhile mentioning that ellipticity amounts to non-existence of

“traveling waves” of the form .
e (22.2)

for the equation obtained after discarding lower order terms and freezing
coefficients. Here “traveling” amounts to “with real £”; note that solutions
like (22.2) with non-real £ are necessarily exponentially growing or decaying
(in modulus) in some direction. Moreover, when a solution of the form (22.2)
exists (with £ either real or not), it also exists for ¢ with any c¢. In a heuris-
tic framework, we may suppose that || is very large; this justifies discarding
lower order terms (= of lower degree in [£|). In the same (heuristic) order
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of ideas, freezing the coefficients allows us to consider “local solutions.” This
amounts to multiplying the solutions by a “cutoff” function #(x) or, equiva-
lently, taking the convolution of the Fourier transform with J(¢), which does
not modify the behavior for large £. Microlocal analysis gives a rigorous sense
to that heuristics. It then appears that local singularities of a solution u (as-
sociated with behavior of the Fourier transform for large |£|) cannot occur in
elliptic equations unless they are controlled by the (Fourier transform of the)
right-hand side f. This gives a “heuristic proof” of the classical property that
local solutions of elliptic equations are rigorously associated with singularities
of f.

What happens with solutions near the boundary? A local Fourier trans-
form is no longer possible, but, after rectification of the boundary in the
neighborhood of a point, we may perform a tangential Fourier transform. If,
for instance, the considered part of the boundary is on the axis x1 and the
domain is on the side x5 > 0, taking only higher order terms and frozen
coefficients, we have solutions of the form (22.2) with real & (coming from
the Fourier transform) and non-real £;. The dependence in x5 is immediately
obtained by solving an ordinary differential equation (ODE) with constant
coefficients. Obviously, the solutions are exponentially growing or decreasing,
for o > 0. As the coefficients are real, there are precisely m (linearly inde-
pendent) growing and m decreasing solutions (in the case of multiple roots,
dependence in x5 of the form z5e*? and analogous forms also occur). Roughly
speaking, there are solutions of the form

E Cke—i&:m e)\kﬂcz
k

with real & and Re()) # 0 (here k is running from 1 to 2m). Boundary con-
ditions on z5 = 0 should control solutions with Re(\) < 0, i.e., exponentially
decreasing inside the domain, whereas exponentially growing ones should be
controlled “by the equation in the rest of the domain and the boundary con-
ditions on the other parts of the boundary.” In other words, “good bound-
ary conditions” should determine (within our approximation of the half-plane
and frozen coefficients) the solutions of the equation of the form (22.1) with
Re(A\) < 0. Obviously, the number of such boundary conditions is m. A set
of m boundary conditions enjoying the above property is said to satisfy the
Shapiro—Lopatinskii condition. There are several equivalent specific definitions
of it. We shall mainly use the following one.

Definition 1. Let P be elliptic at a point O of the boundary. A set of m
boundary conditions B;(x,0,) = gj(x), j = 1,...,m is said to satisfy the SL
condition at O when, after a local change to new coordinates with origin at
O and axis x1 tangent to the boundary, taking only the higher order terms
and coefficients frozen at O in the equation and the boundary conditions, the
solutions of the form (22.1) with Re(\) < 0 obtained by formal tangential
Fourier transform are well defined by the boundary conditions.
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Remark 1. The preceding definition should be understood in the sense of for-
mal solution for any given (real and nonzero) &;. The SL condition is not con-
cerned with solutions in certain spaces. It is purely algebraic, and concerns m
conditions imposed to the m (decreasing with z5) linearly independent solu-
tions of the ODE obtained from Py by a formal tangential Fourier transform.
This also amounts to saying that imposing the boundary conditions equal to
zero, the considered solutions must vanish. In fact, the SL condition amounts
to nonvanishing of a certain determinant, and as such it is generically satis-
fied: conditions that do not satisfy it are rarely encountered. In particular, in
“well-behaved problems,” when coerciveness on appropriate spaces is proved,
the SL condition is not usually checked. Also note that the SL condition is
independent of a change of variables, and, in most cases, the change is trivial.
On the other hand, there are also definitions of the SL condition without a
change of variables. Last, also note that the SL condition has nothing to do
with lower order terms and the right-hand side of the boundary conditions
(as ellipticity is only concerned with the principal symbol); it is merely a con-
dition of adequation of the principal part of the boundary operators to the
principal part of the equation.

Let us consider, as an exercise, examples for the Laplacian:
P=-0} 03 (22.3)

The principal symbol is €7 + €2, so the equation is elliptic of order 2; thus
m = 1. “Good boundary conditions” are in number of 1.
Let us try the boundary condition (Dirichlet)

u=0. (22.4)

Taking any point of the boundary and (x1,z9) with origin at that point,
tangent and normal to the boundary, respectively, the equation is the same as
that for the initial variables, and a formal tangential Fourier transform gives

(&F — d3)a(&r,22) =0,
and the solutions are
W1, w2) = Cu(&r)e® 1™ + Oy (&r)el®r 72,
Taking only the exponentially decreasing solutions for x5 > 0 we only have
W&y, w2) = Cy(&r)e 1112, (22.5)
Now, applying the “tangential Fourier transformation” to (22.4), we find that
u(&1,0) =0, (22.6)

that is, the transform vanishes identically. Then the Dirichlet boundary con-
dition satisfies the SL condition for the Laplacian.
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The case of the Neumann boundary condition for the Laplacian

on
is analogous. (Note also that the Fourier condition (2—2) +au = g is the same,
as only the higher order terms are taken in consideration.) Proceeding as
before, we have, instead of (22.6):

D1(€1,0) = —[6:[C1(61) = 0,

which also gives C1(§1) = 0 and then @& = 0. Thus, (22.6) satisfies SL for (22.3).
In contrast, the boundary condition

(95 — i0n)u = 0, (22.7)

where s and n denote the arc of the boundary and the normal, does not satisfy
the SL condition for the Laplacian. Indeed, taking the new local axes, s and
n become x; and x5, and after a tangential Fourier transform

(i€ —i02)u(&1,0) = 0,
which applied to (22.5) becomes
(—i& + il&])C1(&1) = 0,

we then see that C(&1) vanishes for negative &1, but is arbitrary for positive
&1. In fact, the boundary condition (22.7) is “transparent” for solutions of the
form (22.5) with positive &;.

Remark 2. As is apparent in the last example, when the SL condition is not
satisfied, there is some kind of “local nonuniqueness,” where “local” recalls
that only higher order terms are taken in consideration, and the coefficients
are frozen at the considered point of the boundary.

The SL condition appears as some previous condition for solving elliptic
problems. It is apparent that some pathology is involved at points of the
boundary where it is not satisfied.

Let us mention, before closing this section, that the boundary conditions
may be different on different parts of the boundary, especially on different
connected components of it (when there are points of junction of the various
regions, usually singularities appear at those points).

22.3 An Explicit Perturbation Problem Where the SL
Condition Is Not Satisfied on a Part of the Boundary of
the Limit Problem

Let 2 be the strip (—oo,+00) x (0,1) of the (x,y) plan. We denote by I
and I the boundaries y = 0 and y = 1, respectively. We then consider the
boundary value problem depending on the parameter ¢:
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Auf =0on {2
u® =0on [y ,
Ozu+ (i +e2)0yu = on I

where ¢ is the data of the problem. It is a given function of z, that we shall
suppose sufficiently smooth, tending to 0 at infinity. We shall solve it by an
r — & Fourier transform; it is easily seen that we also automatically have
u — 0 for £ — oo, which may be added to the boundary conditions.

The boundary condition on I is the Dirichlet one, which satisfies SL for
the Laplacian. In contrast, the boundary condition on I satisfies it for € > 0
(this is easily checked), not at the limit € = 0 (see the end of the previous
section). The problem is to solve for ¢ > 0 and to study the behavior for e
going to zero.

Denoting by “the © — £ Fourier transform, 4° is defined on the same (2
domain, but of the (&, y) plane. The solutions of the (transform of) equation
and the boundary condition on Iy are of the form

(€, y) = a(§) sinh(Ey),

where a denotes an unknown function to be determined with the boundary
condition on I'. It will prove useful to write the solution under the form

sinh(&y)

(22.8)

for the new unknown (3°(¢), which is the transform of the trace u®(z,0).
Imposing the Fourier transform of the boundary condition on I}, we have

ichE P12 cosh(§) ». _
€5°(9) + i+ ) S S A€ = 216).
so that .
e = s (22.9)

—if(l - coth(£)> + £2& coth(€) -

In order to study this function, we should keep in mind that the expression
(1 — coth(¢)) decays for £ — +o00 as 2e~2¢. Then, at the limit € = 0 we have

3006y _ ¢(§)
Bo(&) = (0~ coth(@)’ (22.10)

For £ — +o00 this function behaves as

30 P(&) 2
~2— e,
P~ 22y
This shows (except for very special data ¢ with a very fast decaying Fourier
transform) that 3°(€) is not a tempered distribution, and the inverse Fourier
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transform is an analytical function in Z’. Nevertheless, for £ > 0, BE(E) is
“well behaved” for & — 400 as

Qe ~ @(6)
ﬁ (5) ~ 652 '

(22.11)

This specific behavior depends on that of %, so that in most cases it will be
decreasing, but multiplied by the factor e=2. When & > 0 (small but not 0) is
fixed, [35(5) is approximately given by (22.10) for “finite” £ and by (22.11) for
€ going to +oo. It is easily seen that the sup in modulus of |3°(€)| is located
in the region where both terms in the denominator of the right-hand side
of (22.9) are of the same order (so that neither of them may be neglected).
This gives

&= 0(log(1/2)). (22.12)

It appears that 3° (€) consists mainly of Fourier components which tend
to infinity algebraically as € goes to zero with £ tending to infinity “slowly”
as in (22.12). This is somewhat analogous to the example, given in the Intro-
duction, of a sequence of functions converging to an analytical functional.

Coming back to (22.8), the main properties of the behavior of u®(z, 1) may
be shown:

e The trace u®(x,1) = 3°(x) on the boundary Iy which bears the “patho-
logical boundary condition” mainly consists of large oscillations with wave
length 1/log(1/e) (which tends to 0 very slowly as ¢ — 0). The amplitude
of those oscillations grows nearly as e~ 2. The limit ¢ — 0 does not exist in
distribution theory; it constitutes a complexification process.

e Out of the trace on I (i.e., for 0 < y < 1), the behavior is analogous,
but of lower amplitude, which is exponentially decreasing going away from
I'1. We recover properties of the nonuniqueness associated with the failed SL
condition.

Before concluding this section, we would like to show some analogy be-
tween the previous limit problem and the Cauchy elliptic problem, which is a
classical example of an ill posed problem, without a solution in general.

We consider the same domain {2 as before, but we now impose two bound-
ary conditions on Iy and no condition on I'}. Namely,

Av=0on 2
v =1 on Iy
Oyv =0 on Iy

Taking as above the © — & Fourier transform, it follows immediately that

(&, y) = ¥(&) cosh(&y).

It is apparent that the behavior for & — oo is exponentially growing (except
for the case when v(£) decays faster than e~I¢l) so that it is not tempered
and the inverse Fourier transform does not exist within distribution theory.
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22.4 A Model Variational Sensitive Singular
Perturbation

22.4.1 Formulation of the Problem

Let 2 be a two-dimensional compact manifold with smooth (of C'*° class)
boundary 02 = I'y U I of the variable x = (x1, x2), where I and I are dis-
joint; they are one-dimensional compact smooth manifolds without boundary,
then diffeomorphic to the unit circle. Let a and b be the bilinear forms given
by

a(u,v) = /AuAvdx,
9]

2
b(u,v) = /Q Z Oaptt Do pvde.

a,f=1

We consider the following variational problem (which has possibly only a
formal sense):
Find u® € V such that, Vo € V
{ a(uf,v) + e2b(uf,v) = (f,v),
where the space V is the “energy space” with the essential boundary condi-
tions on Iy

(22.13)

20 0). _Ov
V={ve H(N); v, = i, 0},
where n,t denotes the normal and tangent unit vectors to the boundary I'
with the convention that the normal vector n is inward to 2. It is easily
checked that the bilinear form b is coercive on V. Moreover, we immediately
obtain the following result. For all € > 0 and for all f in V', the variational
problem (22.13) is of Lax—Milgram type and it is a self-adjoint problem which
has a coerciveness constant larger than cs2, with ¢ > 0.
The equation on {2 associated with problem (22.13) is

(1+e*)A%u = f on 02, (22.14)

as both forms a and b give the Laplacian. As for the boundary conditions on
Iy, they are “principal,” i.e., they are included in the definition on V' (defined
in Section 22.4.1). As for conditions on I, they are “natural,” classically
obtained from the integrated terms by parts. Those coming from the form
b are somewhat complicated; we shall not write them, as the problem with

e > 0 is classical. For ¢ = 0 these conditions (coming from form a) are
Au = 8&" =0, on I7.
As a matter of fact, the full limit boundary value problem is
A%y’ = f on 2
u®
u=%F-=0on Iy 221
Au® =0on I (22.15)

—(%Auo =0on I.
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Let us check that the boundary conditions on I (i.e., the two last lines
of (22.15)) do not satisfy the SL condition for the elliptic operator A2. Indeed,
proceeding as in Section 22.2, by a formal tangential Fourier transform,

(—€2 +03)*a =0,
which yields
b= (Ae~l61122 4 OgpelCrlzz) (22.16)

(as well as analogous terms with +|¢| instead of —|¢|, which are not taken
into account as exponentially growing inwards the domain). Here, according
to SL theory, x5 is the coordinate normal to the boundary, after taking lo-
cally tangent and normal axes (which do not modify the equation A?). The
(tangential Fourier transform of the) boundary conditions on Iy are

(& +03)a=0

and
Do(—E1 + 03)a = 0.

It is immediately seen that the previous solutions (22.16) with C' = 0 and any
A # 0 satisfy both conditions (note that its Laplacian vanishes everywhere,
then it vanishes as well as its normal derivative on the boundary). So, the SL
condition is not satisfied on I7.

Before going on with our study, we note that the limit problem (22.15)
implies an elliptic Cauchy problem for the auxiliary unknown

00 = AP,
Indeed, system (22.15) gives in particular:

Av® = fon 2
v®=0o0n I
—%—f:Oonﬂ,

which is precisely the Cauchy problem for the Laplacian.

As mentioned in Section 22.3, this is a classical ill posed problem, and the
solution does not exist in general. However, uniqueness of the solution holds
true (by the uniqueness theorem of Holmgren and other analogous ones (see,
for example, [CoHi62])).

22.4.2 A Heuristic Integral Approach

The aim of this section is the construction, in a heuristic way, of an approx-
imate description of the solutions u® of the model problem in the previous
section for small values of €.

From the general theory of singular perturbations of the form (22.13), we
know that our assumption,
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a(v,v)Y? defines a norm on V, (22.17)

is crucial. Indeed, when it is not satisfied, the problem is said to be “non-
inhibited.” In such a case, it has a kernel which contains non-vanishing terms,
and then it is easy to establish that the asymptotic behavior of the solution
u® of (22.13) is described by a variational problem in this kernel. This fact is
not surprising when we consider the following minimization problem, which
is equivalent to (22.13):

a(u57u6) +52b(u5,u6) _ 2<f, us). (22.18)

{ Minimize in V,
Indeed, when ¢ goes to zero, the natural trend consists in avoiding the a-
energy which occurs with the factor 1 and leaving the b-energy which has a
factor 2.

Clearly, this is not possible when (22.17) is satisfied, since the kernel re-
duces to the zero function. Nevertheless, in our case, a(v,v) = 0 implies
Av =0 and, as v € V, the traces of v and % vanish on I, so that (22.17)
follows from the uniqueness theorem for the Cauchy problem. This unique-
ness is classical, but the solution w is unstable in the sense that there can be
“large w” in the V norm (or in other spaces) for “small f” in the V' norm
(or in other spaces). It then appears that the same reasoning shows that for
small values of €, the solution u® will be precisely among elements with small
a(uf,u®); that is, with small Au in L2,

22.4.3 The Iy Layer

Let us now build such functions u® € V' with very small ||Au||z2. The main
idea is to consider functions in a larger space than the space of functions v of
V such that Av = 0 (which only contains the function v = 0). The functions
of this bigger space will not satisfy the two boundary conditions on Iy that are
satisfied by any function of V. Then we shall modify it in a narrow boundary
layer along Iy in order to satisfy the two boundary conditions with small value
of a-energy.
More precisely, let us consider the vector space

G'={veC>®2), Av=0on 2, v=0on Ip}.

Remark 3. We observe that every function of G satisfies one of the boundary
conditions on I which are satisfied by any element of V. For simplicity, we
have chosen v = 0 on I, but we could choose the other one % =0on [ as
well. On the other hand, the regularity assumption C*° is slightly arbitrary.
Since we will consider the completion of G® with respect to some norm, this

point is irrelevant.

Obviously, as the Dirichlet problem for the Laplacian on {2 is well posed
in C*, the space GV is isomorphic with the space of traces on I:
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{w e C=(11)},

and the isomorphism is obtained by solving the Dirichlet problem:

@ =0 on I, (22.19)

In the sequel, we shall consider either the functions @ on {2 or their traces
won I7.

In fact, the exact function «® is a solution of (22.14), which we are search-
ing to describe approximately in order to define a space as small as possible
(incorporating the main features of the solution) to solve the minimization
problem. More precisely, according to our previous comments, we are inter-
ested in the “most singular parts” of u° in the sense of the part corresponding
to the high frequency Fourier components. As we shall see in the sequel, it
turns out that these singular parts may be obtained by modification of the
functions w on a boundary layer close to Iy; this layer is narrower when the
considered Fourier components are of higher frequency; in fact, the layer only
exists because we only consider high frequencies. This allows us to make an
approximation which consists in using locally curvilinear coordinates defined
by the arc of Iy and the normal, and handling them as Cartesian coordinates.
Clearly, this approximation is exact only on I, but is more and more precise
as we approach [, i.e., as the considered frequencies grow.

Once the layer is constructed, we compute its a-energy, as well as the
e2b-energy of the (modified) @ function, in order to consider the variational
problem (22.13) in the restricted space.

Let us first exhibit the local structure of the Fourier transform of w close
to Ip. According to our general considerations on the heuristic procedure,
w may be considered (after multiplying by an appropriate cutoff function)
of “small support” near a point Py of I'y. Taking local tangent and normal
Cartesian coordinates y1, Y2, we have, within our approximation,

( 0? 0?

=+ =5 )W = R t 22.2
ay§+ayg)w 0on R x (0,t), (22.20)

for some ¢t > 0. Taking the tangential Fourier transform, we obtain
F ) (€1, 92) = Aelrlvz e, (22.21)

It is worthwhile defining the local structure of w in the vicinity of Iy using
the “Cauchy” data @ and 0w on I (note that the solution of the Cauchy
problem is unique, so that the Cauchy data determine the solution). As w
vanishes on [, the local structure is then determined by 02w on [. Taking
the tangential Fourier transform, this gives

. (0w, sinh(|&1|y2)
f(“’j)(fl,yz) = }—(Ty;m:o)T' (22.22)



230 N. Meunier and E. Sanchez—Palencia

We now proceed to the modification of w into w® in a narrow boundary
layer of I in order to satisfy (always within our approximation) the equation
coming from (22.14) for small . Using considerations similar to those leading
to (22.20), this amounts to

2 92\®
(a_y% + a_yg) @ =0 on R x (0,1), (22.23)

hence the tangential Fourier transform reads
02\
( — &P + —2) F(w®) = 0. (22.24)
y;

Consequently, F(1w*) should take the form

F(0%) (€1, y2) = (o +yy2)els11¥2 4 (B + dyp)e 16112,

The four unknown constants should be determined by imposing that w®
and Jow® vanish for yo = 0 and the “matching condition” of the layer, i.e., out
of the layer, we want w{ to match with the given function w;. Since |¢1] >> 1,
then [£1|y2 >> 1 means that yo >> \E_lll (but we still impose that yo is small
in order to be in a narrow layer of Ij); this is perfectly consistent, as we
will only use the functions for large |&;|. Hence, the terms with coefficients

G and 0 are “boundary layer terms” going to zero out of the layer (i.e., for
ly2| >> O(\E_lll))’ see perhaps [Ec79] or [1191] for generalities on boundary
layers and matching. This gives

- _ (0w sinh(|€1|y2) —|€1lyz
Flo)em =Gy, )G e

This amounts to saying that the modification of the function w; consists
in adding to it the inverse Fourier transform of

A (et

Defining on Iy the family (with parameter ys) of pseudo-differential
smoothing operators do (e, D1, y2) with symbol

50—(67517y2) = 7y2ei‘§1|y2h(€7§ay2)v (2225)

where h is an irrelevant cutoff function avoiding low frequencies that is equal
to 1 for high frequencies (see [EgMeSa07] for details), we see that the modi-
fication of the function w:

ow =w*—w

is precisely the action of do(e, D1, y2) on g—z(yl, 0):
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ow = 60(5,D1,y2)%(y1,0).
Y2

Let us now compute the leading terms of the a-energy of the modified
function w®.

Let © and @ be two elements in G° and ©%, @? the corresponding elements
modified in the boundary layer. As the given ¢ and @ are harmonic in {2,
the a-form is only concerned with the modification terms d0 and dw. Then,
within our approximation, we have

a(v*, w*) = /FO dy1 /O+Oo A(0D)A(0w)dys.

To compute this expression, we first write ¥ and w as a sum of terms
with “small support” (by multiplying by a partition of unity): © = X;0, and
w = Xjw;. Then, within our approximation, the integral is on the half-plane
R x (0, 4+00) of the variables yi,ys. Taking the tangential Fourier transform
and using the Parseval-Plancherel theorem, we have

oo oo g2 v,
a ’f)a’ﬁ)u’ =3 d 2 S e, &, F Y
( ) Tk Lw 51 /0 (dyg 51) 0( f y2) (ayZ |y2=0

)dy2

dz Owy,
x(——fZ)éa g, &) F(=—
dyg 1 ( 2) (ay2 lya=0
Hence, from (22.25) and integrating in yo, this yields

+oo

a(0, w*) = Ej,k/ 21&1|

o Y2 |y2=0 Yo ly2=0

O Oz W2(e, €, y0)dEr.  (22.26)

Expression (22.26) only depends on the traces %‘ 0<y1) and
ya=
Biy ’
Y2 |y,=0
We now simplify this last expression using a sesquilinear form involving
pseudo-differential operators.

Indeed, denoting by P(a%l) the pseudo-differential operator with symbol

P(fl) - (2|§1|)1/2h(57£7y2)7

and summing over j and k, we obtain

0,90 0,90 44 (22.27)

(y1), which are functions defined on I}.

a (0, w

>:/r0 3 on i 95 an 1,

22.4.4 Influence of the Perturbation Term &2b

We now consider the minimization problem (22.18) on G° instead of on V.
Obviously, the a-energy should be computed using formula (22.27). This mod-
ified problem should involve the a-energy and the e2b-energy. A natural space
for handling it should be the completion G of G° with the norm
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8 61)
o2 = / PG5 “ds + b(v, v).

It is easily seen that G is the space of the harmonic functions of H?(2)
vanishing on Ip; according to (22.19) it may be identified with the space of
traces H3/2(I).

It will prove useful to write another (asymptotically equivalent for large
|€1]) definition of this problem. Indeed, the elements @ of G° (and then of
G) may be identified (by solving the problem (22.19)) with their traces w
on I';. Moreover, as the functions w are harmonic, we may exhibit their local
behavior in the vicinity of any point z¢ € I7. Proceeding as in (22.20), (22.21),
and taking only the decreasing exponential towards the domain (this is the
classical approximation for the construction of a parametrix), we have

F(®)(&1,2) = Flw)(&r)e™ 112, (22.28)

where y1,y2 are the tangent and the normal (inward to the domain) vectors.
Then, it is apparent that the b-energy is concentrated in a layer close to I
and we may compute it in an analogous way to the calculus that was done
for the a-energy (22.27). Indeed, using the Parseval-Plancherel theorem and
within our approximation, we have

“+oo “+oo
vaa) = [ dn /0 S Do 2dys
. ~

= [ Taa [ (@ cagimgor 175

— 00

2 ~

w
2)I?) dye.

92

Hence, recalling (22.28) and integrating over y,, we get

+oo
o) =2 [ 6P iFw) P
Then, defining the pseudo-differential operator Q(%) of order 3/2 with
principal symbol
\/§|§1|3/27

or equivalently as previously,
V2(1+ 16 7)%,
we have (always within our approximation)
b(v, W) :/ Q(g)v Q(g)wds. (22.29)
r, 0Os s

We observe that the operator @ is only concerned with the trace on I7,
so that we may either write 0, @ or v, w in (22.29).
The formal asymptotic problem becomes

Find 9¢ € G such that Voo € G
Jr, P(55)P(§2)ds + ¢ [, Q(°) Q(w)ds = (f, w).

(22.30)
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22.4.5 The Formal Asymptotics and Its Sensitive Behavior

In order to exhibit more clearly the unusual character of the problem, we shall
now write (22.30) under another equivalent form involving only the traces on
Iy. Coming back to (22.19), let us define Ry as follows. For a given w €
C>(I") we solve (22.19) and we take the trace of gg on Iy, and then

ow

— =TRyw. 22.31
on |, ot ( )

Using the regularity properties of the solution of (22.19), it follows that
Row is in C*°(I}). In fact, Ry is a smoothing operator, sending any distribu-
tion into a C'*° function. Then, (22.30) may be written as a problem for the
traces on I7:

Find v* € H3/?(I") such that Yw € H*/?(I7)
Iy P(2)Rov PLZ) Rowds + € [, Q)" Q(ZL)wds = [, P,
(22.32)
where the configuration space is obviously H3/2(I"). The left-hand side with
€ > 0 is continuous and coercive. We then define the new operators

A = RIP*PRy € L(H*(I'),H"(I})),Vs,r €R,
B = Q'Q e L(H?(I),H?(I)),

where R is the adjoint of R (which is also smoothing), and (22.32) becomes
(A+=2B)vr = F, in H-2(13).

Obviously, B is an elliptic pseudo-differential operator of order 3, whereas A
is a smoothing (non-local) operator.

This problem is somewhat simpler than the initial one (as on a manifold
of dimension 1), showing the interest of the formal asymptotics. It enters in a
class of sensitive problems addressed in [EgMeSa07] Section 2. It is apparent
that the limit problem (for e = 0) has no solution in the distribution space
for any F not contained in C*°. Indeed, on the compact manifold Ij, any
distribution is in some H ™ (1) space, which is sent into C* by the smoothing
operator A.

Remark /. The drastically non-local character of the smoothing operator A
follows from the fact that it involves Ry and R{ (see (22.31)). This is the
reason why the problem may be reduced to another one on the traces on I7.
The possibility of that reduction is a consequence of our approximation, where
the configuration space is formed by harmonic functions.
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23.1 Introduction and Statement of the Main Results

Let 2 be a bounded Lipschitz domain in R™ and let v be the outward unit
normal for £2. For A € [0, oo}, the Poisson problem for the Laplacian A = Y §?

i=1
in {2 with homogeneous Robin boundary condition reads
Au = fin £2,
(23.1)
Oyu+ ATru =0 on 02,

where 0,u denotes the normal derivative of u on 9f2 and Tr stands for the
boundary trace operator. In the case when A = oo, the boundary condition
in (23.1) should be understood as Tru = 0 on 9f2. The solution operator
to (23.1) (i.e., the assignment f — u) is naturally expressed as

Grf(x) = /Q Gala,9)f(y)dy, =€, (23.2)

where G is the Green function for the Robin Laplacian. That is, for each
x € (2, G satisfies

{AyG)\(x7y) = 61’(3/)7 Yy S Qu

(23.3)
Ou(y)Ga(z,y) + AGA(z,9) =0, y €I,

where ¢, is the Dirac distribution with mass at x. The scope of this chapter is
to investigate mapping properties of the operator VG, when acting on L*(£2),
the Lebesgue space of integrable functions in (2. In this regard, weak-L? spaces
over {2, which we denote by LP*°({2), play an important role (for a precise
definition see Section 23.2). The following theorem summarizes the regularity
results for GG, and G, proved in this chapter.

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 235
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_23,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010



236 D. Mitrea and I. Mitrea

Theorem 1. Let 2 be a bounded Lipschitz domain in R™ and fix X € [0, c0].
Then

V[Gx(z,-)] € L7T1°°(2) uniformly in = € £2. (23.4)
In particular,
VGy : LY (2) — L#1°°() is a bounded operator. (23.5)

A number of results in the spirit of Theorem 1 are known for the Green
function and the Green potential for the Laplacian on a bounded Lipschitz do-
main when the boundary condition is of Dirichlet or Neumann type. The fact
that the gradient of the Dirichlet Green potential Gp maps boundedly L*(£2)
into L7-1:°°(£2) was proved by B. Dahlberg (see [Da79]). His proof relies on
the use of the maximum principle, and it cannot be used to handle a Neu-
mann boundary condition. This obstacle was overcome in [Mi08], where a new
approach was devised to prove that when {2 is a bounded Lipschitz domain,
the Neumann Green function satisfies V[Gy(z,-)] € L71:°°(£2), uniformly
for z € (2, and that VG, the gradient of the corresponding Neumann Green
potential, maps L' (£2) into L71°>°(§2) boundedly. A key ingredient in [Mi08]
is establishing the membership of the normal and tangential derivatives to the
boundary of 2 of the free space fundamental solution for the Laplacian to a
weak Hardy space, which is done there by employing Clifford algebras. This
Clifford algebra approach cannot be readily adapted to the setting of elliptic
systems. To handle the case of a second order, constant coefficient, elliptic
system in a bounded Lipschitz domain {2 C R", a new technique was devel-
oped in [Mi07] for the proof of the membership to a weak Hardy space of the
co-normal and tangential derivatives to 0f2 of the corresponding fundamental
(matrix) solution. With this in hand, it was then proved in [Mi07] that when
n =3, V[Gp(z,-)] and V[Gx(z,-)] belong to LT-°°(£2), uniformly for z € 12,
and that VGp and VGy map L'(£2) boundedly into L%°°(£2). The topic of
this chapter is a natural continuation of this line of research since we address
here the more general case of the Robin boundary condition (which contains
as particular cases the Dirichlet and Neumann boundary conditions). The
proof of Theorem 1 is contained in Section 23.3. Various definitions, notation,
and some preliminary results are collected in Section 23.2.

23.2 Preliminaries

Let (X, ) be a measure space and for a measurable function f : X — R set
m(\, f) = p({z e X |f(x)] > A}), YA>0, (23.6)

and define the non-increasing rearrangement of f as

£ =N >0 m\, f)<th,  t>0. (23.7)
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In particular, m(A, f) = m(\, f*) for every A > 0. If 0 < p < 00, 0 < g < o0,
consider the Lorentz scale (see, e.g., [BeLo76])

LPI(X) = {f : X — R measurable : t1/? f*(t) € L((0, o0), %)}, (23.8)
equipped with the quasi-norm
1£llzracx) = 1P (Ol pa( 0,000, 82 (23.9)
Note that the scale of Lorentz spaces contains Lebesgue spaces
LPP(X)=LP(X), 0<p<oc. (23.10)

Also, an equivalent quasi-norm for the case when ¢ = co and 0 < p < oo,
corresponding to weak-L” spaces, is

1l 2o () 2 sup {A(m(A, )7 = A > 0} (23.11)

For further reference, we note that when X is o-finite and non-atomic,

* , 1 1
(LP,Q(X)) =LP>(X) forl<p<oo, 0<qg<1, and];—l—;:l.

(23.12)

Recall that a function ¢ : R"~! — R is called Lipschitz provided there ex-
ists a constant M > 0 such that ||Vl @n-1y < M. An unbounded Lipschitz
domain 2 C R" is the upper graph of a Lipschitz function ¢ : R*~! — R, i.e.,

Q={x=(2,2,) eER" ' xR: z, > p(z')}.

A domain 2 C R" is called a bounded Lipschitz domain provided its boundary
012 can be covered by finitely many balls { B(z;, R;)}1<i<n, ©; € 92, R; > 0,
with the property that for each i there exists an unbounded Lipschitz domain
2; (considered in a system of coordinates which is a rotation and a translation
of the original one) such that 2N B(x;, R;) = ;N B(x;, R;), 1 <i < N. See,
e.g., the definition and comments on p. 189 in Stein’s book [St70].

Later on, it will be useful for us to note that, for each Lipschitz domain
2 C R™ and each a > 0,

|t —-|7* € La*°(Q) and |z — %€ LnT_l’OO(&Q) uniformly in x € R".
(23.13)
For 1 < p < oo we denote by LP(f2) the Lebesgue measurable functions
which are pth power integrable on (2. It is well known that for each Lipschitz
domain {2 C R"™ there is a canonical surface measure do, with respect to
which the outward unit normal, v, is well defined at almost every boundary
point. As such, the Lebesgue space of measurable functions which are pth
power integrable with respect to do on 942 is meaningful, and we denote it
by LP(042). Moreover, the LP-based Sobolev space of order one on 942 will be
denoted by L (9£2).
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For a fixed function 1 in the Schwartz class S(R™) with fR" ¥ # 0, and
for t > 0, z € R™, we let ¢y(x) :=¢""¢ (£). Then, for 0 < p < oo, the local
Hardy spaces are defined as

MR = {f € SR : sup |(f )] € LR}, (23.14)

equipped with the quasi-norm
I llsny = 1| 51D 107 %6y (23.15)
0<t<1

Hereafter S’(R™) denotes the space of tempered distributions in R"™. Weak
local Hardy spaces are defined in a similar manner to (23.14). Concretely, for
0<p<oo,

hP(R™) = {f € S'(R") : 0S<12£)1 [(f = 4)| € LP°(R™)}, (23.16)

equipped with the quasi-norm
fllnp.comny := || su * - 23.17
H th (R™) H0<t51|(f %)WLP,OQ(R ) ( )

Parenthetically, let us point out that different choices of the Schwartz function
1 give equivalent quasi-norms in (23.15), (23.17).
In the case when 2 C R" is the domain lying above the graph of the
n—1

Lipschitz function ¢ : R*~! — R, for == < p < 00, we define local Hardy
spaces on 02 by using an appropriate change of coordinates, i.e.,

FenP(092) LL 1, o(a")VI + [Vo(@)? € RP(R™Y), (23.18)

and

||f||hp(8.(2) = Hf(m/7 (p(:E/)) V 1+ |v<p(x/)|2”hp(ﬂgn—1)- (23'19)

For =1 < p < oo we also set

f e hr=00) EL f@', @) VI V(@) € i=(R"),  (23.20)
and

Hf”hP»OO(B.Q) = Hf(‘r/v w(x’))v 1+ |V<P($/)|2th,oo(Rn71). (23.21)

In the case when (2 C R” is a fixed, arbitrary bounded Lipschitz do-
main, local Hardy spaces hP(02), “~1 < p < 0o, can be defined by lifting
their Euclidean counterpart via a standard localization procedure (involving
a smooth partition of unity subordinate to a covering of 92 with coordinate
balls) and a change of variables of the form (23.18). We remark that, for each
1 < p < oo, RP(02) = LP(012) holds. Weak local Hardy spaces h?>°(912),
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"T_l < p < 00, can also be introduced in a similar fashion. When 1 < p < oo,
hP2(082) = LP>°(912).

We next recall a few interpolation results that will be used in Section 23.3
First, the real interpolation method gives that for an1 < po,p1 <00, 0<0<

1,and £ =1=¢ 1 @ there holds
p Po p1

(WP (992), WP (092))g.00 = WP (D02). (23.22)

Second, the Lorentz spaces LP*9((2) arise naturally via real interpolation be-
tween Lebesgue spaces over (2. More precisely, for 0 < py < p1 < oo,

(LPo(£2), LP(£2))g,, = LP(92), (23.23)

if po<g<oo,+ =10+ L and0<6<1.
The duality result

(L”’l(Q))* = [7(0), (23.24)

which is a consequence of (23.12), will be useful in the proof of Theorem 1.
Given a Lipschitz domain 2 C R™, for some fixed, sufficiently large x =
k(082) > 0, we set

y(@):={y e 2: |z —y| < rdist (y,002)}, x € 012 (23.25)

Then if u is defined in 2, A/(u), the non-tangential maximal function of u, is
defined at boundary points by

N(u)(x) :==sup{|u(y)| : v € v(2)}, x € 92 (23.26)

Next, we introduce layer potentials associated to the Laplacian. To do so,
we first recall the fundamental solution for A in R"™,

1 1
on_1(—n) 22> n >3,
F(JC) = (23.27)
%log |, n=2,

where w,,_1 is the surface measure of the unit sphere in R™. Then, the single-
layer potential operator, acting on an arbitrary function v : 92 — R, is
defined according to

S(x) = /{m I'(x —y)Y(y)do(y), forxe Q. (23.28)

The normal derivative and the boundary trace of (23.28) are, respectively,
given by

0ySp = (—2I+K*)¢ on 04, (23.29)

Tr[sw]:szp on 90, (23.30)
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where K™ is the principal-value operator

K*() = pov. /6 O[Ty = 2)() doly). for ae.7 €02, (2831

and

Sy(x) = /an I'(zx —y)v(y)do(y), for z € df. (23.32)

Finally, before we proceed with the proof of Theorem 1, we record the
following useful result (for a reference, see the discussion in [DaKe87]).

Proposition 1. Let §2 be a bounded Lipschitz domain in R™. Then, for each
"T_l < p < o0, the following holds:

K* : h?(082) — hP(02) is a bounded operator, (23.33)
and
St hP(992) — hP(002) is a compact operator. (23.34)

Strictly speaking, (23.34) is not explicitly stated in [DaKe87] but follows from
the mapping properties of the single-layer operator proved there and known
(compact) embedding results.

23.3 Proof of Theorem 1

The strategy for the proof of (23.4) is to express the Green function G (z, y) as
the difference between the fundamental solution for the Laplacian in the entire
space and a harmonic correction. The harmonic correction is, in turn, written
as an appropriate layer potential operator acting on a linear combination
between the trace of the fundamental solution for the Laplacian and its normal
derivative on the boundary (see (23.38) below). Then, it suffices to show that
this linear combination belongs to the Hardy space h!*>°(3f2) and that the
gradient of the aforementioned layer potential operator maps h':>°(942) into
the desired weak Lebesgue space. To execute this plan, we start by proving
the following invertibility result.

Theorem 2. Suppose that (2 is a bounded Lipschitz domain in R™. Then,
there exists € = £(0§2) > 0 such that for each 1 —e < p < 2+ ¢ the operator

—3I+ K* + \S : hP(002) — hP(012) (23.35)
18 an isomorphism. Moreover, the operator

—3I+ K"+ AS : hY>°(002) — hY>®(892) is an isomorphism. (23.36)
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Proof. Combining the results in in [DaKe87] and [Br95], it follows that there
exists € = £(042) > 0 such that —17 + K* is an isomorphism from the space
{f € hP(012) : fagfdo = 0} into itself, for 1 — ¢ < p < 2 4 &. Thus,
—21 4+ K* is a Fredholm operator with index zero from h?(042) into h?(912),
for all 1 —e < p < 2+ e. In addition, using (23.34), we can conclude that the
operator (23.35) is Fredholm with index zero.

Next we claim that (23.35) is one to one if p = 2. To see the latter, let
[ € L*(892) be such that (—$/+K*+AS) f = 0 and set u := Sf. Then Au =0
in 2, N(u) € L*(002), and d,u + Mu = 0 on 9£2. Using this information, we
can further integrate by parts to obtain

/ |Vu|?dx
o

—/QuAudm—l—/ w(Oyu) do(x)

o1

X[ |ul*de(z) <0. (23.37)
o0

From (23.37) we clearly have that Vu = 0 in {2, and since d,u + Au = 0 on
012, it follows that v = 0 on 92; hence, in fact u = 0 in (2. Since Sf = 0 in {2,
taking the boundary trace and using (23.30) we obtain that Sf = 0 on 942.
In turn, because S : L?(9§2) — L3(942) is an isomorphism (see [Ve84]), this
implies f = 0 as desired. This completes the proof of the claim that (23.35)
is one to one if p = 2.

Since we have already seen that (23.35) is Fredholm with index zero, we
can now infer that (23.35) is an isomorphism if p = 2, and furthermore, by a
perturbation argument, that (23.35) is an isomorphism for 2 —e < p < 2 +e.
On the other hand, L2?(0f2) < hP(982) densely for p < 2. Consequently,
the operator (23.35) has dense range for p < 2. Being also Fredholm with
index zero when 1 —e < p < 2, it follows that (23.35) is an isomorphism
if 1 —e < p < 2. This completes the proof of the fact that (23.35) is an
isomorphism for 1 —e < p < 2+¢. The fact that the operator in (23.36) is an
isomorphism now follows by real interpolation and (23.22). This finishes the
proof of Theorem 2.

Proof (of Theorem 1). Recall the discussion at the beginning of this section
and start by claiming that, for each x,y € 2, x # y, the Green function G
as in (23.3) has the form

Ga(z,y) = I(z—y) (23.38)
~S[(-4r+ K+ )\S)_l (01— +ar@=)| ).

Note that, once we prove that the right-hand side of (23.38) is meaningful, by
combining the properties of I" with (23.29) and (23.30), it is not hard to see
that G\ as in (23.38) is a solution of (23.3), and thus the claim will follow.
In fact, we will prove that the gradient in the variable y of the right-hand
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side of (23.38) belongs to L71:°°(£2), uniformly in z € §2. To this end, based
on (23.27) and (23.13), first observe that VI'(x — -) € L71:°°(£2), uniformly
inz e and ['(z—-) € L%"X’(aﬁ) uniformly in x € (2. Next, we use
the embedding L%’OO(BQ) — h1>°(8£2) (see [RuSi%]) to conclude that
I'(z —-) € h1°°(992) uniformly in z € (2. Since it was proved in [Mi08] that
0, (x — ) € hH°°(882) uniformly in z, we can now infer that 9,I'(z — -) +
A (x — ) € h1°°(0£2) uniformly in z € §2. As such, recalling Theorem 2, we
obtain that

-1
(_%1 + K"+ )\S) (ayr(:c — )+ A (z — .)) e hb>=(90)  (23.39)

uniformly in x € (2. Furthermore, since we have that the operator
VS : h1>®(002) — L71°(1), (23.40)

is bounded (see [Mi08], page 3792 for a proof), we can conclude that the gra-
dient in the variable y of the right-hand side of (23.38) belongs to L7-1'°°(£2)
uniformly in z € (2. Hence, the claim is proved, and in the process we have
also proved (23.4).

To see why the operator in (23.5) is bounded, we recall (23.24) to further
conclude that V,Gx(z,y) € (L”’l(Q)) as a function in y, uniformly for

x € £2. Since G (x,y) = Ga(y, ), it follows from (23.2) that
(VG)* : L™ () — L*™(0)
is a bounded operator and, consequently,

VG, : (LOO(Q))* s (Lml(m)* () (23.41)

is also bounded. In particular, since L'(§2) < (LOO(Q)) , we also have that

the operator (23.5) is bounded. This completes the proof of Theorem 1.
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24.1 Preliminaries and Statement of Main Result
Recall that a Lipschitz domain is a domain whose boundary is locally given by

graphs of Lipschitz functions. The formulation of, respectively, the Dirichlet
and regularity problems for the Laplacian in a Lipschitz domain 2 C R" is

Au=0 in §2, Au=0 in §2,
(Da)p 8 Nu € LP(092), (Ra)p ¢ N(Vu) € LP(012), (24.1)
u|(,m: f e LpP(01?), u|89: fe Ll (09).

A few clarifications are in order here. First, the nontangential maximal oper-
ator of a given function w in (2 is defined by

(Nu)(X) :==sup{|ju(Y)|: Y € I'(X)}, X €00, (24.2)

where, for some fixed parameter x > 0, the nontangential approach region
I'(X) with vertex at X € 02 is defined as

D(X):={Y € 2:|X Y| < (1+r)dist (Y, 00)}. (24.3)

Second, the nontangential boundary trace of a function u defined in {2 is taken
to be

ul (X):= lim u(Y), X €012, (24.4)

o8 Y =X
Yer(x)

whenever meaningful. Also, LP(9£2), 1 < p < oo, is the usual Lebesgue scale
of measurable, pth power integrable functions with respect to the surface
measure o on 0f2. Going further, the Sobolev space L}'(9£2), 1 < p < oo, then
consists of functions f for which

£l o) = I fllrro0) + Z 107, fllLr(02) < 0, (24.5)
1<j,k<n
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where, with v = (v1, ..., ,) denoting the outward unit normal to 912,
8Tjk_ = uj()k - I/kaj, 1 < j, k <n. (246)

Finally, we wish to point out that the statement that (D), is well posed indi-
cates that this problem has a unique solution (for any datum f), which satisfies
INul|1r90) < C|lfllLr(a6), uniformly in f. Analogously, saying that (RA),
is well posed amounts to the fact that this problem has a unique solution (for
any datum f), which satisfies [NV (V)| Lr02) < C||fl|Lr(90), uniformly in f.

Moving on, we now consider the Dirichlet and regularity problems for the
bi-Laplacian, respectively,

A?u=0 in £,
Au=0 inf, N(VVu) € LP(09)
u
N(Vu) € LP(012), bon
(Daz), (Ra2)p ul,,= fo € L7 (842), (24.7)

ul,,= f € LY(092),

Ou)|,,= 1 € LE(092),
d,u =g € LP(09), (@)= 15 € L3(082)

for each 1 < j < n.

Here and elsewhere, 9, denotes the normal derivative. Once again, we make
similar conventions (as in the case of the Laplacian) regarding the sense in
which the well-posedness of these two problems should be understood.

The main result of this chapter is the following theorem, relating the well-
posedness of the regularity problems both for A and A? for some p € (1,00)
to the well-posedness of the Dirichlet problem for A2 for the Holder conjugate
exponent of p. For a related result for second order operators, see [Sh07].

Theorem 1. Assume that 2 C R™ is a bounded Lipschitz domain and that
1< p,p' < oo are such that 1/p+1/p" = 1. Then

(Ra)y and (Ra2), well-posed = (Da2),y well-posed. (24.8)

In the proof of this result we shall use the Neumann boundary conditions
introduced by G. Verchota in [Ve05]. Specifically, for § € R set

Ko (u) 1= 0,(A0) + sy D Or, (O00r, ),

ij=1
2
oju.

(24.9)

. 20+4n6?
My(u) := Trav T Au+

1
1+20+n62

Lemma 1. Assume that 2 C R" is a bounded Lipschitz domain and that
(Ra)y is well posed for some p € (1,00) (where 1/p+1/p’ =1). Then

A?u =0 in 2 and N(VVu) € LP(912)
= (—Ky(u), Mp(u)) € L* [ (02) & LP(02), (24.10)

where LY 1 (082) := (L’;'(an))*, plus a natural estimate.
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Proof. The membership in LP(0f2) of My(u) is a consequence of the fact
that N (VVu) € LP(912), plus a Fatou-type theorem which asserts that for
any such biharmonic function u, the nontangential pointwise trace (9;0ru)|o0
exists a.e. on 912 for every j, k € {1,...,n}. The same type of reasoning shows
that the second term in (24.9) belongs to L”(9(2). Finally, it remains to
show that 9, (Au) € L” ,(9£2). To this end, if v := Au in £, it follows that
0y (Au) = 0,v and

Av=01in 2, N(v) € LP(092). (24.11)

Thus, we are left with showing that, in general,

(Ra)p well-posed, and v as in (24.11)
= O,v € L? (902), plus an estimate. (24.12)

To justify (24.12), fix an arbitrary f € L]fl(aﬁ) and let w solve the regularity
problem with this boundary datum. Green’s formula then allows us to define

d,v as a functional in L? | (002) = (sz/ (8!2)) by setting

<ayv, f> = /(mu(ayw) do. (24.13)

Since (|0, wll 1o 90y < IV (VW) 1 (90) < CHf”L”'(aQ)’ it follows that indeed
1

dyv € L 1(992) and [|0,v]|» (a0) < Cllv|zra0) < ClINV||Ls(50). From this,
the desired conclusion readily follows.
For the bi-Laplacian A2, any bilinear form of the type

n

1
Ba(u,v) = > 1+ 20 + no?
ij=1

X /Q[(c”)‘ié)j +66,; A)u)(X)[(0;0; + 00,; A)v](X) dX, (24.14)
where 0 € R is arbitrary, satisfies
By (u,v) = /Q(AQ’LL)(X) v(X)dX, Yu,ve€ OX(0). (24.15)
Successive integrations by parts give
Bo(u,v) = /8 i [Mg(u)auv—Kg(u)v] do if Au=A%=0in Q. (24.16)

Let B(X), X € R™\ {0}, be the canonical fundamental solution for A in R".
For each f = (fo, f1,---, fn), the double layer for A? is then defined as

(Df)X):=T1+1I+1III, (24.17)
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where, for each X € (2, we have set

Ii= [ 0,0 (AB)X = Y))fo(Y) do(¥),
082

1= [ [(AB)(X =Y)) S va(V) fe(Y) do(Y),
/em ; ’ ’ (24.18)

1= Wimﬂ/{m Yo > 0 mlB)(X —Y)]
jk=140=1
% (1 () (Ory () )Y ) = 1 (V1Y) fulY) ) dor(Y).

Also, for any functional A acting on families of functions (fo, f1,..., fn) de-
fined on 042, the single-layer potential for the bi-Laplacian is given by

(SA)(X) = <(B(X — ) g (VB)(X — .>\BQ) , /1>. (24.19)

These operators have many remarkable properties (cf. [MiMi08]). Among
these, we wish to single out the fact that

A’D=A28=0 in £, (24.20)

and that the following Green representation formula holds for any biharmonic
function w in 2 (which behaves reasonably near the boundary):

U= D<u|am (Vu)‘an) — S(—Kg(u), v My (u), ..., I/nMg(u)) in £2.

In addition, whenever 1 < p,p’ < 0o, 1/p+ 1/p’ = 1, the estimates 22
HJ\/’(VT)f:)”LP(aQ) < C||Jé|\.y;,0(an)7 (24.22)
IN(VVDH)L,00) < Clfllir 00),

and

IN(VVEN) || o (90 < ClAll (02 (24.23)

IN(VS) | Lo (92 < ClIAll (v (02)"

are valid for some C' = C(£2,p) > 0, uniformly in f and A. Above, we have
used the following notation:

I20(02) = { = (o, fron f) € LR(02) & L(02) & - & L/(02)
O fo = vifx — vty 1 < Gk < n} (24.24)

and
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181(09) = {f = (fo, fi o Ju) € LE0R) @+ & LR(092) :
Orofo=vifs —vifj, 1 <jk < n} (24.25)

both equipped with natural norms.

24.2 Proof of the Main Result

This section is concerned with the proof of Theorem 1. This requires a number
of preliminary results, which we now begin to address. First, we shall need
the fact that the “packing” map

b L (092) — L (902) @ LY (992), 1 < pl < oo,

. n . (24.26)
1/’(f) = (va Zj:l V]f])a if f = (anfl? sy fn)7
is an isomorphism, whose inverse and dual are, respectively, given by
=1 LY (00) @ LY (002) — L ((092)
7 (24.27)

N ER) = f = (F (vih + >k Vkark]F)lsJ‘gn)’
and, with 1/p+1/p’ =1,
9 12, 00) ® IP09) = (144(02)), 0*(f,9) = (f, (i9)1<52n ) (24.28)
Also,

(W) = @) (Ho(002)) — 12,(09) & Lr(092)

N ’ : (24.29)
(w ) A = (hO - Zj,kzl aTkj (l/khj) 9 Zj:l V]h3>7

if the functional A € (Lf:o(ﬁﬁ)) acts as the boundary integral pairing
against the (n + 1)-tuple (ho, h1,...,hy) € LP(002) & --- & LP(012). In par-
ticular, it can be checked that for any reasonable function u in §2,

(u|an, (Vu) |89) = (u,0,u) and ¥~ (u, d,u) = (u|39, (Vu) |89) (24.30)
Next, consider the regularity-to-Neumann map
Arn(f) = (=Ko (u) , My(u)), (24.31)

where u solves (R2), for the boundary datum f € L‘il(&()). Observe that,
in concert with (24.28), Green’s integral representation formula gives
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u= (D —So(Wto ARN)) (u|89, (vu)\ag) in 0, (24.32)

for any biharmonic function u in §2 satisfying N (VVu) € LP(9(2). Thus, by
also taking (24.30) into account, we arrive at the conclusion that

u= (D “So(ro ARN)) o w—l(u{an,ayu) in 0, (24.33)

for any biharmonic function v in 2 with N (VVu) € LP(942). The significance
of formula (24.33) is that it allows us to recover a biharmonic function v in
2 (with a reasonable behavior near the boundary) solely from the knowledge

of its Dirichlet data (u‘ 00 8,,u) on 9f2. We shall use this as a blueprint for

constructing a solution for (D z2), . Concretely, given the problem

A2y =0 in £,
N(Vu) € L¥' (802),
(Daz)p » (24.34)
ul,,= f € LY (092),
dyu=ge LV (H0),
consider the function
u = (b—SO(z/J* OARN)) o~ (f,g) in £ (24.35)

By (24.20), we have that A%u = 0 in {2, and we now wish to show that
N(Vu) € L (812). To this end, let us observe first that Lemma 1 and the
fact that (Raz), is well posed imply that

Apy + LY 1 (002) — L7, (092) ® LP(012) (24.36)

is a well defined linear, and bounded operator. Thus, by (24.28), so is

o Apy : 17,(09) — (18(092)) (24.37)

On the other hand, from the solvability of (Raz)2 (cf. [PiVe95], [Ve05]), by
letting u, v solve (Raz2)2 with data f, ¢ and using (24.16) plus the fact that
the bilinear form in (24.14) is symmetric, it follows that

(Ann (D), 0(3)) = ((F), Arn(9)) for every f.g € £2,(092), (24.38)

where (-,-) is the integral pairing on 0f2. Hence, ¥* o Apy is formally self-
adjoint which, given that (24.37) is bounded, allows us to conclude that

0" 0 An s I o(02) — (E,(02)) (24.39)
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is also going to be a well defined, linear, and bounded operator. As a conse-
quence of this and cf. (24.27), (24.22), and (24.23), we may therefore conclude
that, for u as in (24.35), we have N'(Vu) € LP (0f2) and

NV 0y < C (1 oy + 19l 00 ) (24.40)

This estimate is also useful in the verification of the boundary conditions
ulon = f, Obu = g, a task to which we now turn. Indeed, from to (24.40)
(used together with (24.22)-(24.23)), it follows that the assignment

LP(00) @ LY (902) 5 (f, g) (uy ag,ayu) € LY (0902) @ LP (02)  (24.41)

is well defined, linear, and bounded (if w is as in (24.35)). Our goal is to prove

that this is the identity operator on the space Lf/ (092) ® LP (912). Given the
boundedness of (24.41), it therefore suffices to establish that (24.41) acts as

the identity on a dense subspace V of L’l’/ (992) @ L*' (812). However, we know
this to be the case for V := zb(l'/f’l(@!?)) N (Lf/ (002) @Lp'(é)ﬁ)), from (24.32)

and the well-posedness of (Raz2), (“reverse engineering”).

In summary, the above reasoning shows that the Dirichlet problem (D 2 ),
(see (24.34)) has a solution which satisfies (24.40). To finish showing that
this problem is well posed, it remains to establish the uniqueness of such a
solution. To get started, we first construct a suitable Green function for the
bi-Laplacian. Concretely, for each X, Y € 2, X # Y, we set

G(X,Y):=B(X -Y) —wX(Y), (24.42)
where w¥ solves the regularity problem

{ A?wX =0in 2, N(VVwX) € LP(002), (24.43)

w¥loe = B(X = )log, (Vw)|oe = (VB)(X —-)|on-
Then for each X € 2 we have
ALG(X)Y) = dx(Y),
G(X, o = (V.G)(X,)]an =0, (24.44)
N(V3G(X,Y)) € 1r(092).
Next, for each € > 0 set
0. = {X € 0: dist(X,00) > ¢}, (24.45)

and pick a family of functions @, € C°(R"), indexed by € € (0, 1), with the
property that there exist two constants 0 < C; < Cy < 0o such that

_ Cy
. =1on 2y, P.=00nR"\ 2¢,., and |0°P,| < ol (24.46)
I3 87
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for each multi-index «a. Fix next X € (2, and let € > 0 be small enough such
that X € (2.. Then, if we let u be a null solution of the problem (24.34), we
may write

u(X) = (ud.)(X) = / ALG(X, V)P (Y)u(Y)dY. (24.47)
0
Integrating by parts and utilizing the support conditions on @., we obtain

/ G(X,)A%(P.u) = / > GX, ) A0 TP (Deu),  (24.48)

0 lel=18=2

for some A,5 € R. Using Leibniz’s formula %74 (d.u) = Z ijm@gaéu
a+p= 'y+5
and the fact that Z AnpCy 0(a+,8 3a+ﬁu = A%u = 0 (since C

lal=]8]=2
we conclude that

o] =18=2 lo=[B]=2 u+$;8+a

0(a+8) — =1),

Next, split the sum on the right-hand side of (24.49) over the set of multi-
indices ¢ of length less than or equal to 1 and the set of multi-indices § of
length > 2. In the latter case, write 6 = pu + 6 with |u| = 1. Then (24.48)—
(24.49) yield

w(X) = I + 1L, (24.50)

where I, is a linear combination of terms of the form

/GXY > > (07D)(YV)(0%u)(Y) dY, (24.51)

la|=|B|=2 a+B=~+s
70,8 <1

and, after integrating by parts, I, is a linear combination of terms like

2. > > WCX YT ) (V) (0" u)(Y)dY.  (24.52)
0 lal=1p1=2 at+p=y+s o= #+91+92
v#0,|8[>2 6150, | pu|=

Notice that 1 < |01] + 02| = 3 — || < 2, as v # 0. Also, using the fact that
v # 0, we can replace 2 by 2\ (2. as the domain of integration in (24.51)
and (24.52). Going further, we break up the integral over sufficiently small
domains (U;)1<i<n, each contained in a local coordinate system where U; N 2
can be regarded as the upper graph of a Lipschitz function ¢; : Q; — R, where
Q; is a cube in R"~!. Based on these and (24.46), we may estimate |II.| by
terms of the form
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Z// I (Fu) '+ 640y
<G G)CX. (0t + uly W]ty (2453)

where the multi-indices are subject to the same conditions as above. If |61 | = 2,
we keep this in the current format. If, on the other hand, |61 = 1, we use the
Fundamental Theorem of Calculus to write that, for each 7 and 3’ € Q;,

W GX, (Yt +0ily) = —/O OGO (X, (yr+ dily')) dr. (24.54)

This allows us to once again have a formula involving two derivatives on G
on the right-hand side of (24.54). Since on the domain of integration [t| < Ce,
we may further conclude that, in this case, for each 3y’ € Q;, 1 <i < N,

OV G(X, (Yt + ¢i(y))) < e sup [(VRG)(X, (Y r +dily))]

0<r<Ce

< eN(VRG(X, )Y 0iy') € LP(Qi).  (24.55)

Therefore, since —|y| — |#2] + 1 = —1 when |01]| = 1, we altogether have

\H\<OZ/ - \Vu)(y t+ 6.0
X N((V3G)(X = N, 6:(y)) dt) dy/. (24.56)

We shall employ Lebesgue’s dominated convergence theorem to show that the
expression inside parentheses above converges to zero as € — 0. To this end,
we first observe that

Ce
‘5_1/0 (Vu)(y'st+di(y))] dt] < ON(Vu)(y' ¢ily))  (24.57)

and recall that, by hypothesis, N'(Vu)(y/,d(y')) € LP (Q;). Thus, (24.55)
ensures that the uniform pointwise domination part of Lebesgue’s theorem is
satisfied. As for pointwise convergence to zero, we make the simple observation
that if f (0, ) — R is a continuous function and lim;_ g+ f(¢) = 0, then
11m5_>0+ fo t)dt = 0 (as seen easily from an application of the mean value
theorem) Slnce by hypothesis and by (24.30), lim;_, o+ (Vu) (v, t4+¢:(y')) =0
for a.e. ¥’ € Q;, the above observation applies and shows that, pointwise a.e.,
the integrand in (24.56) converges to zero. Thus, the Lebesgue dominated
convergence theorem gives

lim I1. = 0. (24.58)
e—0

Turning our attention to I, for the terms in which § = 0, we use the
Fundamental Theorem of Calculus (as in the previous step) to write
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t
u(y' t+ ¢i(y')) = —/ (Onu) (Y, 7 + ¢i(y')) dr. (24.59)
0
Given that |t| < Ce, for each ¥’ € Q; and 1 < i < N, we get

Wy t+aiy)| < C= sw [(Vu)y'r+éily)

0<r<Ce
< CeN(Vu)(y', ¢i(y))- (24.60)
Also, proceeding as in (24.54)—(24.55), we obtain
IG(X, (¢, t+ ¢i(y)| < EN(VZE(X, )Y i), (24.61)

given that ¢ € @;, 1 <1i < N. Therefore, (24.46) and (24.60)—(24.61) give
that the integrand in I. is pointwise dominated in each Q; by

Cele NN (VEG(X, )Y, %(y'))] {517|§|N(VU)(9/7 ¢i(y))

= N(Vu)(y', iy DN (VZG(X, ), ¢iy)) € L (Q1)- (24.62)

Hence, the uniform domination condition in Lebesgue’s theorem is satisfied.
Also, as before, since for |#] < 1, each i € {1,..., N} and a.e. ¥’ € Q;,

1 Ce
lim = [ (9%u)(y/,r + ¢i(y')) dr = 0, (24.63)
e=0¢e Jo
Lebesgue’s dominated convergence theorem applies and gives

lim I. = 0. (24.64)
e—0
Finally, (24.64), (24.58), and (24.50) give that w(X) = 0, and in turn u = 0
on (2. This finishes the proof of Theorem 1.

Acknowledgement. This work has been supported by DMS-NSF grants 0513173,
0547944, and FRG 0456306. The first author has also been supported in part by the
Ruth I. Michler Memorial Prize.

References

[MiMi08] Mitrea, I., Mitrea, M.: Multiple-layer potentials for higher-order elliptic
boundary value problems. Preprint (2008).

[PiVe95] Pipher, J., Verchota, G.C.: Dilation invariant estimates and the boundary
Gérding inequality for higher order elliptic operators. Ann. Math., 142,
1-38 (1995).

[Ve05]  Verchota, G.: The biharmonic Neumann problem in Lipschitz domains.
Acta Math., 194, 217-279 (2005).

[Sh07]  Shen, Z.: A relationship between the Dirichlet and regularity problems for
elliptic equations. Math. Res. Lett., 14, 205-213 (2007).



25

Propagation of Waves in Networks of Thin
Fibers

S. Molchanov and B. Vainberg

University of North Carolina, Charlotte, NC, USA; smolchan@uncc.edu,
brvainbe@uncc.edu

25.1 Introduction

This chapter contains a simplified and improved version of the results obtained
by the authors earlier. Wave propagation is discussed in a network of branched
thin wave guides when the thickness vanishes and the wave guides shrink to a
one-dimensional graph. It is shown that asymptotically one can describe the
propagating waves, the spectrum and the resolvent in terms of solutions of
ordinary differential equations (ODEs) on the limiting graph. The vertices of
the graph correspond to junctions of the wave guides. In order to determine
the solutions of the ODEs on the graph uniquely, one needs to know the gluing
conditions (GC) on the vertices of the graph.

Unlike other publications on this topic, we consider the situation when
the spectral parameter is greater than the threshold, i.e., the propagation of
waves is possible in cylindrical parts of the network. We show that the GC
in this case can be expressed in terms of the scattering matrices related to
individual junctions. The results are extended to the values of the spectral
parameter below the threshold and around it.

Consider the stationary wave (Helmholtz) equation

Hou=—e?Au= ) u, €., Bu=0 on0dfl, (25.1)

in a domain §2. C R?, d > 2, with infinitely smooth boundary (for simplicity),
which has the following structure: {2 is a union of a finite number of cylinders
C e (which will be called channels) of lengths [;, 1 < j < N, with diameters of
cross sections of order O (¢) and domains J; ., ..., Jyre (which will be called
junctions) connecting the channels into a network. It is assumed that the
junctions have diameters of the same order O(e). The boundary condition
(BC) has the form: B =1 (the Dirichlet BC) or B = 6—6; (the Neumann BC)
or B = 5% + a(z), where n is the exterior normal and the function o > 0
is real valued and does not depend on the longitudinal (parallel to the axis)
coordinate on the boundary of the channels. One also can impose one type of
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BC on the lateral boundary of {2, and another BC on the free ends (which
are not adjacent to a junction) of the channels.

The axes of the channels form edges I';, 1 < j < N, of the limiting (¢ — 0)
metric graph I'. The junctions shrink to vertices of the graph I" when ¢ — 0.
We denote the set of vertices v; by V. Let m channels have infinite length
(m = 0 for bounded f2.). We start the counting of C;. with the infinite
channels. So, I; = co for 1 < j < m. See Figure 25.1.

r

Fig. 25.1. An example of a domain (2. with four junctions, four unbounded chan-
nels, and four bounded channels.

The goal of this chapter is the asymptotic analysis of the spectrum of H.,
the resolvent (H. — \)~!, and solutions of the corresponding nonstationary
problems for the heat and wave equations as € — 0. One can expect that H.
is close (in some sense) to a one-dimensional operator on the limiting graph
I" with appropriate gluing conditions (GC) at the vertices v € V. The ODE
on [I" appears in a natural way from the following principle: the oscillating
modes in the wave guides survive as ¢ — 0 and the exponentially decaying
and growing modes disappear. However, the justification of this fact is not
always simple. In order to determine the solutions of ODE on I" uniquely, one
needs to know the GC on the vertices of I'. The form of the GC in the general
situation was discovered quite recently in our papers [MoVa06]-[MoVa08]. It
turned out that they can be expressed in terms of scattering matrices for
problems of the wave propagation through individual junctions of (2.. These
GC hold in all the cases: in the bulk of the spectrum A > Ay, and near the
threshold \ & \g, for bounded and unbounded {2..

Equation (25.1) degenerates when ¢ = 0. One could omit €% in (25.1).
However, the problem under consideration would remain singular, since the
domain (2. shrinks to the graph I" as ¢ — 0. The presence of this coefficient
in the equation is convenient, since it makes the spectrum less vulnerable to
changes in €. As we shall see, in some important cases (spider domains (2. ), the
spectrum of the problem (25.1) does not depend on &, and the spectrum in the
same cases will be magnified by a factor of e=2 if €2 in (25.1) is omitted. The
operator H. = —&2A introduced in (25.1) will be considered as the operator
in L2(£2.).
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An important class of domains (2. are the self-similar domains with only
one junction and all the channels of infinite length. We shall call them spider
domains. Thus, if (2. is a spider domain, then there exists a point 7 = x(e)
and an e-independent domain {2 such that

2. ={(T+ex):ze 2} (25.2)

i.e., £2. is the e-contraction of 2 = (2.

For simplicity, we shall assume that (2. is self-similar in a neighborhood
of each junction. Namely, let J;(,) . be the junction which corresponds to a
vertex v € V' of the limiting graph I'. Consider a junction J, . = Jj,,),. and
all the channels adjacent to J, .. If some of these channels have finite length,
we extend them to infinity. We assume that, for each v € V, the resulting
domain (2, ., which consists of the junction .J, . and the semi-infinite channels
emanating from it, is a spider domain. We also assume here that all the
channels C; . have the same cross section w.. This assumption is needed only
to make the results more transparent (the general case is studied in [MoVa07]).
From the self-similarity assumption, it follows that w. is an e-homothety of a
bounded domain w C R~

Let Agp < A1 < Ag--- be eigenvalues of the negative Laplacian —Ag_1
in w with the BC Byu = 0 on dw, where By coincides with the boundary
operator B on the channels, see (25.1), with ¢ = 1 in the case of the third
boundary condition. Let {¢,(y)}, ¥ € w € R¥~1, be the set of correspond-
ing orthonormal eigenfunctions. Then )\, are eigenvalues of —2A4_; in w,,
and {e=%2p,, (y/e)} are the corresponding eigenfunctions. In the presence of
infinite channels, the spectrum of the operator H. consists of an absolutely
continuous component which coincides with the semi-bounded interval [Ag, 00)
and a discrete set of eigenvalues. The eigenvalues can be located below Ay and
can be embedded into the absolutely continuous spectrum. We will call the
point A = Ag the threshold since it is the bottom of the absolutely continu-
ous spectrum or (and) the first point of accumulation of the eigenvalues as
e — 0. Let us consider two of the simplest examples: the Dirichlet problem
in a half-infinite cylinder and in a bounded cylinder of length [. In the first
case, the spectrum of the negative Dirichlet Laplacian in {2, is pure absolutely
continuous and has multiplicity n 4+ 1 on the interval [)\,, c0). In the second
case, the spectrum consists of the set of eigenvalues A\, ., = A, + 52m2/l2,
n>0 m>1.

It was shown in [MoVa06]-[MoVa08] that the wave propagation governed
by the operator H., ¢ — 0, as well as the asymptotic behavior of the resolvent
(H. — \)~! and of the eigenvalues of H. above \¢ can be described in terms
of the scattering solutions. While many particular cases of that problem with
A = X+ O(?) or A\ < \g were considered (see [DeTe06]-[RuSc01]), the
publications [MoVa06]-[MoVa08] were the first ones dealing with the case
A > Ao, and the first ones where the significance of the scattering solutions
for asymptotic analysis of H. was established. In particular, it was shown
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there that in both cases, A > \g and A = \g, the GC of the operator on the
limiting graph I" will be expressed in terms of the scattering matrices of the
auxiliary problems on the spider domains associated to individual junctions.
A more profound analysis of the case A &= A\ can be found in [MoVa08].

The main goal of this chapter is to overview the results of [MoVa07]-
[MoVa08] and simplify the proofs. We will mostly deal with the case of A €
(Ao, A1), where the results and proofs are more transparent. The number of
scattering solutions is the smallest in this case, and the scattering matrix is
of the smallest size (compared to the case A > A1). One of our main results is
as follows.

Theorem 1. If \g < A\ < Ay, then the resolvent (Hs(l) — /\)_1 can be approx-
imated by (Hs(l) — (A= Xo))7 L, where gy = —Ezj—; is the operator of the
second derivative defined on functions ¢ on the limiting graph I' with the GC
of the form

el + TN 567(0) = VA= ol ~ T(A)Js*(0) =0,

Here T,(\) is the scattering matriz of the auziliary problem on the spider
domain which corresponds to the junction J,., and <V is the vector which
consists of restrictions of the function ¢ (defined on I') onto edges adjacent
tov.

To be more exact, for any compactly supported f, the following relation is
valid on channels outside of the support of f with exponential accuracy:

(He =N~ [HD = (A=20) " oleoly/e), € =0, fo=< fipoly/e) >

A more accurate statement of this theorem as well as some of its general-
izations will be given in Section 25.5.

Note that the eigenvalues of the problem in (2. are located not only below
the threshold, but also above it. They depend on € and move very fast on the -
axis as € — 0. Thus, one cannot expect to obtain an asymptotic approximation
of the resolvent (H. — A\)~! when A\ = X > )Xy is fixed and ¢ — 0. An
asymptotic approximation of the resolvent (H. — \)~! as € — 0 can be valid
only if an exponentially small (in €), but depending on ¢, set on the A\-axis is
omitted. Another option is to fix A = X' > Ag and pass to the limit as € — 0
without ¢ taking values in some small set which depends on \'.

While the condition A > Aq is natural for the wave propagation, the prop-
erties of the heat and diffusion processes depend on the spectrum of H. near
A = Ag. As a by-product of the simpler approach to the problem introduced
below, we will get a better result concerning the asymptotic behavior of the
eigenvalues of H. in bounded domains 2. as ¢ — 0, A = \g + O(g?). It was
shown in [MoVa07], [MoVa08] that the main terms of the eigenvalues of H.
when A = X\ + O(¢?), ¢ — 0, coincide with the eigenvalues of the opera-
tor on the limiting graph with the GC defined by the scattering matrix at
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A = Ag. An explicit description of GC at A = A\ for arbitrary junctions (of
order O(e)) was also given there. Significantly later some of our results were
repeated in [Gr08]. The new elements in [Gr08] are the description of the
location of the eigenvalues below the threshold and more accurate asymp-
totics of eigenvalues near the threshold. We will show here that the approach
used in [MoVa07] and [MoVa08] provides an approximation of the eigenvalues
near the threshold with an exponential accuracy as well as the location of the
eigenvalues below the threshold.

The plan of the chapter is as follows. The elliptic problem in {2, with a fixed
€ = 1 will be studied in the next section. In particular, the scattering solutions
are defined there. The asymptotic behavior of the resolvent (H. — \)~! of the
spectrum and of the scattering solutions as € — 0, A > )¢, is obtained in
Section 25.3 for the simplest domains with one junction (spider domains). The
one-dimensional problem on the limiting graph will be studied in Section 25.4.
The case of arbitrary domains (2. is considered in Section 25.5. The last section
is devoted to the study of the spectrum near the threshold.

25.2 Scattering Solutions and Analytic Properties of the
Resolvent When ¢ is Fixed

We introduce Euclidean coordinates (¢,y) in channels C;. chosen in such a
way that the t-axis is parallel to the axis of the channel (so, ¢ is not a time,
but a space variable!), hyperplane Rz_l is orthogonal to the axis, and C} .
has the following form in the new coordinates:

Cie ={(t,ey): 0 <t <lj, y € w}.

If a channel C;. is bounded (I; < o0), the direction of the ¢ axis can be
chosen arbitrarily (at least for now). If a channel is unbounded, then ¢ = 0
corresponds to its cross section, which is attached to the junction.

Let us recall the definition of scattering solutions for the problem (25.1)
in 2. when A € (Mg, \1). Consider the nonhomogeneous problem

(—?A—Nu=Ff, z€f; Bu=0 ondf2.. (25.3)

Definition 1. Let f € L2, (£2.) have a compact support, and A < \1. A so-

lution u of (25.3) is called outgoing if it has the following asymptotic behavior
at infinity in each infinite channel C;., 1 <j < m:

X—Xo

u=aje” = ‘ooly/e) + O(e= %), a>0. (25.4)

Remark 1. 1. Here and everywhere below we assume that

Tmy/A — Ao > 0. (25.5)
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Thus, outgoing solutions decay at infinity if A < Ag.
2. Obviously, if (25.4) holds with some « > 0, then it holds with any

a <A — A

Definition 2. Let A < ;. A function ¥ = w]@, 1 < p < m, is called a
solution of the scattering problem in (2. if

(A= NW =0, 2€:; BT=0 ondfl, (25.6)

and ¥ has the following asymptotic behavior in infinite channels Cj., 1 <
Jj<m:
/A3 /3AXxg ot
U = (85567 gl 7 poly/e) 0 F), t o0, a> 0.
(25.7)
Here 6, ; is the Kronecker symbol, i.e., dp; =1 ifp=7, 0p; =0 ifp # 5.

Remark 2. 1f A\g < A < A1, then the term with the coefficient ¢, ; in (25.7)
corresponds to the incident wave (coming through the channel C), ), and the
terms with coefficients ¢, ; describe the transmitted waves. The transmission
coefficients ¢, ; = t, ;(¢, \) depend on ¢ and A. The matrix

T = [t,,] (25.8)

is called the scattering matriz. Note that the scattering solution and scattering
matrix are defined for all A < A;. We assume that Imv/A — Ag > 0 when
A < Ao, and the incident wave is growing (exponentially) at infinity in this
case.

The outgoing and scattering solutions are defined similarly when \ €
(Ans Ang1) (see [MoVa07]). In this case, any outgoing solution has n + 1
waves in each channel propagating to infinity with the frequencies v/ A — A4 /e,
0 < s < n. There are m(n + 1) scattering solutions: the incident wave may
come through one of m infinite channels with one of (n + 1) possible frequen-
cies. The scattering matrix has the size m(n + 1) x m(n + 1) in this case.

Standard arguments based on the Green formula provide the following
statement.

Theorem 2. When A\g < A < A1, the scattering matrix T s unitary and
symmetric (t,; = tip).

The operator H, = —e2A, which corresponds to the eigenvalue prob-
lem (25.1), is nonnegative, and therefore the resolvent

Ry = (H. —\) 71 L2(0.) — L*(52.) (25.9)

is analytic in the complex A-plane outside the positive semi-axis A > 0. If (2.
is bounded (all the channels are finite), then operator R is meromorphic in A
with a discrete set A = {y; .} of poles of first order at the eigenvalues A = p; .
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of operator H.. If (2. has at least one infinite channel, then the spectrum of
H, has a more complicated structure (see Theorem 3 below). In this case, the
spectrum has an absolutely continuous component [A\g, o0), and the resolvent
R is meromorphic in A € C'\[\g, 00). We are going to consider the analytic
extension of the operator Ry to the absolutely continuous spectrum. One can
extend R analytically from above (ImA > 0) or below, if it is considered as an
operator in the following spaces (with a smaller domain and a larger range):

Ry : L2, (92.) — L7 .(52.). (25.10)

loc

These extensions do not coincide on [Ag,00). To be specific, we always will
consider extensions from the upper half-plane (ImA > 0). We will call (25.10)
the truncated resolvent of the operator H., since it can be identified with the
resolvent (25.9) multiplied from the left and right by a cut-off function.

Theorem 3. Let (2. have at least one infinite channel. Then

(1) The spectrum of the operator H. consists of the absolutely continuous
component [Ag,00) and, possibly, a discrete set {u; .} of nonnegative eigen-
values A\ = ;. > 0 with the only possible limiting point at infinity. The
multiplicity of the absolutely continuous spectrum changes at points X\ = A,
and is equal to m(n + 1) on the interval (A, Apy1)-

(2) The operator (25.10) admits a meromorphic extension from the upper
half-plane ImX > 0 onto [Ng,00) with the branch points at X = X\, of the
second order and poles of first order at X = i . In particular, if A, € {11},
then operator (25.10) has the form

A(n) 1
VIA =2l

(3) If f € L?,,,(£2.), A < A1, and X is not a pole or the branch point

(A= Xo) of the operator (25.10), then the problem (25.3), (25.4) is uniquely

solvable and the outgoing solution u can be found as the L} (§2;) limit

), A= A

(4) There ezist exactly m different scattering solutions for the values of
A < A1 which are not a pole or the branch point of the operator (25.10), and
the scattering solution is defined uniquely after the incident wave is chosen.

(5) The scattering matriz T is analytic in A, when A\ < A1, with a branch
point of second order at X = \g and without real poles.

The matriz T is orthogonal if A < Ag.

Remark 3. Let A\, ¢ {1} If the homogeneous problem (25.3) with A = A,
has a non-trivial solution u such that

u=a;pon(y/e)+0(e™ "), x€Cj., t—o0, 1<j<m,vy>0, (25.12)

then Ry = \/% + O(1), X = \,. If such a solution u does not exist,

then operator (25.10) is bounded in a neighborhood of A = A,,.
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Proof (of Theorem 3). All the statements above concern the problem with a
fixed value of € and can be proved using standard elliptic theory arguments.
A detailed proof can be found in [MoVa07]; a shorter version is given below.

In order to prove the part of statement (1) concerning the absolutely con-
tinuous spectrum of the operator H = — A, we split the domain (2, into pieces
by introducing cuts along the bases ¢ = 0 of all infinite channels. We denote
the new (not connected) domain by 2/, and denote the negative Dirichlet
Laplacian in 2/ by H., i.e., H. is obtained from H. by introducing additional
Dirichlet boundary conditions on the cuts. Obviously, the operator H. has
the absolutely continuous spectrum described in statement (1) of the theo-
rem. Since the wave operators for the couple H., H. exist and are complete
(see [Bi62]), the operator H. has the same absolutely continuous spectrum as

The remaining part of statement (1) and statements (2) and (3) can be
proved by one of the well-known equivalent approaches based on a reduction
of the boundary problem (25.3) to a Fredholm equation which depends an-
alytically on A. For this purpose one can use a parametrix (almost inverse
operator): equation (25.3) is solved separately in channels and junctions, and
then the parametrix can be constructed from those local inverse operators
using a partition of unity (allowing one to glue the local inverse operators);
see [MoVa07]. A similar approach is based on gluing together these local in-
verse operators using Dirichlet-to-Neumann maps on the cuts of the channels,
as introduced in the previous paragraph.

Statements (4) and (5) follow immediately from statement (3) and Theo-

rem 2. Indeed, one can look for the solution !I/,gs) of the scattering problem in
the form P

Wée) =ye ' = Otgoo(y/s) + u, (25.13)
where x € C*®(f2), x = 0 outside C,., x = 1 in C,. N {t > 1}. This
reduces problem (25.6), (25.7) to problem (25.3), (25.4) for v with f sup-
ported on C), . N {0 < t < 1}. Statement (3) of the theorem, applied to the
latter problem, justifies statement (4). Function u, defined in (25.13), satis-
fies the homogeneous equation (25.3) in infinite channels C; ., j # p, and in
Cpe N{t > 1}, and it is meromorphic at the bottoms of these channels (at
t =0for j # p, and t = 1 when j = p). Solving the problems in these channels
by separation of variables, we obtain that the scattering matrix 7" is meromor-
phic in A, when A < A\; with a branch point of second order at A = \g. It also
follows from here that T is real valued when A < \y. The analyticity of T" and
Theorem 2 imply that T is orthogonal when A < Ag. From the orthogonality
(A < Ao) and unitarity (A\g < A < A1) of T, it follows that T does not have
poles.



25 Networks of Thin Fibers 263
25.3 Spider Domains, ¢ — 0

Let us recall that (2. is called a spider domain if it is self-similar (see (25.2))
and consists of one junction and several semi-infinite channels.

Theorem 4. Let (2. be a spider domain and X < \1. Then

(1) The eigenvalues A\ = ;. = p; of operator He and the scattering matriz
T do not depend on €.

(2) The truncated resolvent (25.10) has the following estimate: if f is
supported on an e-neighborhood of the junction, then

Raf| < Co e 2 flla, A<y, 6=dist\{u}),  (25.14)

outside of the 2e-neighborhood of the junction.
(8) The scattering solutions have the following form on the channels of the
domain:
ngs) = [6,e" et + tpd'ei@t]gpo(y/e) +r,5 T€Cje 1<j<m,
(25.15)
where |r;7j| < C6le @t whene > 0, t > 1, and 0 < X < A{. Here

)€
a < A1 — X is arbitrary, C = C(a).
Remark 4. Formula (25.15) looks similar to the definition (25.7). In fact, the

remainder in (25.7) decays only when ¢t — oo, and (25.7) does not allow us to
single out the main term of asymptotics of scattering solutions as € — 0.

Proof (of Theorem 4). All the statements above follow immediately from the
self-similarity of the domain (2.. Namely, we make the substitution

r—7
xTr —

s (25.16)
(see (25.2)) and reduce problem (25.3) in {2, to the problem in {2 which
corresponds to € = 1. These two problems have the same eigenvalues and
scattering matrices. This justifies the first statement. Let vy, g be functions
Ry f, f after the change of variables (25.16). From statement (2) of Theorem 3
it follows that

lloallzz ey < €5 Ylgllzz = C~ e || f] 1z,

where K consists of the parts of the channels of 2 where 1 < ¢t < 3. Then
the standard a priori estimates for the solutions of the equation Au — Au =0
imply the same estimate for |vy| on the cross sections ¢ = 2:

lual < CO e 2| f|| L2, t=2.

The latter implies the same estimate for |vy| when ¢ > 2 by solving the
equation Au — Au = 0 in the corresponding regions of the channels of (2
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with the boundary condition at ¢ = 2. This justifies the second statement
of Theorem 4. The last statement can be proved absolutely similarly. We
reduce the scattering problem in (2. to the scattering problem in {2 and use
representation (25.13) with & = 1. This implies (25.7) with ¢ = 1 and the
remainder term 7, ; such that |r, ;| < C6~te™* for ¢t > 1. It remains only to
make the substitution inverse to (25.16).

In spite of its simplicity, Theorem 4 allows us to obtain two very important
results: small ¢ asymptotics of the spectrum and the resolvent (H. — \)~! of
H_ for arbitrary networks of thin wave guides (2.. For this purpose, we need
to rewrite (25.15) in a slightly different (less explicit) form.

We denote by ¢, ; the linear combination of exponents in the square brack-
ets in (25.15). This is a function on the edge I'; of the graph. Let ¢, be the
column vector with components ¢, ;, 1 < j < m. Obviously, g, satisfies the

equation
d2
(EZE + A — Ao)g =0. (2517)

We will use the notation LDISE) for both the scattering solution and the column
vector whose components WISEJ) are restrictions of the scattering solution WZSE)
on the channels Cj., 1 < j < m. Then (25.15) can be rewritten in vector
form as

R s
LT/IEE) = pip0(y/e) + rz(f) = [epe — 'ty tpe' ™ = Ot]gao(y/e) + T]Ef), (25.18)

where © € Ui<j<mCje, 7";(75) is the vector with components rz(f;, all compo-
nents e, ; of the vector e, are zeros except e, ;, which is equal to one, and
t, is the pth column of the scattering matrix 7". Let us construct the m x m

matrix with columns Wéa) and the matrix ¢ with columns ¢,, 1 < p < m. As
is easy to see, ¢(0) = (I + 1), ¢'(0) = i¥2=22(—] + T, and therefore,

ie(I +T)s'(0) — /A= Xo(I —T)s(0) = 0. (25.19)

Of course, this equality also holds for individual columns g, of matrix g.

It is essential that the GC (25.19) together with some condition at in-
finity is equivalent to the explicit form of ¢, given by (25.18). In fact, let ¢
satisfy (25.17). Then

EPEVESRY
s=ape "= '+ fBhe

with some constant vectors a,, 3,. We will say that ¢ = 1), is a solution of
the scattering problem on the graph I with the incident wave coming through
the edge I, if ¢, satisfies equation (25.17), GC (25.19), and o, = e,, i.e.,
VAo, Vo,

—1 K2

Yp=epe T = T Fpe’T = (25.20)
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Thus, we specify the incident wave and impose the GC defined by the scat-
tering problem in (2., but we do not specify the scattering coefficients of the
outgoing wave. The next theorem shows that the scattering problem on the
graph will have the same scattering coefficients as the problem on (2..

Theorem 5. Formulas (25.15), (25.18), and w,ﬁ’s) = Yppo(y/e) + r,(f) are
equivalent.

Proof. It was already shown that g, defined in (25.18) satisfies (25.19). Con-
versely, if we write (8, in (25.20) as t, + h;, and substitute (25.20) into (25.19),
we will have h, = 0, i.e., ¥, coincides with ¢, defined in (25.18).

25.4 One-Dimensional Problem on the Graph

The spectrum of the operator H. and the asymptotic behavior of the resolvent
will be expressed in terms of the solutions of a problem on the limiting graph
I" which is studied in this section.

Let 2. be an arbitrary (bounded or unbounded) domain as described in
the Introduction, and let I" be the corresponding limiting graph. Points of I”
will be denoted by ~ with ¢ being a parameter on each edge I; of the graph.
We are going to introduce a special spectral problem

2

hes := —sz%g =(A—=Xo)s (25.21)
on smooth functions ¢ = ¢(y) on I" which satisfy the following GC at vertices.
We split the set V' of vertices v of the graph into two subsets V = V; U Vs,
where the vertices from the set V7 have degree 1 and correspond to the free
ends of the channels, and the vertices from the set V5 have degree at least 2
and correspond to the junctions J, .. We keep the same BC at v € V; as at
the free end of the corresponding channel of 2. (see (25.1)):

Bs=0 atvelV. (25.22)

The GC at each vertex v € Vo will be defined in terms of an auxiliary
scattering problem for a spider domain §2; .. This domain is formed by the
individual junction J, . which corresponds to the vertex v, and all channels
with an end at this junction, where the channels are extended to infinity if
they have a finite length. Let T = T,(A\) be the scattering matrix for the
problem (25.1) in the spider domain §2; . and let I,, be the unit matrix of the
same size as the size of T. We choose the parametrization on I" in such a way
that ¢t = 0 at v for all edges adjacent to this particular vertex. Let d = d(v) > 2
be the order (the number of adjacent edges) of the vertex v € V5. For any
function ¢ on I, we form a column vector ¢(*) = ¢(*)(¢) with d(v) components
which is formed by the restrictions of ¢ on the edges of I' adjacent to v. We
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will need this vector only for small values of ¢ > 0. The components of the
vector ¢(*) are taken in the same order as the order of channels of (2, .. The
GC at the vertex v € V5 has the form

d
iell, + T,V 7<) = VA= Xoll, = LW =0, 1=0, wveW,
(25.23)
if A # Ag. Condition (25.23) can degenerate if A = )\, and it requires some
regularization in this case.
Solutions of (25.21) have the following form:

/3iTxg /AiTxg

¢ =aje' ¢ Oterje*Z E Dt, velj.

If ImA > 0 and ¢ € L*(I), then b; = 0 for infinite edges (see (25.5)). Thus, if
¢ satisfies equation (25.21) in a neighborhood of infinity, then

N
s=aje'’" = 2t yeTy, 1<j<m, t>>1. (25.24)

We will assume that condition (25.24) holds also when A is real, i.e., we con-
sider only those solutions of (25.21) with real A = X > Ao which can be
obtained as the limit of solutions with complex A = A + ie when £ — 0.

We will call function g = gx(7,&;¢), v,€ € I', the Green function of the
problem (25.21)-(25.24) if it satisfies the equation (with respect to variable
7)

d2
g~ (= o)y = (), (25.25)
and conditions (25.22)—(25.24). Here £ is a point of I" which is not a vertex,
and d¢(7y) is the delta function supported on v = &.

Lemma 1. Let A < A, A # Xg. Operator h, = —52% s symmetric on
the space of smooth, compactly supported functions on I" which satisfy condi-
tions (25.22) and (25.23).

Proof. One needs only to show that

d v v v d v
(G0.870) - (L0, 5470y =0, 1=0. ver @20)

for any two vector functions ¢ = gl(v), ¢ = gz(v) which satisfy GC (25.23) (similar

relation at v € V; obviously holds). Let A € (Ao, A1). Then matrix T, (A) is
unitary (Theorem 2). If matrix I,, + T, is nondegenerate, we rewrite (25.23)
in the form %g(”)(t) = Ac)(t), t = 0, where the matrix

VA —Xo

123

A= [Iv + Tv()‘)]_l[lv - TvO‘)]
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is real. The latter immediately implies (25.26). Similar arguments can be used
if I, — T, is nondegenerate. If both matrices are degenerate (i.e., T,, has both
eigenvalues, +1), we consider a unitary matrix U such that UT,U* is a diag-
onal unitary matrix. Since (U, Uc2) = (s1,2) for any two vectors ¢, ¢2, one
can easily reduce the proof of (25.26) to the case when T, is a diagonal unitary
matrix. Then (25.23) implies the following relations for coordinates g;(t) of
the vector ¢(*)(): §;(0) = a;5;(0) or ;(0) = bjs;(0), where constants a;, b; are
real. The first case occurs if the corresponding diagonal element of T, differs
from —1, the second relation is valid if this element is —1. These relations
for ¢;(t) imply (25.26). Similar arguments can be used to prove (25.26) when
A < Ao, since matrix T, is orthogonal in this case (see Theorem 3).

Theorem 6. For any € > 0 there is a discrete set A(e) on the interval
[~ Ao, A1) such that the Green function gx(vy,&;€) exists for all A < A,
X ¢ A(e), and has the form

~ h(v, €, 0, ¢)

gr = Dhe) (25.27)

where function h is continuous on the set v, € I, X < A1, € > 0 and
uniformly bounded on each bounded subset, and

DOAe) = SN e (A)ei e tem, (25.28)

Here s, are constants, functions ¢,,(\) are analytic in X < Ay with a branch
point of second order at A = X\g, and D #£ 0 if X < Ag.

Proof. We fix the parametrization on each edge I'; of the graph. Then, obvi-
ously,

VA—xp V/A—xg
gr=aje "= bt = L yely, if £¢13, (25.29)
/A=Xg /A= VA — A\
ga = aje T pet e AE —sin[ Yot 7) ], i EE I
— Ao

(25.30)
Here 7 is the coordinate of the point &, (¢ — 7)— = min(¢t — 7,0), and the
last term in (25.30) is a particular solution of (25.25) on I'; with a bounded
support. There are 2N unknown constants in the formulas above, where N
is the total number of edges of the graph. Conditions (25.22)-(25.24) provide
2N linear equations for these constants. As is easy to see, the coefficients

VAo
for unknowns in all the equations have the form a(\)e'™ = %, where a(\) is
analytic in A < A; with a branch point of second order at A = A\g, and s = 0 or
+l; (I; are the lengths of the finite channels). The exponential factors in the
coefficients appear when the formulas (25.29), (25.30) are substituted into GC
at the end point of the edge I'; where ¢t = [;. We apply Cramer’s rule to solve
this system of 2N equations. This immediately provides all the statements
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of the theorem with D(\,¢) being the determinant of the system. One only
needs to show that D # 0 for A < A\g. Note that the latter fact implies the
discreteness of the set A(g) = {\: D(\,e) = 0}.

Obviously, D = 0 if and only if the homogeneous problem (25.21)—(25.24)
has a non-trivial solution. Let A < Ag. Then solutions ¢ of the problem (25.21)—
(25.24) decay at infinity, and

0 = / [—e%" — (A = Xo)sJsdy
r
d
= —£25, <dt§(”),<(“)> | + / [£2()? — (A — No)s?]dy. (25.31)
r

It was shown in the proof of Lemma 1 that it is enough to consider only
diagonal matrices T" when the terms under the sign Y, above with v € V4
are evaluated. Since T is orthogonal when A\ < )\g, the diagonal elements of
T are equal to £1. Then (25.23) means that each component of the vector
¢() or its derivative is zero at the vertex. Hence, the terms in the sum above
with v € V5 are equal to zero. They are zeros also for those v € V; where the
boundary condition in (25.22) is the Dirichlet or Neumann condition. If v € V;
and B = 6% +a, a >0, these terms are nonpositive. Hence, relation (25.31)
implies that ¢ = 0 when A < Aq.

Theorem 6 does not contain a statement concerning the structure of the
discrete set A(e). This set becomes more and more dense when & — 0. In
general, every point X' €(A\g, A1) belongs to A(e) for some sequence of ¢ =
€;(N) — 0. However, it is not an absolutely arbitrary discrete set, but the
set of zeros of a specific analytic function (25.28), and this fact provides the
following restriction on the set A(e).

Lemma 2. For each bounded interval [, \1], each o > 0 and some M, there
are ce ™1 intervals 1; of length o such that

ID(\, )| > co™  when e>0, A€o, M]\UI;, c=c(a).

This lemma is a particular case of Lemma 15 from [MoVa07] (the set I
is empty in the case considered here).

In order to construct the resolvent of the problem in (2., we need to rep-
resent the Green function gy of the problem (25.25), (25.22)-(25.24) on the
graph I through the solutions of the scattering problems on the spider sub-
graphs of I

We will call a function ¢ = ¥, (y) a solution of the scattering problem on
the graph I if it satisfies the equation (25.21), conditions (25.22), and (25.23),
and has the following form at unbounded edges of the graph:

VA=A ./ A=Xg
P Ll et yely, 1<pj<m, (25.32)

VYp(y) = dpje”
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where §, ; is the Kronecker symbol. This scattering solution corresponds to
the wave coming through the edge I',. These scattering solutions on the graphs
were introduced in the previous section in the case when the graph corresponds
to a spider domain. In fact, only this simple case will be needed below.

Lemma 3. If the graph I" corresponds to a spider domain (2, then the scat-
tering solution 1, () exists and is defined uniquely for all X < A1, X # Xo. Any
function ¢ on I" which satisfies equation (25.21) and GC condition (25.23) is
a linear combination of the scattering solutions 1, (7y).

Remark 5. For arbitrary graphs, one may have non-trivial solutions of the
homogeneous problem (25.21)—(25.24) supported on the set of bounded edges
of the graph. This occurs when A € A(e). The set A(e) is empty for spider
graphs.

Proof (of Lemma 3). If we take a, ; = t, j, where t, ; are the scattering co-
efficients in the spider domain (2., then function (25.32) will satisfy (25.23)
(see the derivation of (25.19)). Hence, the scattering solutions v, (y) exist for
all A < A1, A # Ag, since the scattering coefficients are defined for those A by
Theorem 3. If we put function (25.32) with a, ; = t, ; + h,; into GC (25.23),
we immediately get that h, ; = 0 (see the proof of Theorem 5). Thus, scatter-
ing solutions are defined uniquely. The space of solutions of equation (25.21)
is 2m dimensional. The (m x 2m)-dimensional matrix (I, + Ty, (), I, + T, (N))
formed from coefficients in GC (25.23) has rank m. Hence, the solution space
of the problem (25.21), (25.23) is m dimensional. Obviously, functions ¢, are
linearly independent on I'. Thus, any solution of (25.21), (25.23) is a linear
combination of functions ,,.

Let I, be the edge of I" which contains the point £ (see (25.25)). We cut
the graph I' into simple graphs I'(v) with one vertex v by cutting all the
bounded edges at some points &; € I';. We will choose &, = &. Let us denote
by I''(v) the spider graph which is obtained by extending all the edges of I'(v)
to infinity. Let 1, ,(y) be the scattering solutions on the graph I"(v).

Lemma 4. There ezist functions
a=apy(\e ), X<A, e>0, el

which are continuous, bounded on each bounded set, and such that

v >\7 )
i =505, ), e )

Proof. Tt follows from the previous lemma that g, can be represented as a
linear combination of the scattering solutions:

Ir = XpcptPpw(7), v € (V).
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In order to find the coefficients ¢, ,,, we note that g is equal to a combination
of two exponents on the edge I, C I'(v) with the coefficient of the incident
wave equal to ¢ ,:

/g ey
gr = Cp €' * Ot—&—bw,e_Z c Ot, veTl, CI(v).

Now ¢, can be found by comparing the formula above and (25.27) at two
points of I,.

25.5 Small € Asymptotics for the Problem in 2,

As everywhere above, the domain (2., considered below, can be bounded or
unbounded. Denote by A° the union of eigenvalues of the operator (25.3) in
all the spider domains §2, . associated to §2.. These spider domains consist
of individual junctions and all the channels adjacent to this junction. The
channels are extended to infinity if they have a finite length. The set A°
does not depend on e due to Theorem 4. Let us recall that A(e) is the set
of eigenvalues of the one-dimensional problem (25.21)—(25.24) on the limiting
graph (see Theorem 6).

The eigenvalues of the operator H. = —e2A of the problem (25.1) which
are located on the interval (—oo, \;) are exponentially close to the set A% U
A(g). In the process of proving this statement, we will get the asymptotic
approximation of the resolvent (H. — A\)~! as e — 0. Namely, the following
theorem will be proved.

Let X < A; and let A” be an e = -neighborhood of the set A% U A(e).
Assume that the right-hand side of (25.3) has a compact support which is
separated from junctions, i.e., there exist 7,d > 0 such that the support of
f belongs to UA;, where A; is the part of the channel C} . defined by the
inequalities 7 <t < [; — 7 if [; < 00, or 7 <t < d if the channel is infinite.

Theorem 7. (1) There exists v > 0 such that the eigenvalues pj. of the
operator H. which belong to the interval (—oo, \') with an arbitrary X' < X\
are located in an e~ -neighborhood of the set A° U A(e). Here a = Ay — .

(2) Let the support of f belong to UA; and let u = Rxf be the solution
of problem (25.3). Here Ry is the truncated resolvent (25.9). Then for any
n > 0, there exist v > 0 and p = p(n) > 0 such that w = Ryxf has the
following asymptotic behavior in all the channels outside the n-neighborhood
of the support of f:

u=Ry\f= (ﬁAf())wo(g) F0E®), Ae(—oo, M\AY, 0. (25.33)

Here y
fo=fo(7) = <f757d/2<ﬂo(g)>v veTr,
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and gy is the integral operator on the graph I' whose kernel is the Green
function gy constructed in Theorem 6:

gAfOZAgA(77§§5)fO(£)d§~

Remark 6. Below, we also will get the asymptotics of u = Ry f on the support
of f, as well as a more precise estimate of the remainder in (25.33).

Proof (of Theorem 7). Let
h=h@=f-""he), aea.,

i.e., fo = fo(v) is the first Fourier coefficient of the expansion of f with respect
to the basis {e~%%p;(£)}, and f; is the sum of all the terms of the expansion
without the first one. We are going to show that u = Ry f has the following
form on the channels of (2.:

u=Ryf= (gxfo)sﬂo( )+ xR +0(e™), e (=00, N)\AY, &0,

(25.34)
where v,p > 0, x € C*®({2.) is a cut-off function such that x = 0 on all
the junctions, x = 1 outside of the e-neighborhood of junctions, and function
RS f1 is defined by solving the following simple problem in the infinite cylinder.
Let f1,; be the restriction of f; onto the channel C; .. We extend the channel
(e to infinity (in both directions) and extend fi; by zero. Let u; be the
outgoing solution of the equation

—€2Au —Au = flvj

in the extended channel. Then RS f; is defined as RS f; = u; in the channel
Cj . Obviously, xRS fi can be conmdered as a functlon on 2.

The justification of (25.34) and the proof of Theorem 7 are based on an
appropriate choice of the parametrix (“almost inverse operator”):

P>\ : L2 ,d - Lloc(‘(2 )a
which is defined as follows:
A Y
Pyf = (foo)wo(g) + (XR3f1) = Zoxo RS, [xo[(e2 A + N (X RS f1) — f1]]-
(25.35)
Here L2 4 1s a subspace of L2(£2.) which consists of functions supported on

UA;. Now we are going to define and study, successively, each of the terms in
the formula above. In particular, we need to show that

—(EA+ NP =F+Qaf. Qu:LZ,—~ L2, Qs <Ce™. (25.36)

Operator G is an integral operator with the kernel G (r,z;€), x, 2 € (2,
which is defined as follows. We split {2, into domains (2, . by cutting all the
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finite channels Cj . using the cross sections ¢t = t¢;. Let z € Aj . Then we
choose t;, to be equal to the coordinate ¢t = t(z) of the point z. Other cross
sections are chosen with the only condition that 7 < t; < [; — 7, i.e., the
cross section ¢ = t; is strictly inside of Aj;. Let (2, _ be the spider domain

which we get by extending all the finite channels of (2, . to infinity. Let WISEU)
be the scattering solutions of the problem in the spider domain Q{,’g. The
small £ asymptotics of these solutions is given by Theorems 4 and 5. We
introduce the following functions @(i}
these asymptotics:

by modifying the remainder terms in

E) = ppo(y/e) + XoTp r&) (25.37)

where x, € C*(£2.), x» = 1 on a 7-neighborhood of the junction, and x, = 0
outside of (2, .. Then we define G by the formula

Qp. v (>\a g, g) Q—;(s)

G)\(IZ?,Z;E:):EP D()\ E) PV

T € 2ye, (25.38)

where a,, ,,, D are defined in Lemma 4, and £ is the point on the graph I" which

corresponds to z € Aj, i.e., the point on the edge I';, where ¢t = ¢;,. Since

function ngg satisfies the equation (e2A + A)u = 0 on §2, ., from Theorems 4
and 5 it follows that

—(E2A+NTE) =000 e F), e—=0, —co<A<N, x€ 2.,
where o = A; — X'. We choose v < %. Then § > e~ % for A € (—o0,\)\ 47,

and

3a

—(EA+NTE) =0(e ), =0, Ae(—oo, M)\ 4", z€ 2.

Since coefficients a, , are bounded, Lemma 2 with o = e~ 7= implies that
—(E2A+ NG\ =0(e" %), =0, A€ (—o0, )\ 4%, =€ 2,.. (25.39)

Relations (25.39) are valid on each domain 2, .. Now we are going to
combine them and evaluate (2A+\)G) for all # € £2.. From (25.37), (25.38),
and Lemma 4, it follows that the function

Ga —QA(%€;€)<P0(g)

is infinitely smooth in the channels of (2.. Here ~ is the point on I" which
corresponds to x € 2. Then from (25.39) it follows that

—(2A+N)G) = 55(7)@0(g)+0(e—‘%%), e 0, AN (—oo, )\ 47, z € 0.
(25.40)

As is easy to see, the remainder in (25.40) is zero in the region where Vy, # 0,
i.e., the support of the remainder belongs to UA;.
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Now let us study the second and third terms on the left-hand side
of (25.35). Obviously,

—(EA+N(XRf) = xfith = fi+h, h=-2Vx-VR}fi—*(AX)RS f1.

(25.41)
Here we used the fact that x = 1 on the support of f;. Since f; is orthogonal
to ¢o(¥), function RYf1 and all its derivatives decay exponentially in each
channel Cj. as £ — oo, where 7 is the distance from A; Hence,

_a(r—e) ar

h=0(" "= )=0(e"=), =0, XA€(—o0,\). (25.42)

The remainder terms will be parts of the operator @), and we need the
kernel of this operator to be supported on UA;. Unfortunately, h is supported
on e-neighborhoods of the junctions. The last term in (25.35) is designed to
correct this. Since h is supported on the region where Vy # 0, function h can
be represented as the sum h = X,h,, where h, = x,h has estimate (25.42)
and is supported on the e-neighborhood of the junction .J,, . which corresponds
to the vertex v. Consider h = Yuxo RS ,[Xuh], which is defined as follows. We
apply the resolvent R(/)\’v of the problem in the spider domain (2] . to h,,
multiply the result by x,, and extend the product by zero on Qg\();,,s.

From (25.42) and Theorem 4 it follows that

aT

IR yho| S Co7le™ ™5 < Ce™ %, &0, A€ (—oo,N)\ 47,  (25.43)

5, so that § > e~ % . From standard a priori estimates for
the solutions of homogeneous equation (e2A + \)u = 0, it follows that esti-
mate (25.14) is valid also for all derivatives of Ry f, since this function satisfies
the homogeneous equation outside of the 2e-neighborhood of the junction.
Then (25.43) holds for the derivatives of Rg,vhv- This allows us to obtain,
similarly to (25.41), that

if we choose v < I

—(E2A+Nh=h+h, h=0( %), =0, A (—oco,\N)\ A,
(25.44)
where h; is supported on the closure of the set Vy, # 0. This set belongs to
UA;. Finally, from (25.40), (25.41), (25.44) it follows that

—(A+NPAf=f+g, g=0(%), e—=0, Ae (=00, X)\ 4,
(25.45)
and g is supported on UA;. One can easily check that g depends linearly on
f. Besides, one can specify the dependence on the norm of f in estimates
of all the remainders above. This will lead to (25.36) instead of (25.45). In
fact, (25.36) is valid when @, is considered as an operator in L? or as an
operator in the space of continuous functions on UA;.
We are now going to construct the solution u of problem (25.3) with f €
L2 ,. We look for u in the form u = Pyg with unknown g € L? ;. Obviously,
u satisfies the boundary conditions and appropriate conditions at infinity.
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Equation (25.3) in 2. leads to g + @xg = f. Since the norm of operator @
is exponentially small, function g exists, is unique, and g = f + ¢, ||¢|| <
Ce 2|/l i

w=P(f+a), llallz, < Ce ¥l fllz . 0, Ae (o0, X)\ A"

This justifies (25.34) and (25.33). The first statement of Theorem 7 follows
from here. Namely, assume that an eigenvalue 1 = p; . of the operator H,
belongs to (—oo, A)\ A”. Then the truncated resolvent Ry (see (25.9)) has a
pole there (see Theorem 3). The residue of this pole is the orthogonal pro-
jection on the eigenspace of H.. The pole of Ry f may disappear only if f
is orthogonal to the eigenspace which corresponds to the eigenvalue A\ = pu.
Non-trivial solutions of the equation (A + A)u = 0 in {2. cannot be equal
to zero in a subdomain of (2.. Thus, there is a function f € L? ; which is
not orthogonal to the eigenspace, and Ry f must have a pole at A\ = p. This
contradicts (25.34) and (25.33).

The following statement can be easily proved using Theorem 7 and reduc-
tion (25.13) of the scattering problem to problems (25.3), (25.4).

Theorem 8. For any interval [, \'), there exist p,v > 0 such that scattering
solutions W, . () of the problem in (2e have the following asymptotic behavior
on the channels of 2. as e — 0:

V(@) = by ()po(2) + ) (@),

where 1, (7y) = 1/};5,5)(7) are the scattering solutions of the problem on the graph
I and

—pd(y)

(@) < Ce™E2, A€ fa,N)\ A%,

Here v = ~(x) 1is the point on I' which is defined by the cross section of the
channel through the point x, and d(v) is the distance between v and the closest
vertex of the graph.

25.6 Eigenvalues Near the Threshold

In some cases, in particular when the parabolic problem is studied, the lower
part of the spectrum of the operator H. is of particular importance. Theorem 7
provides a full description of the location of the eigenvalues. They are situated
in an exponentially small neighborhood of A°UA(g). The set A° is determined
by the junctions. The points from A° are e-independent, non-negative and
may be located on either or both sides of Ag. One may have at most a finite
number of eigenvalues below Ag. The points of A(e) are eigenvalues of the
one-dimensional problem (25.21)—(25.24) on the limiting graph, they cannot
occur below Ag, since D # 0 there (see Theorem 6).
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We are going to study the limiting behavior, as € — 0, of points from the
set A(e) located in an O(g?) neighborhood of \g.

We will assume that (2. has at least one bounded channel (for example,
(2. is bounded). The opposite case is studied in Theorem 4. We also assume
that A = Ao +O(g?). Then the eigenvalues of the problem (25.21)—(25.24) will
depend on the form of the GC (25.23) at A = ). Let us put A = A\ + pe?
in (25.21)—(25.24). Then this problem takes the form

d2
—oEs=Hs  on I, (25.46)
Bs=0 atveV, (25.47)
d
i[Iv+Tv(Ao+u52)}%g(”) () —p[I,—T,(Mo+pued))s(t) =0, t=0, wve,
(25.48)
c=aje™, yely, 1<j<m, t>>1. (25.49)

The last condition is not needed if 2. is bounded (m = 0).
Since matrix T),(\o) is orthogonal and its eigenvalues are £1, the GC (25.48)
with € = 0 has the form

P)(0) = 0, Pi%g“’)(o) =0, wvelh, (25.50)
where P, P are projections onto eigenspaces of matrix T}, (\g) with the eigen-
values F1, respectively. Let k be the dimension of the operator P, and d — k
be the dimension of the operator P+, where d = d(v) is the size of the vector
¢(). Then (25.50) imposes k Dirichlet conditions and d — k Neumann condi-
tions on the components of vector ¢(*) written in the eigenbasis of the matrix
T,(Xo). Note that the standard Kirchhoff conditions (s is continues on I', a
linear combination of derivatives is zero at each vertex) has the same nature,
and k = d — 1 in this case.

Problem (25.46)—(25.49) with ¢ = 0 has a discrete spectrum {p;}, j > 1,
and the same problem with ¢ > 0 is its analytic perturbation. Thus, the
following statement is valid.

Theorem 9. If eigenvalues {y;} are simple, then eigenvalues {p;(e)} of prob-
lem (25.46)-(25.49) are analytic in £:

pi(e) =Y Hine" 0= - (25.51)

n>0

Remark 7. 1. This statement implies that eigenvalues A € A(e) in an O(e?)-
neighborhood of \g have the form

A=XNi(e) =X+ > pjne™ (25.52)

n>0
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2. The assumption on simplicity of u; often can be omitted. For exam-
ple, (25.51), (25.52) remain valid without this assumption if £ = d (the limiting
problem is the Dirichlet problem). In the latter case one may have multiple
eigenvalues (for example, when the graph has edges of multiple lengths), but
the problem with e = 0 is split into separate problems on individual edges.

Theorem 9 makes it important to specify the value of k£ in the condi-
tion (25.50). This value depends essentially on the type of the boundary condi-
tions at 02, and on whether A = )¢ is a pole of the truncated resolvent (25.10)
or not.

Definition 3. A ground state of the operator H. in a domain 2. at A = X\ is
the function 1o = 1o (x), which is bounded, strictly positive inside (2., satisfies
the equation (—A — Xg) g = 0 in 2, and the boundary condition on OS2,
and has the following asymptotic behavior at infinity:

o () = w0 (g) [o; +o(1)], z€C;, |z|— +oo, (25.53)
where p; > 0 and @g is the ground state of the operator in the cross sections
of the channels.

Obviously, if the Neumann boundary condition is imposed on 0f2., then
Ao = 0, and the ground state at A = 0 exists and equal to a constant. It was
shown in [MoVa07], [MoVa08] that the ground state at A = Ao does not exist
for generic domains {2 in the case of other boundary conditions on 0f2.. In
particular, it does not exist if there are eigenvalues of H. below Aq, or if the
truncated resolvent does not have a pole at A = \g. The following result was
proved in [MoVa07] and [MoVa08].

Theorem 10. (1) The ground state at A = \g implies k = d — 1. Thus, the
eigenvalues pj(e), € = 0, converge to the eigenvalues of the Kirchhoff problem
in the case of the Neumann condition on 082, ({2 is arbitrary) and in the case
of other boundary conditions on df2. for special, nongeneric {2..

(2) If the Dirichlet or Robin condition is imposed on 082 and the truncated
resolvent does not have a pole at X = \g (this is a generic condition on (2¢),
then k = d and p;(e), ¢ — 0, converge to the eigenvalues of the Dirichlet
problem.

Other possible (nongeneric) GC at A = A\ are given by (25.50).
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26.1 Introduction

This chapter is devoted to the homogenization of a stationary convection—
diffusion model problem in a thin rod structure. More precisely, we study
the asymptotic behavior of solutions to a boundary value problem for a
convection—diffusion equation defined in a thin cylinder that is the union of
two nonintersecting cylinders with a junction at the origin. We suppose that
in each of these cylinders the coefficients are rapidly oscillating functions that
are periodic in the axial direction, and that the microstructure period is of the
same order as the cylinder diameter. On the lateral boundary of the cylinder
we assume the Neumann boundary condition, while at the cylinder bases the
Dirichlet boundary conditions are posed.

Similar problems for the elasticity system have been intensively studied in
the existing literature. We quote here the works [KoPa92], [MuSi99], [Naz82],
[Naz99], [TuAg86], [TrVi87], [Ve95]. The contact problem of two heteroge-
neous bars was considered in [Pa94-1], [Pa96-1I], [Past02]. Elliptic equations
in divergence form have been addressed, for example, in [BaPa89] and [Pa05].
In contrast to the divergence-form operators, in the case of the convection-
diffusion equation the asymptotic behavior of solutions depends crucially on
the direction of what is called the effective convection, which is introduced in
Section 26.2. In this chapter we only consider the case when in each of the
two cylinders (being the constituents of the rod) the effective convection is
directed from the end of the cylinder towards the junction.

The asymptotic expansion of a solution includes the interior expansion, the
boundary layers in the neighborhoods of the cylinder ends, and the interior
boundary layer in the vicinity of the junction. Note that the leading term of the
asymptotics is described in terms of a pair of first order ordinary differential
equations. The construction of the interior expansions follows the classical
scheme. The analysis of boundary layers in the neighborhoods of the cylinder
ends relies on the results obtained in [PaPi09]. In order to build the interior
boundary layer we study a qualitative problem for the convection—diffusion
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equation in an infinite cylinder. This is done in Section 26.7. As far as the
authors are aware, no one has studied a convection—diffusion equation with
first order terms in an infinite cylinder. In the case under consideration, when
in each of the two cylinders the effective convection is directed from the end of
the cylinder towards the junction, we prove the existence of a solution for such
a problem and discuss its qualitative properties. In other cases the situation
is much more difficult (especially in the case when effective convections occur
in opposite directions) and outside the scope of the present work.

26.2 Problem Statement

Let @Q be a bounded C*“ domain in (d — 1)-dimensional Euclidean space
R~ with points 2’ = (x3,...,24). Denote G. = [~1,1] x (¢Q) C R? a thin
rod with the lateral boundary I. = [—1,1] x 9(eQ);x = (z1,2"). We study
the homogenization of a scalar elliptic equation with periodically oscillating
coeflicients

A = —div (a°(z)Vu®) — %(b‘s(m), Vu) = %f(xl), x € Ge,

ou’
Bfuf = o g(lxl), , xel,, (26.1)
(1) = (D). ) = ot (2), )

where the matrix-valued function a®(x) and the vector field b°(z) are given by
a®(z) = a(xz/e), b°(x) = b(z/e), and € > 0 is a small parameter. In (26.1)
(-,-) stands for the standard scalar product in R?; du/Ong- = (a*Vuf,n) is
the co-normal derivative of u®, and n is an external unit normal. Throughout
the chapter we denote

G= (_OO7+OO) X Q7 r= (—OO, +OO) X 8@3

G§=(a,ﬁ)xQ, —o<a<f< oo
We suppose the following conditions to hold:

(H1) The coefficients a;;(y) € C*(G) and b;(y) € C*(G) are periodic
outside some compact set K € G* ;. More precisely,

afi(y), wn>1, b (y), i >1,
aij(y) =< aij(y), |yl <1, b(y) =9 bi(y), [nl<1,
a;(y), y1 < -1 by (y), w1 < -1

where a®(y) and b*(y) are periodic in y;. Without loss of generality, we
assume that the period is equal to 1.
(H2) The matrices a®(y) are symmetric.
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(H3) We assume that o™ (y) satisfy the uniform ellipticity condition; that is,
there exists a positive constant A such that, for almost all 2 € R?,

d
AP < af() &g, VEeR: (26.2)

4,j=1

(H4) ¢*(y') € H'*(Q).
(H5) Functions f(z1) and g(z1) are supposed to be smooth, namely, f(z1) €
CQ(G6> and g($1) € CQ(FE)

The goal of this work is to study the asymptotic behavior of u®(x), as
e — 0. As was noted in the Introduction, in contrast to the case of an operator
in divergence form, the situation turns out to depend crucially on the signs
of the effective fluxes b, the constants which are defined in terms of the
kernel of the adjoint periodic operators and coefficients of the equation. When
constructing boundary layer functions, we consider only one case: bj < 0,
by > 0.

26.3 Formal Asymptotic Expansion

In the sequel we use the following notation:

GF={r=(21,2") €G. 21 >¢}, GI ={v=(11,2)) €G. 71 < —¢};
A;tv = —div, (a®(y)V,v) — (b5 (y), V,v), ye€Y;

d
ov
B;tvz B = Z azij(y)ﬁijni, y ey,
a* i

where Y = &7 x @, with &7 a unit circle, denotes the cell of periodicity. In
what follows we identify y;-periodic functions with functions defined on Y.
Notice that Y = &1 x 0Q.

In each half-cylinder GI and GZ the inner asymptotic expansion of a
solution to equation (26.1) has the form (see, for example, [BaPa89], [BLP78])

uk = o (@) + €[N (2) (05 () + o (@0) + 5 (3) g ()
+ [N (2) (03 (@) + NiE(2) () () + 03 (@) + 657 (2)g/ ().
(26.3)

The leading term of the asymptotics, voi, satisfies a first order ordinary dif-
ferential equation

B () (21) = f(21) + 9(21) / P (y)do,, (26.4)
oY

where
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b = [ (@0 5* )~ b ) dy
Y

is called the effective axial drift; and p*(y) belong to the kernels of adjoint
periodic operators defined on Y:

—div (a* (y)V p*) +div (0T p*) =0, yeY,

7(bian)pi:07 y € Y.

Throughout the chapter we will assume that
(H6) b >0 and b <O.

Notice that since f(z1),g(z1) € C%([~1,1]), then vy (z1) € C3(g,1), vy (z1) €
C3(—1,—¢).
One can see that necessarily the functions N li and qli satisfy the problems

{A;':N;cawambfwf,yex A;‘quz—/ prdoy, yev,
+ + v
By Ni™ = —aj n;, y € 0Y; Bfgi =1, y €0Y.
(26.5)

Obviously, by the definition of Z_)f, the compatibility conditions for (26.5)

are satisfied; thus, these problems are uniquely (up to an additive constant)

solvable. Since we assumed that a;;(y) € C»*(G) and b;(y) € C*(G), then

Nit(y) and ¢i (y) belong to C>*(Y) (see, for example, [GiTr98], [LaUr68]).
The equation for vF reads

by (v7)' (1) = 3 (vg)"(x1) + 47" ¢'(21), (26.6)
where hQjE and E are constants given by the following expressions:
+ + 4+ gt + g+ttt + +
h; :/y(anp —a;; Ny (y)0y,p™ + by Ny p +ay; 9y, N1 p )dy;
g = / (= @i 4i 0yp™ + b7 6™ + ai; 0,4t p*) dy.
Y
Let us note that v (z;), as a solution of (26.6), has continuous derivatives in

Y up to the second order.
One can see that N3 and ¢3 satisfy the problems

{ AE NG = a3y + 0y, (a;; NiY) + by Ni™ + a3;0,,Ni” —hy, yeY,

Byi N2i = —ai N1i Ny, y € dY;
B (26.7)
{ Afqy =0y, (aliqi) + by ¢ +ay;0y,40 —qi, YEY, 268)
B;E qli = —aﬁ qli g, y € 9Y.
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The compatibility conditions are satisfied and problems (26.7)-(26.8) are
uniquely solvable. The smoothness of the coefficients and the properties of
the functions Nit, ¢if imply that Ni(y), ¢ (y) € C>*(Y).

The equation for v3 (z1) is the following:

B (v3) (1) = by ()P (@1) + by (o) (1) + 45 ¢ (1), (26.9)

where

J

W = [ (NP - ahNEO, bt + VNG + a0, Ny DY) dy
Y
¢ = / (aii a7 p* — a1z Oy,p™ + b7 g3 p* + a7;0,,45p7) dy.
Y

The function vy as a solution of (26.9) is a C'(Y) function.

Note that the infinite number of terms in series (26.3) can be constructed.
Interested readers can find in [Pa05] the description of the general method for
such a construction together with some applications and examples.

26.4 Boundary Layers Near the Rod Ends

The asymptotic series (26.3) does not satisfy the boundary conditions on the
bases of the rod, which is why we introduce the boundary layer functions in
the neighborhoods of S11 = {x € G. : 11 = £1, 2/ € eQ}:

/ !
vi(z) = [w x1$17£ — T 4 e[wt x1$17£ —wf
o) = o (D) e eelf (D —et)
+ & [uF (F2—, 5) — ).

Here wat(y) are the solutions of homogeneous problems in semi-infinite cylin-
ders GY  and G, respectively,

Afwi(y) =0, yeG°, Ajwy (y) =0, yeGT™,
B;‘warzo, yel®,, B, w, =0, y ey,
wi (0,y) = ¢t (), wy (0,y) =~ ().

(26.11)

As was proved in [PaPi09] (see Theorem 5.1), under assumptions (H1)— (H6),
problems (26.11) possess unique solutions stabilizing to constants ZI)(:)t at an
exponential rate, as y; — Foo. As boundary conditions for v(ﬂf we choose
+ ot
vy (£1) = Wy .
The functions wli satisfy the following problems:
A;jwf(y) =0, yeG°_, A jwi(y) =0, ye G,
Bfw{ =0, yel®,, B wy =0, yely™,
wi (0,y') = =Ny (8,5') (vg)'(1) | wy (0,y) = =Ny (=6,9) (vg)'(~1)
—q; (6,9) (1), —4; (=6,9") g(=1),
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for some fixed & € [0,1) (¢ is a fractional part of e~!). Taking into account that
b <0, by > 0, one can see that wi stabilize to uniquely defined constants

which we denote by @F (see [PaPi09]). Then we take the constant w7 as

boundary conditions for v (z1) as z; = +1: vi(£1) = wi.

Turning back to (26.10), w3 solve the problems
AZwi =0, ye@ (yeGi™),
Bywy =0, yel%, (yely™)
wy (0,9') = N3 (£6,3) (v)" (£1)
—N{(£6,y) (0F) (1) — a5 (£6,3/) ¢/ (£1).

(26.12)

in tend to constants zDQi, as y1 — Foo. As before, the existence and unique-
ness of solutions and the property of the exponential stabilization to constants
are ensured by Theorem 5.1 in [PaPi09]. Now we can choose a boundary con-

dition for the functions vy as 1 = +1: v (1) = w5

26.5 Boundary Layer in the Middle of the Rod

Before constructing the boundary layer functions in the middle of the rod,
let us extend vy (1) (keeping the same notation) to (—oc, ) as a solution of
equation (26.4) satisfying the boundary condition v (1) = g . In the same
way we can extend v}, v5 to (—o0,€), and vy, vy, vy to (—&,+00) as solutions
to corresponding ordinary differential equations. Periodic in y; functions N, ,f
and q,i k=1,2,3, we regard as defined everywhere in G =R x Q.

Obviously, it suffices to match the formal asymptotic series ul,, defined
by (26.3) in G, with zero in the vicinity of S§ = {z € G. : z; = 0}. Then,
in the same way we can match u_ with zero, and, summing up the obtained
expressions, arrive at the final boundary layer corrector in the neighborhood
of S5. In order to do this, we are looking for a “corrected” solution in the
form

vE() = x5 (W) vg (21) + £ Ni* () 65 () (v5) (1) + € X312 () (05 (1)
+ gt () e (W)g(a1) + e xip 9(z1) + £ X7 () vif (1)
+ 2 N3 (y) 6% (y) (v7)" (1) + €2 x5 (v) (v5)” (1)
+ 2 N (y) 6% (y) (0F) (1) + €2 X532 (y) (0F) (1)
+ 2245 (y) 92 ()9 (21) + €2 X33(W) 9/ (x1) + 2 X5 (W) v3 (21), Y =a/e,
(26.13)

where the functions xi (1), xi1(¥), X{2(¥), X21(¥), X22(¥), X3s(y), and
Xét(y) are to be determined; ¢7(y) = ¢T(y1) is a smooth cut-off function
such that ¢T(y) =0ify; < —land ¢T(y)=1ify; > 1,6~ =1— o™ .

Substituting (26.13) into (26.1) and collecting power-like terms related to
different powers of e, one gets equations for the unknown functions. Due to
lack of space, we do not produce the calculations here.
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A, xE =0, €G,
yXi Y (26.14)
Byx;, =0, yel, m=0,1,2.

Aty = —A (N ()6 (y)) + a1 (4)dy, xi ()

+ 0y, (anxo () +b1(W)xo () — b1 65(y), yeG;  (26.15)
Byxiy = —ain X i — aig 0y, (N ¢F) ns, yer;

x%ﬁ}=—&&ﬁWWWw)—fﬁ0/pﬂwmm yeG,

oY
ByXli,z = —a;j Oy, (%i (v) ¢i(y)) n; + ¢i (), yel;

Problems (26.14)—(26.16), stated in the infinite cylinder G, were derived by
formal calculations which, of course, do not imply the solvability of these
problems. Theorem 2, proved in Section 26.7, guarantees the existence of
solutions to problems (26.14)—(26.16) in proper classes and, moreover, gives an
additional qualitative information about the solutions. Indeed, we can choose
Xﬁ, m = 0,1, 2, such that

(26.16)

+ + .
e Xy (26.17)
— 0, x,, — 1, m=0,1,2 '

m Y1 —+00 Y1—>—00

Such a choice of x& and definitions of Ni*(y) and ¢F(y) ensure the existence
of solutions X1i,1 of problem (26.15), which stabilize to the constants at infinity.
For the functions X1i,1 we assign zeros at infinity: Xfl —0, y — Foc.

Similarly, taking into account (26.5) and the definition of ¢, one can
see that problems (26.16) are solvable. We also choose zeros as constants at
infinity for Xli’zz Xli’Q —0, y; — Foo.

In much the same way, we see that there exist X2i,1’ X§2, X§f3 stabilizing
to zero, as y; — Foo, which solve the following problems:

A, X;1 = —A, (NS ¢%) +an xi§ +ay; Dy, (N ¢*) +0,,(a;n N ¢T)
+ by N1+ ¢+ +ay; aijjtl +0 i(a’il XI1) + b Xir,1 - h;r ¢+> y € G,
B, X;_,l =-B, (N2+ ¢F) — a;n; Xf@ — a1 ny Nfr o, yeT;
(26.18)
Ay X;_,2 = _Ay(N1+ ¢t) + aij 3ijf
+ Oy (anx{) +bixi —bf ¢T, yeG, (26.19)
By Xy = —By(N{" ¢%) — ainni X7, yel;
AyxEs = —Ay(af 6%) +ar; Oy, (af 6%) + 0y, (air af &%) + braf o+
y X2,3 y\d2 a1j Oy; (4 Qi1 g1 141
+ a1, Oy, xT o + 0y, (ain X7 0) +bixTo — @ 07, Y €G,

Byx3s=—By (g3 ¢7) —annix{y —anniqg ¢T, yel.
(26.20)
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Finally, taking into account the constructed inner formal asymptotic ex-
pansion and boundary layer correctors in the neighborhoods of Si; and Sy,
we arrive at the asymptotic solution of problem (26.1):

s () = vl (@) + v () + v2 (@) + vy (), (26.21)
where v, v7, and v are defined by (26.13) and (26.10).

Remark 1. Adding the boundary layer functions vbil to the inner expansions

uL makes it possible to satisfy the boundary conditions on the bases of the

rod G, with an accuracy up to the third order in e. Representing (26.21) as
the sum of the inner expansions and the boundary layer functions

uge = u (x) + (v} (2) — ud () + vy ()
+ uge (@) + (v (2) — use(2)) + vy (),

we make (v —uZL) exponentially small (but not vanishing) on S5, as well as
+

vy, on S and vy, on S¢ . In order to satisfy exactly the boundary conditions,
one can replace (26.21) with

S, = ud(2) + (vF (2) — ul () 1(2) + vy (@) & (2)
+ U (2) + (v7 (2) — ug () G1(z) + vy (2) @1 (2),
where ¢1(x) =1 1if |z1] < 1/3 and ¢1(z) = 0 otherwise;

B 1, x> 2/3, _ _
¢1+<x>_{ S ¢1<x>—{

1, z< —2/3,
0, x> —1/3

Substituting 4, into (26.1), it is straightforward to check that the presence
of the cut-off functions results in the appearance of additional exponentially
small (with respect to e~1) terms on the right-hand side. Later on we will prove
a priori estimates (26.23) and (26.24) which ensure that the exponentially
small perturbation of the right-hand side leads to the exponentially small
perturbation of the solution, and, thus, is negligible in any polynomial in
¢ expansion. To simplify the notation, we deal with (26.21) neglecting the

discrepancies on S%; which are exponentially small with respect to e~

26.6 Justification of the Procedure

Theorem 1. Let the conditions (H1)—(H6) hold true. Then the approximate
solution uS, given by formula (26.21) satisfies the estimates

||Vuf)o — VUE”Lz(GE) S 063/2 6((1_1)/2,

26.22
use — u||r2q.y < Ced/2eld=1)/2, ( )

where u®(x) is the exact solution to problem (26.1).
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Proof. First we obtain an a priori estimate for a solution to the problem
Afuf = fo(x), x € G,
fuf = g¢°(x), x€l,
u(:kl,a?) 0, 2’ €eqQ

in terms of f¢(x) and ¢°(z) (for the moment we do not specify the particular
structure of these functions). While proving Theorem 2 in Section 26.7, we
will show that the following estimates hold true:

IV lzae.) < CVENF 2 + CVE g e rn)- (26.23)

Making use of the Friedrichs inequality for the function u® in G, we obtain
[ufllr2(a.) < CVEllfEllez@.) + CVellgt ey (26.24)

Estimation of the L?(G.)-norm of A®((vi + v}}) + (vZ + vy;) — u°) and the
L2(I.)-norm of B ((v} +v)) + (v +vy;) — u®) will complete the justification
procedure. Due to lack of space, we have to drop these estimates and leave
them to the reader.

4% ((vF + 03 + (02 + v) = ) || o) < Ce ™D

1B (v +v3) + (v +v5) =) || oy < C2722 (26.25)
Taking into account (26.23)—(26.25) we get (26.22).

Remark 2. The estimates (26.23)—(26.24) imply that we can take f(z1) €
L?(G.) and g(x1) € L3(I%).

26.7 Existence of a Solution in an Infinite Cylinder

We consider the following boundary value problem:

Ay u=—div(a(z) Vu(z)) — (b(z), Vu(z)) = f(z), zeG,

26.26
B#uz(;?;::g(ac)7 xel. ( )

We assume that B
(H5)" The functions f € C(G) and g € C(I') are such that

”fHL?(GZ[“) <Ce ™M™, ngpz(p;}-*-l) <Ce ™", m>0neR.
The goal of this section is to show that in the case B{F <0, 5; > 0, problem

(26.26) possesses a bounded (in a proper sense) solution, which stabilizes to
constants, as |x1] — oo.



288 G. Panasenko, I. Pankratova, and A. Piatnitski

Definition 1. A weak solution u(z) of problem (26.26) is said to be bounded
if

HU”Lz(GzH) <C,
with a constant C independent of n.

The following theorem contains the main result of the section.

Theorem 2. Let conditions (H1) — (H3), (H5)', (H6) be fulfilled. Then for
any constants KT and KZ there exists a bounded solution u(x) of problem
(26.26) such that it converges at the exponential rate to these constants, as
r1 — +00,

= Kzl < CO+Kg)e ™™,

lu = KXl o=y < C L+ KQ)e ™™ >0,

and the following estimates hold:

[ull 2 gnry < C (I +V]za]) fllzee) + 11+ V]aal) gllz2(r))s
IV ullrzcy < C (L4 Vl]za]) fllze) + 1+ V]zil) glle2ry) -

Proof. Let us consider the following sequence of auxiliary boundary value
problems in a growing family of finite cylinders:

Ay ur, = f(2), zeGk,,
By up = g(x), xel”, (26.27)
up(—k,2') = up(k,2’) =0, 2’ €Q.

Without loss of generality, we assume that f(z) > 0 and g(z) > 0. Moreover,
we assume that the functions f and g are equal to zero in the half-cylinder
G° ; that is, supp f,suppg C Ga”’o. The case when the supports of f and
g belong to G° _ can be considered similarly. Due to the regularity assump-
tions (H1), (H5)’, the maximum principle and the boundary point lemma are
valid (see, e.g., [GiTr98]), and, consequently, a negative minimum cannot be
attended in the internal part of G . and its lateral boundary; that is, u, > 0
in Gk k-

In the cylinder G:,l€ the function ux(x) is a solution of a homogeneous
equation. Since uy(—k,z’) = 0 and l_)f > 0, we have the following estimate:

uk(a:) < ||Uk»||Loo(Sil) 67‘%’1, €T € G:]le, v > 0.

The proof of this fact can be found in [PaPi09], Section 5, Theorem 5.5.

For the nonnegative function ug(x), the Harnack inequality is valid in the
fixed domain G°, with a constant a which depends only on d, |Q|, and A;
that is,

uk(z) < o minug(x)e? .
k(z) < e k()
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Obviously, there exists £ > 1, independent of k, such that

up(=€,2") < % gl%nuk(x) (26.28)

1

In G* Iz due to the linearity of the problem, we can represent u; as a sum
v + wg, where vy is a solution of the homogeneous equation with nonzero
Dirichlet boundary condition vy (—¢&,2') = up(—&, 2’); and wy, is a solution of
the nonhomogeneous equation with functions f and g on the right-hand side
and homogeneous Dirichlet boundary conditions on the bases. In view of the
maximum principle and (26.28) we obtain an estimate for vy (z),

1
v (z) < 3 gl‘ilUk(x)’ x € G’if. (26.29)

One can prove (see [PaPi09], Lemma 7.2, estimates (7.10), (7.11)) that the
following estimate for wy holds:

lwill 2@y < CHA+VED) fll 2 gy + C I+ V1) gll Lo (o) (26.30)

In this way, taking into account (26.29) and (26.30), one can see that
. 1.
fgg?“k(@ < llurllzzeo,) < 5 glof“k(x) + wellLz(co ))-

It follows from the last inequality that

minu(2) < C|(1+ V&1 fllzaz=) + C 1L+ VaD) gl o) (2631)

—1
In view of the Harnack inequality and (26.31), ui(—1,2") < C. Then, by the
maximum principle,
up(z) < C|(1+ v&1) fllre@) + C I+ va1) gllrzry, € G2y
Combining the last estimate with (26.29)—(26.31) and recalling the relation
U = v + wg, we see that
unll 2@y < CHIA+Va) flleze + ClA+ Ve gl N €Z,

where the constant C' does not depend on k. Standard elliptic estimates imply

IVurl| 2@y < I+ V) fllze) + C I+ V) gl -

Thus, up to a subsequence, uy(z) converges in H} (G) to some function u(z),
as k — oo. Passing to the limit in the integral identity, one can see that wu(x)
solves problem (26.26). The existence of a bounded solution to problem (26.1)
is proved. The result on the exponential stabilization to a constant at +oo
and —oo of a solution to problem (26.26) follows from the similar results for
equations stated in a semi-infinite cylinder (see [PaPi09], Theorem 7.6).
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Existence of Extremal Solutions of Singular
Functional Cauchy and Cauchy—Nicoletti
Problems

S. Seikkala and S. Heikkil&

University of Oulu, Finland; seppo.seikkala®@ee.oulu.fi, sheikki@cc.oulu.fi

27.1 Introduction

In this chapter we apply fixed point results for mappings in partially ordered
spaces presented in ([CaHe00], [HeiLa94]) to derive existence results for the
Cauchy problem

q(u(t)u'(t) = f(t,u) for a.e. t € J =[0,T], u(0) =0, (27.1)
and for the Cauchy—Nicoletti problem

qi(ui(0)ui(t) = fi(t,u) for a.e. t € J, u;(t;) =c¢;, i =1,...,n, (27.2)

where 0 = t) <ty < -~ < t, =T, ¢ = (c1,...,¢,) € R™. The considered
problems include the following special types:

e The differential equations in (27.1) and (27.2) can be singular because
q(0) = 0 and ¢;(¢;) = 0 are allowed.

e The right-hand sides of the differential equations in (27.1) and (27.2) de-
pend functionally on the unknown function w.

e The functions ¢, ¢;, f, and f; may be discontinuous in all their arguments.

As an application, we calculate the least and greatest solutions of (27.1)
in the case when J = [0, 1],
y?

q(y) = W

and f(tu) = g cos(t) arctan <3D(t) + [z u(t) dt]) ,

where [-] denotes the greatest integer function and D is the Dirichlet function.

C. Constanda and M.E. Pérez (eds.), Integral Methods in Science and Engineering, 291
Volume 1: Analytic Methods, DOI 10.1007/978-0-8176-4899-2_27,
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27.2 Cauchy Problem

Denote C4(J) = {u : J — Ry | u is continuous}, and equip Cy(J) with a
pointwise ordering. We shall show that if the functions ¢ : Ry — Ry and
fJdxCi(J) — Ry satisty

(h0) f(-, ) is Lebesgue measurable and f(-,u) <he€ LY(J) for all u € Cy (J);
(h1) 0<fO s, u) ds<f fsv)dswheneveru<v1nC+() € (0,TY;

(h2) g€ LlOC(R+) € L® (0,00), and fo y) dy > fo ) ds for some b > 0,
then the Cauchy problem (27.1) has least and greatest on (0, 7] locally ab-
solutely continuous solutions, and they are increasing with respect to f. We

shall convert the Cauchy problem (27.1) to a fixed-point equation u = Gu,
where the operator G is determined by the following lemma.

Lemma 1. Let the hypotheses (h0)-(h2) hold. Then the equation

Gu(t t
[ awdy= [ s ds tesuccia) ey
0 0

defines a mapping G : Cy.(J) — C4(J). Moreover, for each ty € (0,T) there
exists a positive constant M (ty) such that

0 < Gu(z) < Gu(t) < Gu(x) + M(to) /t h(s) ds (27.4)

T

whenever u € Cy(J) and to <z <t <T.

Proof. Assume that v € C(J). The hypotheses (h0)—(h2) imply that (27.3)
defines a mapping G : C(J) — C(J). Assume that 0 < tg <2 <t < T and
u € C4(J). Applying (h1l) and noticing that f(-,u) is nonnegative valued, we

get
T t x to
/ h(s) ds 2/ f(s,u) ds 2/ f(s,u) ds > / f(s,0) ds > 0.
0 0 0 0
This result implies by (27.3) and (h2) that
0 < GO(tg) < Gu(z) < Gu(t) <b. (27.5)

Because = 7 € Li5:(0,00) by (h2), there is a positive constant M (to) such
that

‘ -

o < M(tp) for a.e. y € [GO(tg),b]. (27.6)

It then follows from (2
1

\]\./

.5) and (27.6) that

<q(y) for a.e. y € [Gu(z), Gu(t)].

S

(to)
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Applying this result and (27.3), we then have

Gu(t) — Gu(z) _ /Gu(t) 1

M((to) Guz) M (to)

<wa@@:AU@mw<KM@w

Gu(x)
This result and (27.5) imply that (27.4) holds.

Denote by AC;" (0,7 the set of all u € C(J) which are locally absolutely

continuous on (0, 7T7.

Lemma 2. Assume that the hypotheses (h0)-(h2) hold. Then u € AC1(0,T]
is a solution of the Cauchy problem (27.1) if and only if u is a fixed point of
the operator G : CL(J) — C4(J) defined by (27.3).

Proof. Assume first that u € AC;" (0,77 is a solution of (27.1). The hypothe-

loc

ses (h1) and (h2) and the differential equation of (27.1) imply that u/(¢) > 0
a.e. in J. Thus, u is in C(J), and satisfies by (27.1) the integral equation

/q(u(s))u'(s)ds:/ f(s,u)ds, te. (27.7)
0 0

Because q € L}, (Ry), u € AC’;C(O7 T1], and w is monotone, we can change by

([McSh74], 38, 3-4) the variable on the left-hand side of (27.7) to obtain
u(t) t
[ away=[ fewds 0<w<t<t,
u(to) to

Noticing that u(0) = 0, we obtain

u(t) t
/ q(y) dy :/ f(s,u) ds, teJ. (27.8)
0 0

It then follows from (27.3) and (27.8) that u = Gu, i.e., u is a fixed point of
G. Conversely, assume that u is a fixed point of G, defined by (27.3). Since
u = Gu, it follows from (27.4) that

t
0 <wu(t)—u(z) < M(to)/ h(s) ds whenever 0 < to <a <t<T. (27.9)

Since the function ¢ — fot h(s) ds is absolutely continuous on J, it follows
from (27.9) that w is absolutely continuous on [to,T], for each to € (0,T).
Moreover, u is increasing by (27.9), so that we can change by ([McSh74], 38,
3-4) the variable on the left-hand side of
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u(t) t
/ qy) dy= [ f(s,u)ds, 0<to<az<t<T, (27.10)
u(to) to

and obtain . .
/ q(u(s))u'(s) ds z/ f(s,u)ds, te. (27.11)
to to
Since (27.11) holds for any tq € (0,7T), differentiating sidewise with respect to
t, we see that the differential equation of (27.1) holds for a.e. t € .J. Moreover,
it follows from (27.8) as ¢ = 0 that u(0) = 0. Thus, u € AC;; (0,7] is a
solution of the Cauchy problem (27.1).

The following fixed point result is a consequence of Theorem A.2.1. of
[CaHe00].

Lemma 3. Assume that G : C(J) — C(J) is increasing, i.e., Gu < Gv
whenever u < v, that the range G[C+(J)] of G is order bounded, and that each
well-ordered chain of G[C+(J)] has a supremum in C1(J), and each inversely
well-ordered chain has an infimum in Cy(J). Then G has least and greatest
fixed points, and they are increasing with respect to G.

Now we are ready to prove our main existence result for the Cauchy prob-
lem (27.1).

Theorem 1. Assume that the hypotheses (h0)-(h2) hold. Then the Cauchy
problem (27.1) has least and greatest solutions in AC{ZC(O,T], and they are
increasing with respect to f.

Proof. Tt suffices to show that the operator G, defined by (27.3), satisfies the
hypotheses of Lemma 3. If v < v in Cy(J), it follows from (27.3) by the
hypothesis (h1) that

Gu(t) t t Gu(t)
/0 ay) dy = /0 f(s,u) ds < /0 f(s,v) ds = /O aly) dy, te .

This implies that Gu(t) < Gu(t) for each ¢t € J, whence G is increasing. Since
(27.5) holds for each u € C,(J), then the range of G is order bounded. It
follows from (27.4) that for each ¢ty € (0,T) the restrictions of Gu, u € C(J),
to [to, T] form an equicontinuous set. Moreover, (27.3) implies by (h0) that

Gu(t) t
/ q(y) dy < [ h(s)ds, uweCL(J), te
0 0

Thus the functions Gu, u € Cy(J), are equicontinuous at 0. Consequently,
G[C4(J)] is an equicontinuous subset of C'y (J). It then follows from Proposi-

tion 1.3.8 of [HeiL.a94] and its dual that each well-ordered chain of G[C'(J)]
has a supremum in C(J) and each inversely well-ordered chain of G[C.(.J)]
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has an infimum in C(J). Because each Gu is nonnnegative valued, then these
supremums and infimums belong to Cy (J).

The preceding proof shows that the operator G defined by (27.3) satisfies
the hypotheses of Lemma 3, whence G has a least fixed point u, and a great-
est fixed point u*. According to Lemma 2, u, and u* are least and greatest
absolutely continuous solutions of the Cauchy problem (27.1).

The last assertion is an easy consequence of the last conclusion of Lemma 3
and the definition of G.

Ezample 1. Determine the least and greatest solutions to the Cauchy problem

3 - 1

u'(t) = 5(1 +u(t)™?) cos(t) arctan <3D(t) + [Ju(t) dt]) , u(0) =0, (27.12)
0

for a.e. t € J =10,1], where [] denotes the greatest integer function and D

is the Dirichlet function.

Solution. Problem (27.12) can be rewritten in the form (27.1), where

2
o) = L F(tu) = 2 cos(t) arctan <3D(t) + T ult) dt]) . (21.13)
1+ y2 2 0

Simple calculations show that (27.13) defines mappings ¢ : Ry — Ry and
[+ IxCy(J) — R which satisfy the hypotheses (h0)—(h2). It then follows from
Theorem 1 that the Cauchy problem (27.1) has least and greatest absolutely
continuous solutions. By Lemma 2 the solutions of (27.12) are the same as
the fixed points of the operator G : C(J) — Cy(J) given by (27.3) with ¢
and f defined by (27.13), or equivalently,

. 3 [t - 1
Gu(t) = arctan u(t) + 3 / (cos(s) arctan(3D(s) + [[ u(¢) dt])) ds. (27.14)
0 0
By the proof of Lemma 3 (Theorem A.2.1. of [CaHe00]) the least solution wu,
is the maximum of the well-ordered chain C' in C(J) which satisfies

a=minC, anda<ueC <=> u=supG{veC|v<u}], (27.15)

where a = 0. It is easy to show that the least elements of C are the successive
approximations: 4,41 = Guy, n € N, ug = a. Calculating these approxima-
tions it turns out that for n > 2 they satisfy

N 3
Up41(t) = arctanw, (t) + 3 arctan(4) sin(t), teJ.
Because the sequence (uy,)32, is increasing and belongs to G[C(J)], which
is an equicontinuous set by the proof of Theorem 1, it converges uniformly on
J to the solution u,, of the equation
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u(t) = arctanu(t) + ;arctan(ll) sin(t), te . (27.16)

Since fol uy (t) dt = 1.97, then [fol uy,(t) dt] = 1. Consequently, if f is defined
by (27.13), then

fltu,) = garctan(él) cos(t), a.e. in J.
Thus,
K 3____
/ f(s,uy,) ds = 3 arctan(4) sin(t), € J,
0
whence the solution u,, of (27.16) is a fixed point of G, i.e., a solution of

u(t) = arctan u(t) + ; /0 (cos(s)M(SD(s) + [} u(t) dt})) ds (27.17)

0

on J. Moreover, the above reasoning shows that u,, = max C', so that u, = u,.
In particular, (27.16) is the implicit representation of the least absolutely
continuous solution of the Cauchy problem (27.12).

Similarly, the greatest solution u* of (27.12) is the minimum of the in-
versely well-ordered chain D in Y which satisfies

b=maxD, andb>ueD <=> u=nfG[{veC|u<v}, (27.18)

where G is defined by (27.14) and b = 3. The greatest elements of D are the
successive approximations: v,+1 = Gu,, n € N, vg = b. Calculating these
approximations, it turns out that for n > 2 they satisfy

Up41(t) = arctan v, (t) + garctan(5) sin(t), te .

The sequence (v,)%2, is decreasing and equicontinuous, whence it converges
uniformly on J to the solution v,, of the equation

u(t) = arctan u(t) + g—arctan(S) sin(t), teJ. (27.19)

Since [ v, (t) dt ~ 2.01, then [[) v, (t) d] = 2. Consequently, if f is defined
by (27.13), then

3
ft,v,) = B arctan(5) cos(t), a.e. in J.

Thus,
t
/ f(s,v,) ds = ;arctan(5) sin(t), teJ,
0
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whence the solution u = v, of (27.19) is a fixed point of G, and hence a solution
of (27.17) and (27.12). Moreover, v,, = min D, so that v,, = «*. Thus, (27.19)
is the implicit representation of the greatest absolutely continuous solution of
(27.12).

Remark 1. The calculations needed in (1) are carried out by using Maple 9
and simple Maple programs. The solutions u, and u* are shown in Figure
27.1.

/

o

LI I S S B S S B S B B B B B e
0.2 0.4 0.6 0.8 1

t

oL

Fig. 27.1. Least and greatest solutions of (27.12).

27.3 Cauchy—Nicoletti Problem

Next we will study the Cauchy—Nicoletti problem

qi(u;(8)ui(t) = fi(t,u) for a.e. t € J =[0,T], ui(t;) =c;, i =1,...,n,
(27.20)
where 0 =t; <to <---<t, =T, and ¢ = (c1,...,¢,) € R™. For other studies
of the Cauchy—Nicoletti problem see, e.g., [BIWa76], [Ka04], and [Sei82].
Denote Cy,(J) = {u = (u1,...,up) : J — R™ | ; is continuous, i = 1,...,n},
and equip C),(J) with the partial ordering defined by

u<v <=> u; <, t=1,...,n.

The functions ¢; : Ry — Ry and f; : J x Cp(J) = Ry, i = 1,...,n, are
assumed to satisfy the following:
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(HO) fi(-,u) is Lebesgue measurable for all u € C,(J), ¢; € L}, (ci,00) N

L}, (-0, ¢;), and l € Lig.(ci, )ﬂLlOC( 00,¢) fori=2,...,n—1, ¢ €
Lloc(cl7 ) 4n € Lloc( o0 c”) n € Lloc(cl’oo)7 . € Lloc( OO,Cn) )

(H1) there exist h; € LY(J), d; < ¢, and b; > ¢; such that fi(, ) < h; for
u € C,(J), (dl,...,dn)fd<u< bf(bl,... b,), and fo ) ds <
fd qi(y) dy fori=2,...,n, ft ds<f a(y dnyI'Z—l —1;

(H2) j; fi(s,u dsﬁfti fi s,v) ds and|ftifZ s,u) ds| >Of0rt€J,t7éti and
for u,v € Cp(J),d <u < v <b.

We note that the first inequality in (H2) holds for a 2-point problem,
t1 = 0,ty =T, if, for example, fi(¢,u) is increasing and fo(¢,u) decreasing in
w for ¢ € J. In a 3-point problem we might have fi(¢, ) increasing in w for
t € J, fa(t,u) increasing in u for ¢ € [0, t2] and decreasing for ¢ € [t2, T] and
f3(t,u) decreasing in u for t € J.

By a solution of problem (27.20) we mean a function u € C,(J) such
that every component function wu; is locally absolutely continuous on (¢;, 7],
i=1,..,n—1, and on [0,¢;), i = 2,...,n, and u satisfies (27.20). Denote
[d,0] = {ue C,h(J)|d <u<b}.

Lemma 4. Let the hypotheses (H0O)-(H2) hold. Then the equations

Giul(t
/ dy—/ fils,u)ds, teJ, ueldb], i=1,...,n, (27.21)

define an increasing mapping G : [d,b] — [d,b], G = (G4, ...,G,). Moreover,
problem (27.20) has a solution u € [d,b] if and only if u is a fized point of G.

Proof. Let u € Cy(J), d < u < b. Using assumptions (HO) and (H1), it
can be proved, similarly as in the proof of Lemma 2, that G;u is defined on
J, i =1,2,...,n. Moreover, we may choose ;o and t;, such that for t; < t;o <
r<t<T i=1,...n—1, we have

/cb a(y) dy > /tT huls) ds 2 /tt Fe

i i

/t‘x fi(s,u) ds > /tm fu(s,d) ds > 0,

i

Y

which implies that

and for 0 <t <a <t;; <t;, i =2,..,n, we have

/cd ai(y) dy < /to huls) ds < »/t't Fe

z t,
< / fsu) ds< [ fi(s,b) ds <0,
ti t

i
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which implies that
di < Gyu(t) < Giu(r) < Gib(t) < c;.

Hence, d < Gu <b. For d < u < v < b we have

/cciu(t) auly) dy = /tt fils,u) ds < /t; Fi(s,0) ds

Ci

Giv(t)
= / ¢ily)dy ted i=1,..n,
which implies that G,u(t) < Giv(t),i = 1,...,n, i.e., that G : [d,b] — [d,]] is
increasing.

As in the proof of Lemma 2, it can be proved that the functions G;u
are absolutely continuous on closed subintervals of (¢;,T], i = 1,....,n — 1,
and [0,¢;), i = 2,...,n, and again using the change of variables that problem
(27.20) has a solution u € [d,b] if and only if u is a fixed point of G.

Theorem 2. Assume that the hypotheses (HO)-(H2) hold. Then the Cauchy-
Nicoletti problem (27.20) has least and greatest solutions in the segment [d, b]

of Cp(J).

Proof. The result is a consequence of Lemma 4, Theorem A.2.1 of [CaHe00]
and of Proposition 1.3.8 of [HeiLa94] when we note that in Lemma 3 G[C.(J)]
can be replaced by [d, b], and similarly as in the proof of Theorem 1 it can be
shown that G[d, b] is an equicontinuous subset of C,(.J).

As an example of a Cauchy—Nicoletti problem, we will consider a singular
2-point boundary value problem:

q(u’ (t)u" (t) = f(t,u) for ae. t € J =[0,1], u(0) = ug, v'(1) =uy, (27.22)

where ug € R, u; >0, and ¢: Ry — Ry and f: J x Cy(J) — R satisty
(f0) f(-,u) is Lebesgue measurable and f(-,u) < h € L'(J) for all u € Cy(J);
(f1) 0 < j;l f(s,u) ds < j;l f(s,v) ds whenever u < v in Cy(J), t € [0,1);
(ql) ¢ € L}, .(—o0,u1), % € LS, (—oo,u1), and [ q(y) dy > fol h(s) ds for
some a € (0, uq).

Corollary 1. Assume that the hypotheses (f0), (f1), and (q1) hold. Then there
exist such d = (dy,ds) and b = (by,b2) € Ry that the boundary value problem
(27.22) has least and greatest solutions satisfying d < (u,u’) < b.

Proof. By choosing n = 2,t; = 0,t2 = 1, u1 = u,us = o, f1(t,u) =
us(t), fa(t,u) = f(t,u), cr = o, c2 = wi, 1 = 1, and g2 = g, the prob-
lem (27.22) is converted to problem (27.20). Now choose b; and by such
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that ug + b2 < by and let dy < by,ds = a, and hy = h. Then for

(u,u') €

[ ] [(dl,dg) (b17b2)} we have fl(t,u) é hl(t) for hl(t) = bg

and fol hi(s fbl ¢1(y) dy is equivalent to wg + by < by. Since

fo fi(s,u) ds = fo ua(s) ds > 0, t € (0,1], and (f1) holds, we note that the
assumptions (HO)— (H2) are satisfied, and the conclusion follows from Theo-

rem 2.
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Asymptotic Behavior of the Solution of an
Elliptic Pseudo-Differential Equation Near a
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28.1 Preliminaries

We consider the equation
(Auy)(z) = f(z), z€Cf, (28.1)

where A is a pseudo-differential operator with symbol A(&) satisfying the
condition

a <|AE) M+ €)™ < eay VEER™,

and C¢ is the cone {x € R™ : x,,, > al2’|, 2’ = (x1,...,2m—1), a > 0}.

Definition 1. The symbol A(§) admits a wave factorization with respect to
the cone C¢ if it can be represented in the form

A() = Ax(A=(8),

where the factor Ax(€) has the following properties:

1) A4(€) is defined on R™ except possibly at the points {x € R™ : a?z? =
|2'*};

2) Ax(§) admits an analytical continuation into the radial tube domain
T(é’_ﬁ) [V64] over the cone C*‘_‘ﬁ ={x € R™ : azx, > |2'|}, satisfying the
estimate .

|[A%(e +im)| < 1+ gl + Irly*=, wre O

Analogous properties must have the factor A_(§) with a — & instead of k
and 0% = —(C¢ instead of Cf.
The number & is called the index of the wave factorization.
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28.2 Solvability

Let H*(R™) be the vector space of functions with norm
lall = [ 1R+ yde,
Rm

where “~” denotes the distributional Fourier transform, and H*(C%) is the
subspace of H*(R™) of all elements with support in C¢.

We define an integral operator G, (at first for functions from the Schwartz
class S(R™)) by the formula

(Gu)(z) = lim w(y', ym)dy

TS @ = y')? — aP (@ — Y +07)?)

m/2’

which can be extended to a bounded operator Ly(R™) — Lo(R™). Such an
operator will help us construct the solution of equation (28.1). The right-

hand side of (28.1) is assumed to belong to the space ];S*Q(Ci) consisting of
functions f € H*~*(C$) admitting a continuation £f € H*~*(R™), with the
norm

111 = inf [[Ef]]s,
and the infimum is taken for all continuations ¢.
Theorem 1. If the symbol A(§) admits a wave factorization with respect to

the cone C'¢ with index k = 0, then equation (28.1) with arbitrary right-hand

side f € IO{S_“(Ci) has a unique solution uy € H*(C?), which can be written
in the form

W (§) = AL (OGm AT, (28.2)

and satisfies the a priori estimate

[lulls < el £l

28.3 Asymptotics

First, we consider m = 2. The operator G defined by (7 > 0 is fixed)

) w(y1, y2) dyrdys
G =1
(Gau)(@) Tir(r)lJrRz (x1 —y1)? — a®(wg — yo +i7)? ’

after the change of variables
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(z1 —11)? — @ (22 — yo +i7)*
= (21 —y1 —a(zes —y2 +i7)) (11 — 41 + a2 — Y2 +i7))
= (21 —m)(22 — m2),
where 21 = 1 — axy — aiT, 20 = x1 + axz + aiT, N1 = Y1 — aya, N2 = Y1 + aya,

will take the form

1 u(m,n2) dmne
(Gau)(&1,62) = Jm 2aR =) (s — )’ (28.3)

where £; = x1 — axs and & = x1 + axs.

We remark that such a linear transformation maps the first quadrant of
the plane onto the second one.

As in [G77], we can introduce a piecewise analytical function

400 +o0

z . // 7}1,772 d771d772
b 2 21 22—772)

— 00 —O0

for a suitable function u(n1, n2), and then in formula (28.3) we have the bound-
ary values @~ 1, which consist of four summands (up to constants):

+oo

- — 1 w(ny,m2) dim
O H (&1, &) = —u(&, &) + E/—oo —e

_i/ w(&,me)dny /+°° /+°° (n1,m2) dn1dno (28.4)
T ) oo S22 72 (&1 —m)(& —n2) )

This is the basic formula that will help us obtain an asymptotic expansion
of the solution near the boundary.

The second and third summands are Cauchy-type integrals (Hilbert trans-
forms), and for such functions specific methods are already developed (see
[E81]). The first part of (28.4) is a smooth function. The last integral is a
combination of the second and third integrals, and we can apply to it the
same approach.

We consider a pseudo-differential operator with symbol A;l(g ). Its homo-
geneity order is equal to —x. Roughly speaking, this means that the corre-
sponding integral operator looks like the convolution operator

£—>yA u /K:Ef (y) dy,

assuming that the integral exists (at least in the Calderon-Zygmund sense),
and its kernel satisfies the estimate |K (z)| < ¢|z|~™".

Suppose now that the function u(y) is sufficiently smooth and has compact
support in C¢. Then
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v(z) = / K(z — y)uly) dy = / K(z - y)uly) dy,
R2 Ci

and if ¢ C¢, then v(x) =0, i.e., suppv(z) =D C CT.
Let 7(x) be the distance from x to 9C¢, and suppose that r(z) is so small

that B <ac, r(x)) C D; then

2
wese [ Ll

|z — y|mtr

D\B(z,252)

InyD\B(ac7 T(;)>, then

r(z)

Ix—y\SII—yI+TS2Iw—yI,

so that

vl et [ (Myjy%mm

where c(u) is a constant depending on w.
In the last integral, using spherical coordinates we can easily obtain the
estimate

D\B(m,@)

d
lo(@)] < e(u) /
(

)
2

dt
m—+k’
()

from which it immediately follows that

r(z), k> —1,
[v(2)] <ec(u){ Inr(z), k=-1, (28.5)
1, K< —1.

As mentioned in [E81], the solution u (z) under £ < —3 will, in general,

be a distribution, which needs further consideration.

Since the operator G, acts like a multiplier in Fourier images and does not
change the smoothness properties of functions, it follows that for a sufficiently
smooth right-hand side f, the solution u (x) of equation (28.1) will be smooth
everywhere except perhaps at boundary points with growth (28.5).
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Differential Equations with Applications to
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29.1 Introduction

Normalization and normal forms play an important part in mathematical
analysis and algebra. For instance, n X n-matrices can be put in Jordan normal
form. Such an example also makes it clear that normalization is not a unique
procedure as the choice of normalization of matrices depends on its purpose.
In the case of matrices there is a vast literature with many possibilities, but
in all special cases and in other mathematical problems as well, the general
aim of normalization is a simplification of the object by transformation.
In the case of ordinary differential equations (ODEs) of the form

i =cef(t z),

with ¢ a small positive parameter, averaging normalization can be summarized
as follows. Assume that the limit

exists. Introduce the averaging normalization transformation

x(t) = 2(t) + 6/0 (f(z,8) — £°(2))ds.

With a few assumptions and using elementary calculations, one finds for z the
equation
t=ef%2) + e[ (t 2 €).

The equation has been normalized to O(e); the simplification is the removal
of the variable ¢ and what are called nonresonant terms from the equation
to O(e). With additional assumptions one can extend the normalization to
O(£?) and higher order.
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This procedure for ODEs is well known; for a description and references
see [SaVeMu07]. The aim of this chapter is to describe in a tutorial way
the normalization procedure for a number of partial differential equations
(PDEs) (Sections 29.2-29.4) and to discuss a few new examples. Averaging
normalization for PDEs is of more recent date, and the theory is far from
complete. Additional material on this topic can be found in [Ve05].

29.2 Normal Forms for Parabolic Equations

A typical problem formulation is to consider an equation of the form
ug + Lu =¢ef(u), t >0, (29.1)

with given initial and boundary values, L a linear operator, u an element
of a suitable function space, and f(u) representing the linear and nonlinear
perturbation terms.

The first step is to solve the “unperturbed” problem

Guo + Lug =0, t >0, (29.2)
ot
with the given initial and boundary values. If the domain has a simple geo-
metrical shape like a circle or a rectangle, this may not present difficulties. In
real-life problems, the domain is more complicated, and one has to resort to
numerical methods.

One may well ask: if we have to use numerical methods for the unper-
turbed problem, why would I not use these methods directly for the perturbed
problem? The answer is that in evolution equations, long-time numerical in-
tegrations may present a big obstacle. Averaging weeds out the short-periodic
or short-oscillatory terms, and this improves the interval of validity of the
computations enormously. So, even if we have to perform numerical integra-
tion of the unperturbed and the normalized equation(s), this may still be an
effective procedure.

29.2.1 Advection

To focus the discussion, we consider a problem from [Kr91]. In this case, the
domain is two dimensional, and the unperturbed equation is

oC,

aTO + V(v9.Co) =0, t > 0. (29.3)
The equation describes advection for transport problems. We will consider the
application to tidal basins like the North Sea. In this case, the two-dimensional
vector vy = vo(x,y,t) is the basic periodic flow due to tidal currents that is
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supposed to be known. The transportation of material, e.g., sediment or chem-
icals, is represented by the concentration Cp; the term V(vg.Cp) represents
the advection with the flow.
In the application to tidal basins, one often considers the basic flow to be
divergence free, so
V.UO =0.

The unperturbed equation becomes

% + UO.VCO == 07 t Z 0. (294)
Equation (29.4) is a first order equation which can be integrated along the
characteristics P(t)(x,y), in this case also called streamlines. Due to the
uniqueness of the solutions of equation (29.4), P(t)(x,y) is an invertible map
with inverse Q(t)(x,y).
The solution Cj is constant along the characteristics, so on adding the
initial condition
00(37, Y, 0) = 'y(aj? y)a

we find the solution
Co(P(t)(z,y),t) = v(z,y),
so that
Co(z,y,t) =(Q(t)(z,y)). (29.5)

29.2.2 Advection—Diffusion

Several types of perturbations of advection are possible. For the application
in [Kr91], one considers the fact that tidal basins are open. This results in a
small rest stream so that the tidal current is perturbed:

’U(xvyat) = UO(x7y7t) + €’U1(.’L‘,y).

The rest stream is assumed to be divergence free: V.v; = 0.
A second perturbation arises from diffusion in the basin, expressed by the
term ¢ AC. The equation to be studied is then

aC

o 4+ v9.VC 4+ ev1.VC = AC, t > 0, (296)
with given initial condition C(z,y,0) = vy(x,y). This is still a linear problem.
Note that the tidal current has a period of nearly 12 hours, and the effect of
small diffusion entails a timescale of 6-12 months.
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29.2.3 The Standard Form for Averaging

Using variation of constants, we obtain a slowly varying system. The trans-
formation is

C’(a:,y,t) = F(Q(t)(x7y)7t)'

If e = 0, we have C' = Cy, F = ~, and Cj is constant on the characteristics.
If ¢ > 0 and small, this results in a slowly varying F'. By differentiation we
obtain an equation of the form

oF
— =¢eL(t)F

5 (t)

with initial condition F(x,y,0) = v(x,y). The linear operator L(t) is com-
puted using the perturbation terms and the unperturbed solution (from P and
Q). In this problem L(t) is uniformly elliptic and T-periodic in ¢. Averaging
over t produces the approximating system

— =¢eL'F
a -

with initial value F(x,y,0) = v(z,y) and

LY = 1/TL(t)dt
T 0 ’

In [Kr91] it is proved that || F— F||o = O(¢) on the long timescale 1/. For the
corresponding approximation C' of C, we have the same estimate. In [Kr91] a
number of extensions of the theory are also indicated.

29.2.4 Reactions and Sources

An extension with interesting aspects is to consider reactions of chemicals or
sediment using a reaction term f(C). It is also natural to include localized
sources indicated by B(z,y,t) which, in the case of tidal basins, can be inter-
preted as periodic dumping of chemicals or sediment in the basin. Following
[HeKrVe95] the equation becomes

% +09.VC 4+ v, VC = AC + ¢ f(C) + eB(x,y,t), t >0, (29.7)
with given initial condition C(x,y,0) = v(z,y). The reaction term will in
general be nonlinear, for instance, f(C) = aC? or f(C) = aC®, depending
on the type of reaction. B(z,y,t) is periodic in t. Using again variation of
constants, we obtain from equation (29.7) a perturbation equation in the
same way as shown above, but with a more complicated operator L(t).

As the tidal period of vo(x,y,t) is near to 12 hours, it is natural to as-
sume a common period T" with the dumping process indicated by B(x,y,t).
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Averaging produces an approximation C' of the solution C of the initial value
problem for equation (29.7). Interestingly, the result is stronger than in the
case without the source term. One can prove that C' converges to the solution
Cy of a time-independent boundary value problem, while C' converges to a
T-periodic solution which is e-close to Cy for all time. The proof is based on
a maximum principle and the use of suitable subsolutions and supersolutions

of equation (29.7). For details, see [HeKrVe95].

29.3 Two Basic Normal Form Theorems

Consider the semilinear initial value problem

d
=+ Aw =ef(wte), w(0)=wy, (29.8)
where —A generates a uniformly bounded Cy-group G(t), —oco < t < +00, on
the Banach space X. We have assumed the presence of a group instead of a
semigroup as our attention will now be turned to hyperbolic problems.
We assume the usual regularity conditions:

e f is continuously differentiable and uniformly bounded on D x [0,00) x
[0, 0], where D is an open, bounded set in X.

e f can be expanded with respect to € in a Taylor series, at least to some
order.

The group G(t) generates a generalized solution of equation (29.8) as a
solution of the integral equation

w(t) :G(t)wo—i—s/o Gt — 5)F(w(s), s, ¢)ds.

Using the variation of constants transformation w(t) = G(t)z(t) for equa-
tion (29.8), we find what is called the standard form (see [SaVeMuO7] or
[Ve05))
dz
dt
In what follows we assume that F'(z, s,€) is an almost periodic function in
a Banach space, satisfying Bochner’s criterion; see, for instance, [Ve05]. The
average FU is defined by

eF(z,s,8), F(z,8,¢) = G(—s)f(G(s)z,s,¢). (29.9)

1 T
FYz) = lim f/ F(z,s,0)ds. (29.10)
0

T—o0

Applying normalization by the averaging transformation

2(t) = v(t) + 5/0 (F(v,s,0) — F°(v)) ds, v(0) = w, (29.11)
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produces the normal form equation

dv

— =ecF%) + O(e?

= eF(u) + O(e?)

with the O(g?) term still time dependent. There are at least two problems here:
the generalized Fourier spectrum of the almost periodic function F' contains
an infinite number of frequencies, and the integral in equation (29.11) may
not be bounded for all time, as is the case for periodic functions.

29.3.1 Averaging Theorem

The averaging approximation z(t) of z(t) is obtained by omitting the O(g?)
terms:

(7; — cFO(2), 2(0) = wo. (29.12)

Under these rather general conditions, [Bu93] (or [Ve05]) provides the follow-
ing theorem.

Theorem 1 (general averaging). Consider equation (29.8) and the cor-
responding z(t), Z(t) given by equations (29.9) and (29.12) under the basic
conditions stated above. If G(t)zZ(t) exists in an interior subset of D on the
timescale 1/e, we have v(t) — Z(t) = o(1) and

z(t) — z(t) = o(1)ase — 0

on the timescale 1/e. If F(2,t,0) is periodic in t, the error is O(g).

29.3.2 Approximations for All Time

In the case of attraction, averaging—normalization leads to stronger approx-
imation results. The results can be described as follows. Consider the initial
value problem in a Banach space

T = Ef(l’,t), ‘T(O) = Zo-
Suppose that we can average the vector field:

T

T—oo T 0

and thus can consider the averaged equation
s =¢ef%2), 2(0) = xo.

We have the following result by Sanchez-Palencia ([Sa75] and [Sa76]).
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Theorem 2. Suppose that the vector fields f and f° are continuously differ-
entiable and that z = a is an asymptotically stable critical point (in linear
approzimation) of the averaged equation. If zq lies within the domain of at-
traction of a, we have

z(t) —z(t) =0(1)as e =0

for t > 0. If the vector field [ is periodic in t, the error is O(e) for all time.

29.4 Normal Forms for Hyperbolic Equations

A straightforward application is to consider semilinear initial value problems
of hyperbolic type,

ugr + Au = ef(u, ug, t,e), u(0) = up,us(0) = vo, (29.13)

where A is a positive, self-adjoint linear operator on a separable Hilbert space
and f satisfies the basic conditions. In our applications later on, we will be
concerned with the case that we have one space dimension and that for e =0
we have a linear, dispersive wave equation by choosing

Au = —ugy, + u.

To make the relation with equation (29.8) explicit, one writes u1 = u, ug = uy,
and

6’[,&1 -

(915 - 25

6'[1,2

5 —Auy +ef(ug,ug, t,€).

One uses the operator (with eigenvalues and eigenfunctions) associated with
this system.

In particular and to focus ideas, consider the case of the boundary condi-
tions u(0,t) = u(m,t) = 0.

In this case, a suitable domain for the eigenfunctions is {u € W12(0, ) :
u(0) = u(m) = 0}. Here W12(0, ) is the Sobolev space consisting of functions
u € Lo(0,7) that have first order generalized derivatives in Lo(0,7). The
eigenvalues are \,, = vn? +1,n = 1,2,... and the spectrum is nonresonant.
The implication is that F'(z,s,0) in expression (29.10) is almost periodic.

Assume now for equation (29.13) homogeneous Dirichlet conditions or ho-
mogeneous Neumann conditions. The denumerable eigenvalues in this case
are \, = w2 and the corresponding eigenfunctions v, (x). Substitution of the
expansion

u(ajv t) = Z Un(t)vn(x)
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into equation (29.13) and taking inner products with the eigenfunctions v, ()
produces the infinite set of coupled second order equations

il + wiu, = eF(u,t,¢), (29.14)
with u representing the infinite set wu,, %, with n = 1,2,3,... in the Dirichlet
case, n = 0,1,2,... in the Neumann case.

We shall discuss the procedure for a few examples. The variation of con-
stants transformation, introduced in the preceding sections, considers the case
of the infinite-dimensional system (29.14) the following form. The standard
transformation s, Uy, — Yn,, Yn, of the form

Yns
n
Up = —WpYn, SiDwyt + Yp, COSwWy,

Uy =  Yp, COSWyt +

sin wyt,

is introduced in system (29.14), followed by averaging. An alternative trans-
formation to the standard form, u,, %, — T, ¥,, employs amplitude-phase
coordinates:

Up = Ty, COS(Wnt + 1y, Up = —Tpwy sin(w,t + ¥,). (29.15)

In general, averaging leaves us with an infinite-dimensional system that may
still be difficult to analyze. In principle, however, it is simpler and will admit
analysis.

In our analysis of hyperbolic PDEs, we will be interested in the case where
we have a resonance between a finite number of modes k£ and that the infinite
number of other, nonresonant modes are attracted to a stationary solution.
To fix ideas, assume that these stationary states correspond with the trivial
solutions of the modes as will be the case in our examples. The attraction is
produced by dissipation.

With these assumptions, we shall split system (29.14) into two subsystems,
a finite-dimensional resonant system and an infinite-dimensional nonresonant
system.

29.5 Linear Waves with Parametric Excitation

Consider the linear wave equation
Uty — gy + " Buy + (Wi +evp(t))u=0, t >0, 0 <z <, (29.16)

with boundary conditions u, (0, t) = u,(m,t) = 0, small, periodic or almost pe-
riodic parametric excitation ey¢(t), and small damping (8 > 0); also wg > 0.
The positive parameter k& € N indicates the size of the damping. For ¢ = 0 the
model reduces to the dispersive wave equation of Section 29.4. In [RaEtAl199]
the experimental motivation for this model is discussed, for instance a line of
coupled pendulums with vertical (parametric) forcing or the linearized behav-
ior of water waves in a vertically forced channel. Related mechanical problems
can be found in [SeMa03].
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29.5.1 Modal Expansion

Using the eigenfunctions for the Neumann problem v, (z) = cos nz, and eigen-
values w2 = wg +n?c?, n=0,1,2,..., we expand the solution as

u(z,t) = Z Uy (t) cos na.
0

Taking Lo-inner products with v, (x) produces the infinite-dimensional system
iy + Wiy, = —€8 B, — eyu,d(t), n=10,1,2,..., (29.17)

with suitable initial conditions. System (29.17) is fully equivalent to equa-
tion (29.16). Note that the normal mode solutions do satisfy system (29.17),
enabling the existence of an infinite number of finite- and infinite-dimensional
invariant manifolds of equation (29.16). One question that remains is on the
overall dynamics, and another is on the dynamics within the invariant mani-
folds. We will consider a number of cases to illustrate the subtleties involved.

29.5.2 The Mathieu Case ¢(t) = cos 2t, No Resonance

We will show that if no basic frequency of the unperturbed modes, determined
by the eigenvalues w?, resonates with the parametric frequency, all solutions
will decay to zero if € is small enough. The explicit condition for nonresonance
is that forn =0,1,2,...

Wi (=wi +n*c) #m? m=0,1,2,....
Assume k = 1.
In the case of nonresonance we have, after introducing variation of constants
as in Section 29.4 by wy,, Uy — Yn,, Yn,, the averaged normal form

1 1
Un, = fisﬁym + O(£?), Y, = fisﬂynz +0(?), n=0,1,2,....
The solutions decay to first order to the trivial solution. Omitting the O(g?)

terms, we obtain approximations for the solutions that are, according to The-
orem 2, valid for all time. We have explicitly

1 .n O .
un(t) = e 2P (u,(0) coswt + iin(0) sinw,t) + o(1),
Wn
Un(t) = e 7P (—u, (0)wn sinwyt + i, (0) coswpt) + o(1),
n=0,1,2,..., with the estimates o(1) as ¢ — 0 and wvalidity of the estimates

for all positive time (t > 0). For the energy of the modes of the system we
have
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1
En(t) = 5 (i (t) +wpup(t) = E,(0)e™*"" +o(1)
for all time. This agrees with the standard theory for Mathieu equations.

What happens if the damping is smaller, k¥ > 17 In this case we have to
perform higher order averaging, to O(g¥). The results are qualitatively the
same, but the attraction takes place on a longer timescale.

29.5.3 The Mathieu Case ¢(t) = cos 2t, One Floquet Resonance

A nontrivial case arises if one of the eigenvalues equals 1 or is e-close to it
(this is called the first Floquet resonance), and there are no other accidental
resonances. Suppose that w2, = 1+ ed, m # 0 and k = 1. The parameter d
indicates the detuning from the resonance. Using averaging—normalization in
amplitude-phase variables (29.15), we find after averaging, with some abuse
of notation using the same r,,, ¥, for the variables,

T = _Sgrn + 0(52), n 75 m,
1/.)n — O(Ez)a n 7é m,
P %erm(—ﬁ + Lsin2g,) + 0(),
Y = %e(d + %cos 2¢m) + O(e?) (m # 0).

The solution decays to the trivial solution if 3 > |y|/2 (damping exceeds
excitation). Suppose now that 23/|y| < 1 with two solutions for v, from

2
sin 24, = —6
v

This value of 1, corresponds with a periodic solution if also
d+ %cosZz/Jm =0.

This produces the condition
2

2 2 7
+d° = —
8 -

representing the first order approximation to the well-known Floquet insta-
bility tongue in parameter space.

29.5.4 The Case of Quasi-Periodic Resonance

As we have started with an infinite-dimensional system, there is no end to
the complications that may arise. Take, for instance, the case of a spectrum
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containing the first Floquet resonance w,, = 1 and a detuned higher order
resonance, for instance w; = 4 + 6(¢)d. There are no other resonances.

In this case, all except two modes decay to a neighborhood of the trivial
solution. The two remaining modes are described by

um + C‘)fr2num - —Ekﬂﬂm - €7um¢(t)7

i + w?uj = —akﬁnj — eyu;(t).

The analysis again follows finite-dimensional Floquet theory, and this decou-
pling is in fact typical for the linear parametric wave equation. For a survey
of perturbation methods for such parametric resonance problems, see [Ve09].

29.6 Nonlinear Waves with Parametric Excitation

Consider the wave equation
Ut — CP U+ Bus+ (Wi +e7y cos 2t)u = e(au +bu®), t > 0,0 <z <7, (29.18)

with boundary conditions u,(0,t) = u,(m,t) = 0, small, periodic parametric
excitation ey cos2t, and small damping (8 > 0); also wg > 0. For £ = 0 the
model reduces again to the dispersive wave equation of Section 29.4.

In contrast to the case of a linear PDE, we now expect modal interactions.
It turns out, surprisingly enough, that this is generally not the case.

29.6.1 Modal Expansion

Using as before the eigenfunctions for the Neumann problem v, (z) = cos nz,
and eigenvalues w? = w? +n%c?, n=0,1,2,..., we expand the solution as

2 =
oo

u(z,t) = Zun(t) COS nz.
0

Taking Lo-inner products with v, (x) produces the infinite-dimensional system
iy + Wity = —&By, — YUy cos2t +efp(n), n=0,1,2,..., (29.19)

with suitable initial conditions; u = (ug, u1,us,...). The nonlinear terms are
quadratic and cubic with constant coefficients.

System (29.19) is fully equivalent to equation (29.18). Note that the normal
mode solutions do not satisfy system (29.19), so we do not have a priori normal
mode invariant manifolds of equation (29.18). We will distinguish between the
following cases:

e Wave speed and dispersion parameter ¢ and wy are O(1) quantities with
respect to e.
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e The wave speed ¢ is O(e). In this case we have, assuming that wp is an
O(1) quantity, for a finite number of modes the 1 : 1 : 1 : ----resonance.
This case has been discussed in [BMV].

e The dispersion is small: wy = O(e). In this case the system (29.19) is
fully resonant. This problem is unsolved; see, for instance, the discussion
in [Ve05].

29.6.2 Averaging—Normalization

Assuming that ¢ and wy are O(1) quantities with respect to e, we will carry
out the averaging process. The fact that the spatial dimension is 1 means that
all eigenvalues are single; this simplifies the averaging—normalization.

29.6.3 One Floquet Resonance

Assume that one of the eigenvalues is near resonant with respect to parametric
excitation, for instance,
wi=1+ed,

with d the detuning. The equations of motion become for n =0,1,2,...
iy + (14 n2c)up = —e(duy, + Bty + yup cos 2t) + e f,(u). (29.20)

Assume that there are no other resonances between the frequencies w,,. Intro-
ducing again amplitude-phase variables (29.15), we find after averaging, with
some abuse of notation using the same r,,,, for the variables,

1 1
ro = §€T0(—ﬁ+ 57311“27#0),
. 1 1 3 3 —
Yo = 55(d+ 57 cos 2o — Zbr% - ib;r’%)’
= —iep 1,2
T = 50T, n=1,2,...,
Y, = ebh,(u).

The right-hand sides h,, are quadratic in ug,u1,.... The modes n = 1,2, ...
are exponentially decreasing, nontrivial behavior can take place in mode 0
governed by

1 1
ro = §€ro(—ﬂ +57sin 20),
. 1 1 3
o = gs(d + 57 cos 2hy — ibr%).

For a critical point to exist, we have the condition (as in Subsection 29.5.3)



29 Averaging Normal Forms 319

26/l < 1.

The solution decays to the trivial solution if 5 > |y|/2 (damping exceeds
excitation). Suppose now that we have solutions for v, from

2
sin 2v,, = —ﬁ
v

This critical value of 1, corresponds with a periodic solution if also
1 3
d+ 5'7 cos 21py — Ebrg =0.

This is a different situation from the linear case discussed earlier, as this
condition also determines ry. Suppose we find a positive solution for rg. For
the eigenvalues of the critical point we find

M2 = =B+ /582 — 42 — 2dry cos 2¢.

From the existence condition we have 42 > 432, so at exact Floquet resonance
(d = 0), we have stability of the periodic solution. If 432 < % < 532, the
critical point is a node, if 42 > 532, the critical point is a focus, and around
the stable periodic solution the solutions are spiralling in.

The picture changes if d # 0 and large enough.

29.6.4 Additional Low Order Resonances

Assuming we have the 1 : 2 parametric resonance in mode 0, the conditions
for a combined low order resonance in system (29.20) are

1 11
1+m22 479’
for certain mode m. We find, respectively, m?c> = 3 and m?c?> = 8. These
choices produce a 1 : 2- and a 1 : 3-resonance, respectively.

Analysis of the possibility of a first or second order resonance in three
degrees of freedom according to the resonance classification in [SaVeMu07]
produces no positive results, so we will consider two degrees of freedom only.
It is no restriction to choose m = 1, and we will have three frequencies: wg, w1,
and the frequency of parametric excitation 2.

29.6.5 Combined Floquet and 1 : 2-Resonance
We assume
wg =1+edy, 2 =3+6(d2 —d1), wf =4+ eds,

with dy,ds indicating the detunings of the three frequencies. The equations
of motion from system (29.20) which may show modal interaction become



320 F. Verhulst

1 3
iip +wiug = —efiy — eyug cos 2t + ea(ug + iu%) + ebug (ui + iuf),
3
il +wiug = —eBiy — eyuy cos 2t + eauguy + ebul(Su(Q) + Zuf)

We find after averaging, using the same r,,,, for the variables,

1 1 .
—erg(—0 + E'y sin 2¢y),

o = 5

. 1 1 3 3

bo = ge(di+ 5ycos 2y — 157‘(2) - sz%),
. 1

1 = _5667"17

. 1 1 9

d)l = €Z(d2 — 51)(37’8 + gT’%))

We conclude that, because of symmetry in the equations of motion, the 1 : 2-
resonance is degenerate in this case. This symmetry degeneration is described
in detail in [TuVe00].

29.6.6 Combined Floquet and 1 : 3-Resonance
We can repeat the analysis, assuming
wg =1+ed, 2 =8+€(d2 —dl), w% =9+ eds.

As for the 1 : 2-resonance, we find that the 1 : 3-resonance in this case is
degenerate because of symmetry. The only active resonance for system (29.20)
takes place in mode 0.

29.7 Discussion

1. We conclude that after an interval of time, asymptotically larger than 1/
(for instance 1/£?), the right-hand sides of the infinite-dimensional, non-
resonant systems which we encountered in Sections 29.5 and 29.6 become
o(1). Starting with o(1) initial conditions, the nonresonant modes remain
o(1).

2. The manifold where the fast dynamics takes place is almost invariant.
We conjecture that very small fluctuations are possible for the higher or-
der modes, arising from the presence of higher order resonance manifolds
containing stable and unstable periodic solutions with corresponding in-
tersecting stable and unstable manifolds. These resonance manifolds are
of very small size, and the analysis to describe them is subtle. For an
analysis of such resonance manifolds in two-degree-of-freedom Hamilto-
nian systems, see [TuVe00].

A related discussion, for a different PDE, can be found in [WiHo097].
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3. The parametrically excited wave equation with dispersion and wave speed
independent of € displays a remarkable reduction to low dimensional (one
mode) behavior. This becomes clear by averaging—normalization. The
equation is also of practical interest; applications are cited in [RaEtA199].
A number of the phenomena we found, periodic and quasi-periodic solu-
tions, are stable and in this way open for experimental investigation.
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30.1 Introduction

The aim of the analysis is to recover the impact equation and the jump in
the total energy of a Lagrangian system over an impact from the stationarity
conditions of a modified action integral. The analysis is accomplished by in-
troducing internal boundary variations and thereby obtaining discontinuous
transversality conditions as the stationarity conditions of the impulsive action
integral. An impact in mechanics is defined as a discontinuity in the gener-
alized velocities of a mechanical system which is induced by some impulsive
forces. An interaction with some constraints may result in an impact and give
rise to impulsive forces. The instant of impulsive action where a discontinuity
in the generalized velocities occurs is considered as an internal boundary in
the time domain. The consideration of certain types of variations at the inter-
nal boundaries, which are called internal boundary variations by the author,
give rise to discontinuous transversality conditions. By introducing a bound-
ary at an instant of a discontinuity, one has to notice that it has a bilateral
character, in the sense that the boundary constitutes an upper boundary for
one segment of the interval, whereas for the other segment it constitutes a
lower boundary in the time domain. The constraints are therefore introduced
symmetrically with respect to pre-impact and post-impact states. It is shown
that the impact equation and the energy balance over an impact can be ob-
tained in the form of stationarity conditions for the general impact case by
applying the discontinuous transversality conditions. The stationarity condi-
tions are obtained by the application of subdifferential calculus techniques
to a suitable extended-valued lower semi-continuous generalized Bolza func-
tional, which in this case is the impulsive action integral, that is evaluated on
multiple intervals.

In the book [Br96] and the references cited therein, a thorough overview
of impact mechanics is provided. The variations at the boundaries drew at-
tention, especially in optimal control. It has been shown in [HaSe83] that
time transversality conditions are independent of the other maximum princi-
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ple conditions. The cited reference clarifies some issues dealing with the nec-
essary condition for the optimal terminal time in free terminal time optimal
control problems. An early attempt to relate discontinuities in the generalized
velocities in the framework of distribution theory is given in [BaAn72]. The
distributional Euler equations are shown to recover the Weierstrass—Erdmann
conditions. However, it remains to be clarified whether Weierstrass—Erdmann
corner conditions are a suitable means to analyze variational problems with
discontinuity in the state. However, in [BaAn72] no reference is made to
impulsive interactions of the Lagrangian system with constraints. The con-
cepts of internal boundary variations and discontinuous transversality condi-
tions are developed by the author and are presented and discussed in [Yu07]
and [Yu08a] with applications to optimal control. A characterization of these
concepts in terms of upper and lower subderivatives to the extended-valued
lower-semicontinuous value functional under several more general regularity
assumptions can be found in [Yu08b].

30.2 Preliminaries

Let g, g, ¢ represent the generalized position, velocity, and acceleration in the
generalized coordinates of a scleronomic Lagrangian system with n degrees
of freedom, respectively. Hamilton postulated in 1835 that if a Lagrangian
system occupies certain positions at fixed times ¢y and t;, then it should
move between these two positions along those admissible trajectories ¢(t) €
Cl[to, t¢] which make the action integral

tr

Tato ) = [ Llats).i(s)) ds
to

stationary. The integrand L : R” x R™ — R is called the Lagrangian and is

defined as L = T — U, where U(q) and T'(q(t), q(t)) represent the potential

and kinetic energy, respectively. The stationarity conditions state that along

an admissible trajectory the following Euler-Lagrange equations have to be

fulfilled:
d(é'.L>:8L7 ji=12...,n. (30.1)
dt 8(]]' Oqj

In order to extend this analysis so that it can encompass Lagrangian sys-
tems subject to impacts, the search space for the admissible trajectories ¢(t)
needs to be extended from the space of continuously differentiable functions
to the space of absolutely continuous functions AC,,[to, tf]. The generalized
velocities ¢(t) become elements of the space of bounded variation functions
BV, [to, t¢]. Functions of bounded variation, like the generalized velocities g
of a mechanical system which is subject to impulsive forces, are associated
with an R"-valued regular Borel measure dg on [to,tf]:

dg= Gdt + x'do.
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The absolutely continuous part of the measure dgq is denoted by ¢dt. The
Radon—Nikodym derivative of dg with respect to do is given by ¥’ and do is
some regular Borel measure. The atoms of d¢ occur only at discontinuities of
@, of which there are at most countably many. Since the jumps of generalized
velocities are induced by impulsive forces, these impulsive forces also occur
at Lebesgue-negligible atoms and are countably many. The quantity Ag(t) =
g"(t)— ¢ (t) is called the jump of the arc g at ¢, and if it is nonzero, then there
is an atom of dg at ¢ with this value. A given R™-valued function ¢(q) (f(q) =
—9(q)) represents the shortest distances between the Lagrangian system and
the constraints, and these distances are always nonnegative (nonpositive) due
to the impenetrability assumption. It is assumed that D = V,f(g) has full
rank. Further, the distances are formulated in the inertial coordinate frame,
and the contacts are assumed to be perfect contacts without any friction
interaction. If an impact occurs, then the conservation of momentum requires

AN (8L)_ .
YN (25 Ty, j=1.2....n 30.2
(8%) 5 ) =t (30.2)

to hold. It states that the change in generalized momentum is equal to the
generalized impulse I'D. It is obtained by the Lebesgues—Stieltjes integration
of the Euler-Lagrange equations over an impact time of measure zero. Here
d; denotes the jth column of the linear operator D. The operation (-, -) is the
dual pairing of its arguments. Physically, the contact impulse is repelling and
is therefore sign restricted. The contact impulse and the distance fulfill among
others the following complementarity relation:

The total energy of the scleronomic Lagrangian system is given by its Hamil-
tonian:

H(q,q)=T(q,q) +V(q).
The differential measure of the Hamiltonian is given by

dH
dH (g, q) = —-dt + (TH—T7) do.

The Lebesgue—Stieltjes integration of the differential measure of the Hamilto-
nian over the impact time yields

/ dH=Ht—-H =Tt -T- =Lt -L". (30.4)
{timp}

The latter equality in (30.4) is due to the fact that the potential energy U
remains unaltered during an impact, since it only depends on the generalized
positions, which remain constant over an impact. The difference T — T~ is
nonzero if and only if there is an impulsive action that induces a jump in
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the generalized velocities. The Borel measurable part of the Hamiltonian H is
therefore related to the jump in the kinetic energy in the following manner:

T (altih): ) ) = T (0t dtiny) ) (30.5)
= 5 (i) + i) M) () — 7)) )

2 (iltp) + ilty). TD).

The latter equality arises by inserting the expression (30.2) for the momentum
balance over an impact in the energy balance (30.5). Here the linear operator
M(q(t)), which is positive definite and symmetric, is defined element-wise as

0*L . ,
mu(q(t))zaqaqv Z:]-a"'vna ]:1,...711.
Vi

30.3 Internal Boundary Variations and Discontinuous
Transversality Conditions

The assumptions during an impact are given as follows:
Assumptions A

1. The generalized positions remain unaffected at the impact.

2. The impact happens during an atomic time instant ¢, of which there
are at most countably many.

3. There are no impacts at initial time ¢y and final time ;.

These assumptions are converted to requirements to the variations at the
internal boundaries. Since the impact time ¢y, is free, the bilateral character
of the variations at pre-impact and post-impact states is also dependent on
the variations of the impact time. Several families of variational curves which
are parameterized by e are introduced in order to generate the variations:

q(t,e) = qt)+ eqt) = q(t) + 3 q(t),

g(t,e) = g(t)+ eq(t) = g(t) + 6 q(t),
At o) = altin,) + €dltin,,) = a(tih,,) + 0 atl,,),
A(timp €)= (i) + €d(tin,) = a(tin) + 0 a(tin,),
Wt €)= alth) + ealtin,) = ath,) + 0 alti,),
Wiy ©) = Utip) + € Ultimy) = Utimp) + 0 iltip),
thple) = tho+ et =th +oth,

t;np(e) = tip T etimp timp 0 timp-

The variations of the pre- and post-impact generalized positions and velocities
at fixed time (¢, ), q(tF ), 4(t. ), q(tlmp) are related to the total variations

imp imp imp
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in these entities ?]ifnp, ?qifnp, Gimp> f]i_mp at t;,, and ¢ by the following affine
relations:
W(tp) = Gip — Uty T o (30.6)
U(timp) = fzi_mp U(timp) Timp» (30.7)
ithp) = qnnp U(tap) Tinp — Xitnps (30.8)
Wtimy) = Gomp — Utimp) Limp — Rimp- (30.9)

By considering the affine relations given in equations (30.6) to (30.9) the
boundary variations are decomposed into orthogonal independent variations
in tlmp, tlmp, q(tf{np) (tl_mp) (tlfnp) q(t;p) at the impact. In determining the
stationarity conditions of the impulsive action integral, the internal boundary

variations at the impact are given by the finite-dimensional set V:

— 7— r+ + St A+t A4
V = { imp? tlmp7 q(tlmp) Q(timp)’ Q(timp)’ Q(timp)}
CRxRxR"xR"xR"xR".

Having set the stage, the impulsive action integral is stated as

J(q(t), 4(t), timp)

- / L(Q(5)7Q(S))ds+/ L(q(s), a(s)) ds + Ve + ¥ . (30.10)

" + imp imp
imp

The initial and final times ¢y and ¢ are fixed. The sets Clmp and Cj,, are

defined as

Gy = {{altimp)s timp | A a(t5,)) < 0, faltiy)) €€} (30.11)
Cop = {{altin): timp} | fa(tp)) < 0, flaltin,)) € G (30.12)

The contact durations of the Lagrangian system with the boundary of the
constraint manifolds 8C;{np and 9C;,, are assumed to have measure zero, so
that only impulsive interactions are allowed. The indicator function W¢(z) of
a closed and compact set C takes the value zero if x € C and infinity otherwise.
Given the lower semi-continuous extended-value functional J, the stationarity
condition requires that the lower subderivatives of the value functional J*(-; 1))
are all nonnegative with respect to the admissible variations:

JH by = 0, v e J{a®), i)} and dadmissible

Functional J is directionally Lipschitzian in all directions ¢ € V| {?}(t), q(t) }
By reverting to the definition of the upper and lower subderivative as given in
the Appendix, one notices that the lower and upper subderivatives coincide
in the directionally Lipschitzian case:
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JH) = T 50), v evJ{aw, i}

In what follows, it is shown that the stationarity conditions of the func-
tional (30.10) subject to constraints (30.11) and (30.12) recover the Euler—
Lagrange equations (30.1), the impact equation (30.2), and the energy balance
over an impact (30.5).

Indeed, if there exist trajectories g(t) and g(t), impact position §(fimp),
pre-impact and post-impact generalized velocities E](ffmp) and Z](ffmp) at an
impact time fiy,p, which all together make the Bolza functional in (30.10)
stationary, such that the value function assumes the finite value J (e=0) =

J (4(t), 4(t), timp), then the following variational inequality is also fulfilled:

J(e) = J(0)

lminf 2 "0 NT LGy >0, VeV {At,?t}, 30.13

im in - Z () = de v, i (30.13)
v

since J is directionally Lipschitzian, lower semi-continuous, and subdifferen-

tially regular at any stationary solution. Here J(¢) is an abbreviation for

J(a(t,€), a(t €), tip(€), tinp(€); Aty €); dlting: €); Ulting, €); Uty €)-

The upper subderivative of J in the direction d¢(t) is given by

Tt = [5G e tas ds [ G (o). als)sate) ds.

0 imp

The upper subderivative of J in the direction §¢(t) is given by

7 (i) = [ G et ds+ [ G (ate). its)ite) as.

0 imp

(30.14)
After applying the du Bois-Reymond lemma twice in (30.14), this directional
derivative can be related to the boundary variations § q(ti'tnp), 6q(t;,,) and to
the variation in generalized positions d¢(t) on the interior of a time domain

[a, b]:
b
/a %i 0y(s)ds =

b
S (a0). a)340) - 5 (alo), ia))data) — [ 55 dats)ds.

a

The upper subderivative of .J in the direction § q(tinp) then becomes

Jt ( a(ﬁ;;lp)) - <— (ZI;Y FAT D> Sqlth,,).

Similarly, the upper subderivative of J in the direction ¢ ¢(¢
as

imp) can be stated
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gt (.7 g](t;np)) = <<?)€)_ + A" D) 5q(t;np).
+R1Xm.

The vectors AT and A~ are dual multipliers which are restrained to |
The upper subderivative of J in the direction dt; . is given by

JT(7 lmp) =( L{q(tip); ltip)) + A*Dq(tinp)) Sty (30.15)

The upper subderivative of J in the direction 5tifnp is given by

4 ~_ o — . _
I (i) = (Blalting), itin)) + A Dittiny)) iy (30.16)
As aresult of the analysis, the following variational inequality (VI) is obtained:

lim inf T =JO) _ (30.17)

e— 0t €

(L + A~ Dy(i lmp)) i +/ dq

to

L t [OL oL .
a3t D + T2 () (@7
+ ( LT 4+ X Dq(tlmp)) Sty + /t [8(; i (aqﬂ (2, q)0q(s) ds

7+
imp

-\ + N —
L oL oL
+ AT D-— (aq) dq(t lmp) + (A D+ <8q> 0q(timp) > 0.

Since all variations are independent of each other, the VI has to be ful-
filled by every variational expression as stated in Theorem 2 in the Ap-
pendix. Since J is subdifferentially regular, the fulfillment of each VI for each
expression separately is equivalent to the fulfillment of the VI as cited in
(30.17). By the application of the Lebesgue dominated convergence theorem
on the integrals in (30.17), the Euler-Lagrange equations are obtained in the
almost everywhere sense as given in (30.1). By assumption A.1l the varia-
tions of pre-impact position and post-impact position have to be of equal
magnitude and direction, and therefore are not independent of each other,
3q(tip) = 04(tiny,) = 0q(timp)-

By assumption A.2 the variations dt;,,  and 6ti‘:np have to be of equal
magnitude and direction, and therefore are not independent of each other,

PL (ﬁﬂ (@ 2)dq(s) ds

5t1";np = 0t} = Otimp- By making use of the dependence of the impact position
variations, one obtains
oL\ (oL
AT+A)D- | =2 — 3 q(timp) > 0. 30.18

By making use of the dependence of the time variations, the following VI is
obtained:
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(ff + AT Dif,,) — LT+ AT ba(fgnp)) Stianp > 0. (30.19)

Since the variations 0¢(timp) are unrestrained, the following is required in
order for the VI (30.18) to hold:

-\ + N\ —
oL oL < < -
— — | = ="+ A7) D. 30.20
Since the variations 0¢(timp) are unrestrained, the following is required in
order for the VI (30.19) to hold:
Pt - _ 53— HiT(i- S+ HIT (i
L* — L™ =X D (i) + X DI (E,,)- (30.21)

From the comparison of the equations given in (30.20) and (30.21) with the
momentum balance (30.2) and the energy balance (30.5), the relations given
in (30.22), (30.23) follow immediately:

A4+ =T,  j=1...,m (30.22)
T+ _5-_ Li ,
AT = =5 j=1,...,m. (30.23)

The element-wise equality of the dual multipliers as stated in equations
(30.23) means that the constraints given in (30.11) and (30.12) are, as ex-
pected due to the symmetrical attributes of the internal boundary, equally
weighted in determining the stationarity conditions of the impulsive action
integral. Further, each 5\; and 5\; is nonnegative, so the sign restriction of
each I'; is enforced, which is stated in the complementarity relation (30.3).

30.4 Appendix

The proofs of the main theorems and more detailed discussions on various defi-
nitions in subdifferential calculus of extended-value functionals can be verified
in references [Ro79], [Ro80], [Ro85], and [Ro04].

Definition 1 (upper and lower subderivatives). Let f be any extended
real-valued lower semi-continuous function on a linear topological space &,
and let x be any point where f is finite. The upper subderivative of f at x with
respect to y is defined by

M@ y) = limsup jnf TEHTH) = FE),
x’?x y—=y t
tLo

The lower subderivative of f at x with respect to y is defined by
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f@ +ty)— f(o)
t b

f*(z;y) = liminf sup
vy

tl 0

where
Fre d=1 A f()= f(o).

Theorem 1. Let f be any extended-real valued function on a linear topological
space &, and let x be any point where f is finite. Then the "upper” subdiffer-
ential Of () is a weak*-closed convex subset of £* and

0f(@) = {2€ €] (5-1) € Nopi (m f(@) } -
If fT(z; 0) = —oo, then Of (z) is empty, but otherwise Of(z) is nonempty and

fws y) =sup {(y, 2| z€ 0f(2), Vye€&}.

Analogously, the "lower” subdifferential 5f(a:) 1s a weak”-closed convex subset
of & and

0f(@) = {2€ €| (2.-1) € Ny (& f(2))} -

If f*(z; 0) = oo, then df(z) is empty, but otherwise Of(x) is nonempty and

o) =inf {(y, 2|2€0f(a), Wyee}.

Definition 2 (subdifferential regularity). A function f is called subdif-
ferentially regular at x if f is finite at z and

liming L&Y — f(2)

Y =y t
t10

= Mzy), Yy

Proposition 1. Suppose that C is a smooth manifold around z in the sense
that

C=A{z|gj(x) =0, for j=1,...,7},

where the functions g; are continuously differentiable around y and the gra-
dients Vg;(z), j =1,...,r are linearly independent. Then Kc¢(z) (contingent
cone) is convex, and in fact

Ke(w) ={yl (y, Vgj(2)) =0, for j=1,...,r}.

Theorem 2. Let f; and fo be extended real-valued functions on & that are
finite at x. Suppose that fo is directionally Lipschitzian at © and

{y| f1(zy) < oo} N int{y| f3(z:y) < 0o} #0 .

Then
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(it ) (my < Hawy+ @y, Yy (30.24)
O(fi+ f2)(x) < Ifi(zx)+ 0fz(x) . (30.25)

Equality holds in (30.25) if f1 and fo are also subdifferentially reqular. It also
holds in (30.24) if in addition f](z;y) and f](z;y) are not —oo (i.e., Of1(x)
and 0 fa(x) are nonempty), and in that event fi1+ fo is likewise subdifferentially
regular.
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Regularization of Divergent Integrals in
Boundary Integral Equations for Elastostatics

V.V. Zozulya
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31.1 Main Equations of Elastostatics

Let consider a homogeneous, linearly elastic body, which in three-dimensional
(3-D) Euclidean space R? occupies volume V' with smooth boundary OV The
region V is an open bounded subset of the 3-D Euclidean space R® with a
C%! Lipschitzian regular boundary dV. The boundary contains two parts
0V, and 9V, such that 9V, N9V, = 0 and 9V, U 9V, = OV. On the part
0V, are prescribed displacements wu;(x) of the body points and on the part
0V, are prescribed tractions p;(x), respectively. The body may be affected by
volume forces b;(x). We assume that displacements of the body points and
their gradients are small, so its stress-strain state is described by the small
strain deformation tensor ¢;;(x). Then differential equations of equilibrium in
the form of displacements may be presented in the form

Aijuj +b; =0, Aij = ,uéwﬁkak + ()\ + u)&@j Vx eV, (311)

where A and p are Lamé constants, u > 0 and A > —p, and d;; is the Kronecker
symbol.

If the problem is defined in an infinite region, then solution of the equa-
tions (31.1) must satisfy additional conditions at infinity in the form

uj(x) =0(r 1), 0j(x)=0(r"%) as r— oo, (31.2)

where 7 = /27 + 22 + 23 is the distance in the 3-D Euclidean space.

If the body occupied a finite region V' with the boundary 9V, it is necessary
to establish boundary conditions. We consider the mixed boundary conditions
in the form

U; (X) = Qi (X) Vx € 8Vu,
pi(x) = 04(x)n; (x) = Pylu;(x)] = vi(x) Vx € 0V}
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The differential operator P;; : u; — p; is called the stress operator. It
transforms displacements into tractions. For homogeneous anisotropic and
isotropic media they have the forms

Pij = \n;0r + u(&,-jan + nk&-)7

respectively. Here n; are components of the outward normal vector, and 9,, =
n;0; is a derivative in the direction of the vector n(x) normal to the surface
V.

31.2 Integral Representations and Boundary Potentials

In order to establish integral representations for the displacements and trac-
tions, let us consider Betti‘s reciprocal theorem,

/ (bt — b7s)dV = / (b — pri?)dS. (313)

\4 ov

This theorem is usually used to obtain integral representations for the
displacements and traction vectors. To do that, we consider solutions of the
elliptic partial differential equation (31.1) in an infinite space for the body
force b} (x) = d;;0(x —y),

AijUi(x —y) + 6rid(x —y) =0 Vx,y € R%,

Solution of this equation have to satisfy conditions at infinity (31.2). Now
considering that

ui(x) = Uij(x —y) and p;(x) = Pyjluj(x)] = Wi;(x,y),

from (31.3) we obtain the integral representation for the displacements vector

wl¥) = [ (00U~ ¥) ~ w WG v)dS + [ oy )it = y)av.
v v
(31.4)
which is called Somigliana’s formula. The kernels Uj;(x —y) and Wj;(x,y)
are called fundamental solutions for elastostatics.
Applying to the differential operator P;; (31.4), we will find integral rep-
resentation for the traction in the form

pi(y) = /(pj(X)Kji(X7Y)_uj(X)Fji(Xv Y))dS+/pj(X)Kji(X7 y)dV. (31.5)
ov 1%

The kernels Kj;(x,y) and Fj;(x,y) may be obtained by applying the differ-
ential operator P;; to the kernels Uj;(x —y) and Wj;(x,y), respectively.
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The integral representations (31.4) and (31.5) are usually used for direct
formulation of the boundary integral equations in elastostatics.

Simple observation shows that kernels in the integral representations (31.4)
and (31.5) tend to infinity when r — 0. A more detailed analysis of the funda-
mental solutions gives us the following results [BaSISI89], [Ba94], [MuMu05].

In the 3-D case with x — vy,

Uij(x - Y) — ’I"_l, WU(XaY) — 7“_27 Kij(x7 y) — T_Qa Fij(xa y) — T—B.
In the 2-D case with x — vy,

Uij(x —y) = In(r™"), Wi(x,y) = r ", Kiyx,y)—r ' Fixy) —r 2

The integrals with singularities cannot be considered in the usual (Rie-
mann or Lebesgue) sense. In order for such integrals to have sense, it is
necessary to take special consideration of them. We will apply the following
definitions of the integrals from (31.4) and (31.5).

Definition 1. Integrals with kernels U;j(x—1y) are weakly singular (WS) and
must be considered as improper
W.S. /pi(m)Uil(a:f y)dS = lir% / pi(x)Ui;(x— y)dS.
e—
oV OV\OV:

Here OV. is a part of the boundary, the projection of which on the tangential
plane is contained in the circle Ce(x) of radius € with center at the point x.

Definition 2. Integrals with kernels W;;(x,y) and K;j(x, y) are singular and
must be considered in the sense of the Cauchy principal values (PV) as

P.V/ui(:v)Wij(a:, y)dS = hH(l) / u; ()W (z, y)dS,
e—

2% OV\OV (r<e)
P.V. /pi(:c)Kij(:c, y)dS = 1inr(1) / pi(x) Kij(x, y)dS.
e—
ov OV\OV (r<e)

Here OV (r < €) is a part of the boundary, the projection of which on the
tangential plane is the circle C.(x) of radius € with center at the point x.

Definition 3. Integrals with kernels F;;(x,y) are hypersingular and must be
considered in the sense of the Hadamard finite part (FP) as

F.P. / wi(x) Fj;(z, y)dS
ov

= lim ( / ui(®) Fji(z, y)dS + QUj(fﬂ)an(in){_:))'
OV\OV (r<e)

Here functions f;(x) are chosen from the condition of the limit existence.
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31.3 Regularization of Divergent Integrals

In order to solve the boundary integral equations numerically, we have to
transform them to finite-dimensional equations. In order to do that transfor-
mation, we have to calculate integrals with various singularities. One of the
main problems occurs in this situation is the presence of the divergent inte-
grals. They cannot be calculated in the traditional way, for example, numer-
ically using quadrature formulas. For example, the integrals with the kernels
U;j(x —y) are WS. They have to be considered as improper integrals. The
integrals with the kernels W;;(x,y) and K;;(x,y) are singular. They have
to be considered in the sense of Cauchy as PV. The integrals with the ker-
nels F;;(x,y) are hypersingular. They have to be considered in the sense of
Hadamard as FP. A traditional approach to the divergent integrals calcu-
lation may be found in [BaSISI89, Ba94, MuMu05, TaSIS194]. In [GuZo93,
GuZo01, GuZo02, Zo91, Zo06a, Zo06b, Zo08, ZoGo99, ZoLu98, ZoMe00] we
have developed the method of the divergent integral calculation based on the-
ory of distribution. We will demonstrate here how this approach works in the
problems of elastostatics.

31.4 Regularization of 1-D Divergent Integrals

This approach consists in application of the second Green theorem and trans-
formation of divergent integrals into regular ones. In [Zo06a] we have devel-
oped formulas for regularization of the divergent integrals with singularities
of the type r~" in the form

F.P. /a ) g

TH'L

r=a
P, dbp(x)
rm=k gk

—_ (_1)i+1 dl 131 dk_l_i(p(x)

: , —1)*
dx? Tmfk dxkrflfz + ( )

T=—a —a

(31.6)

I
o

i
In 2-D elastostatics, after introducing a local system of coordinates and
simplification, all divergent integrals can be presented in the form

b b
1

Jo :/ga(x)ln —dzx, Jg :/M:)dg:, k=12
x X

a a

Here ¢(x) is a smooth function that depends on the shape of the boundary
element and interpolation polynomials.

We consider first the WS integral Jy. Because of logarithmical singular-
ity, we cannot use formula (31.6). Therefore, we start from the formula for
integration by parts in the form
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b b

[ D otyin = wlorglot - [ g@ar. @)

a a

dg(x)
dx

1 1
In this formula, let g(z) = x + x1n —, = In —, then we obtain
x x

b b

_/dgo_(m) (x—l—xlnl) dz.
“ dx T

a

b
1 1
Jo = W.S./(p(a:) In Edm = () (m +zln ;)

Obviously the integral on the left is divergent and the one on the right is reg-
ular. For linear boundary elements and a piecewise constant approximation,
p(z) =1, and we get

de=(0b—-a)+(b—y)ln

9

]—w—wm

T—y b—vy

b
%:W&/m
a—y

where a <y < b.

For the singular integral .J1, to achieve regularization we will also use the

1 d 1
formula for integration by parts (31.7). Let g(z) = —In —, ii(x) = — in this
x x x

formula; then we obtain

LRVi@SMz<w“GméM@mi)

b bﬁ(@ 1
7/ 14 z1ln —dx.
" T

dzx

a a

dx?

Here, the integral on the left is also divergent and that on the right is regular.
For linear boundary elements and a piecewise constant approximation, ¢(x) =
1, and we get

b

L:RV/ v _
z—y

b—y
a—y

, a<y<b.

a

Finally, for the hypersingular integral J,, regularization is achieved by
means of formula (31.6) and the above result for regularization of J;. Finally,
we get

2

k:FR/M@m

b

b 3
1
— / dL(x)x In Edm.

QU
8
%)

dx x x da3

=<£ﬂﬂxmi_@%ﬂml_£ﬁg

a
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Here, the integral on the left is divergent and that on the right is regular. For
linear boundary elements and a piecewise constant approximation, ¢(z) = 1,
and we get

b
dx 1 1
J:F.P./ - + ., a<y<b.
? (x —y)? b—y -y

a

From this equation we can retrieve Hadamard’s example of a function that is
positive everywhere in the integration region but whose integral is negative:

F.p./di;:_g, a>0.
Y a
—a

31.5 Regularization of 2-D Divergent Integrals

This approach consists in application of the second Green theorem and trans-
formation of divergent integrals into regular ones. In [Zo06a], we developed
formulas for regularization of divergent integrals with singularities of the type

r~"™ in the form
F.P./‘P(X)dvzlif(—niﬂ/ [A“hp(x)an B
v ™ =0 ov e
- TﬁzianAk_i_lgo(x)] dS—l—(—l)k/rm%%AkHap(x)]dV. (31.8)

\%

In 3-D elastostatics, after introducing a local system of coordinates and
simplification, all divergent integrals can be presented in the form

! afay
Jgbm :/ Zp(x)dS, l,m=0,1,2, k=34, 5.
T

Shn

Here, ¢(x) is a smooth function that depends on the shape of the boundary
elements and interpolation polynomials.

31.5.1 Integrals with Kernels of the Type r~%, k =1,2,3

From equation (31.8) with & = 1 we get the regularization for the WS integral

J0 =w.s. / £ gy = / [¢(x)@ - ranga(x)} dS+ / rAp(x)dV. (31.9)

r 2r
Vv )% Vv
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Here 7, = (o — Ya)ne and the summation convention applies to repeated
indices @ = 1, 2. The integral on the left is divergent and the ones on the right
are regular.

For the piecewise constant approximation, ¢(x) = 1, and circular area, we
can calculate this integral analytically. Introducing polar coordinates, we will

get
0 = /—dl / —rdp =mr.

asn
. . . . . 1
In order to regularize the singular integral, we will use the relation — =
r
1
§A (In7)®. Then in the same way we get

/w(X)dV: %/ <¢(X)2r”;” - (1nr)28nga(x)> dS%/(lnr)QAsO(X)dV
v \%4

72 r
av

(31.10)
The volume integral on the right is WS. Taking into account relation (Inr)* =

2
%A (Inr)*, we obtain regularization for this WS integral

/(ln )2 Ap(x)dV = % / (QAcp(x)rn (Inr)* —r? (Inr)* GnAgp(x)) as

v ov
1

+ 6/7‘2 (Inr)* A2p(x)dV.
v
For a piecewise constant approximation, ¢(z) = 1, and circular area, we

can calculate the singular integral in (31.10) analytically. Introducing polar
coordinates, we will get

27
ol 1
J0 = / rﬂ”dz:/r Lrdp =2l
9Sn 0

Finally, from equation (31.8) with k = 3, we get the regularization for the
hypersingular integral

[ E2av = [ 40003 -~ 000% - 10,060 - r0u 40| d5

2r r3
% av

+/TA2<,9(x)dV. (31.11)
Vv
For a piecewise constant approximation, ¢(z) = 1, and circular area, we

can calculate this integral analytically. Introducing polar coordinates, we will
get
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2
n 2
JO0 = - / e /—rdtp =-=
Sy 0

Now using equation (31.8), any divergent integral with kernels of the type
1 / r¥for any positive integer k can be calculated.

2
2
31.5.2 Integrals with Kernels of the Type —, k=3,4,5

2
x
The WS integral with kernel — is calculated taking into account the equation
r

2 1 2 2
To _ 2 (2 A% ) s easy to show that
3 \r r

J30 = WS/ dV_ WS/ LGP WS/

(31.12)
The first integral here is already calculated in (31.9). The second one may be
presented in the form

2
/@(X)A—ldv
r
1%
2nix x3r, x? x2
= / [cp(x)( s );ango(x)] dS+/71Aga(x)dV.
% v

Combining the last two equations, we finally get

1 2n1x x2r, T x?
J30 = §/ [ap(x) ( 711 L 1{3 + 21") - (7} +T) 8n<p(x)} ds
ov
1 x?
+ 5/ (7‘1 + 7’> Ap(x)dV
\%

For the piecewise constant approximation, ¢(z) = 1, and in a circular area,
we can calculate this integral analytically. Introducing polar coordinates, we
get

1 z2r 2xiny 2r
J20 = 7/ Ln —)d
3 3 r3 r + r

9Sn
27 27 2

1 N2 9 N2
1 /W#rd@_/mww/frd@ o
T T r

3
0 0 0
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2
x

The singular integral with kernel — is calculated taking into account that
T

2 1(2 .
Ai_éla =7 <r_2 — A%) In this case,

2 2
2,0 xry 1 2 i

1% 1%
/‘p(x)dV— l/w(X)Af—EdV.

r2
14 14

=

The first integral here is already calculated in (31.10). The second one may
be presented in the form

at
@(X)Ar—QdV
%
2n1x 2x2r, x? x?
= / {gp(x)( rlz 1 7}4 > _ r; 8ngp(x)] dS+/T—§AQD(X)dV.
ov v

Combining the last two equations, finally we will get

1 z2r n r, Inr
2,0 _ 1'n 141 n
J4 - 5 / |:(p(X) ( i - 72 + r2 )

oV

2 2
[t A o

1 x?
5 53 s + 1/ ((m)z - T—;> Ap(x)dV.
|4

For the piecewise constant approximation, ¢(x) = 1, and circular area, we
can calculate this integral analytically. Introducing polar coordinates, we will

get

1 z2r rn ryInr
2,0 _ - 1"n . 171 n
J4 - 2 / |: ,',.4 ’I"2 + 7.2 :|dl
9Sn
T (reos ) [ricose? ]
rcosp)’r r(cos rinr
= /r—4rdcp —/r—Qrdgo +/ 2 rde = 2mInr.

0 0 0

x
The hypersingular integral with kernel —? is calculated taking into account

x2 1/2 x? . .
that = = = | — — A—=]. In this case, it is easy to show that
r5 3\ r3
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2 [ o(x) 1 / 23
_ = _ - A%y
3/ av 3 p(x) 3 av
\4 \%

The first integral here is already calculated in (31.11). The second one may
be presented in the form

2
/ o(x)AZLay
T‘3

i
2nix 3a3r, 22 x?
:/[gp(x)< — - = >—7§an¢(x)]ds+/r;A¢(x)dv.
1%

r3 5
Combining the last two equations, we finally get

20 2 niry  Tn 3x%7’n 1 m%
Js _3/<80(X) <T3 T3 g8 - ;Jrﬁ Ontp(x) | dS

ov

The volume integral here is WS. Its regularization may be achieved using the
equations (31.9) and (31.12). For the linear boundary element and piecewise
constant approximation, ¢(x) = 1, and circular area, we can calculate this
integral analytically. Introducing polar coordinates, we get

2r 222y rin
20 2'n 1"n 217
& n / <3r3 + 3rb r3 )dl

a5,

9 27 9 271'( )2 27 ( )2
2 2 rcosp) r [ r(cosyp T
= 3/7“3 rdyp + 3/7705 rdy /77“3 rdy -

0 0 0

TiT
31.5.3 Integrals with Kernels of the Type sz, k=3,4,5
r

The WS integral with kernel :El;cz
r

XT1T9 lA.Z‘ll‘g
r3 3 r

is calculated using equation (31.8). Taking

into account that , it is easy to show that

Ji = W.S./go(x)xif"’dv

174
1 n * 1
= - / [o00) (F50 - 20 4 B0, 0(x)] s - ¢ / 2 Ap(x)av,

3 r3 r
av v
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Here r, = z1no + x22n1.
For a piecewise constant approximation, ¢(z) = 1, and for a circular area,
we can calculate this integral analytically. Introducing polar coordinates, we

get

1,1 1 T1X2Tn Tk
e [ [

a5,
27 3 27
72 COS ( sin 2r cos  sin
:/#m@—/#m ~0
T r
0 0

The singular integral with kernel 9614962 is calculated using equation (31.8).
r

X 1z
Taking into account that % = —1A¥,
,

”
V. / p(x) N2 gy

rd

201X, T T1To
()

1 / 12 Ap(x)dV. (31.13)

it is easy to show that

Jpt o= P
1

For a piecewise constant approximation, p(z) = 1, and, if the area is circu-
lar, we can calculate this integral analytically. Introducing polar coordinates,

we get

1,1 1 20197y Tk
L= g ) Ta e
aSn
27 3 2m
1 [ 2r°cospsing 1 [ 2rcospsing
ST B e Y e e
0 0

1T
The hypersingular integral with kernel 52 is calculated using equa-

1T 1 =z
tion (31.8). Taking into account that 122 = ——A% , it is easy to show
r

rd 3
that
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Jh = F.P./ga(x)wi?dv
14
- L1X2Tp . T4 _ L1
_ / o0 (F20 - ) - B2 0,0(x)| s
ov
1 12
—g/ 3 Ap(x)dV.
14

The volume integral here is WS. Its regularization may be achieved using
equation (31.13).

For a piecewise constant approximation, ¢(z) = 1, and, if the area is circu-
lar, we can calculate this integral analytically. Introducing polar coordinates,

we get

1,1 L1X2Tn T
S = /{ rd _3r3}dl
0Sn

2T 3 27
. 9 .
:/r cosgosmgord(p_/ TCOS(‘OSIH(‘Ordezo_
rd 3r3
0 0

In [Zo06b, Zo08, ZoGo99, ZoLu98, ZoMe00], it was shown that divergent
integrals over any polygonal area may be calculated analytically in a similar

way.
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